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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
145 ]. This is test number [ 43 ].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.3 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 ( 145 ) | 0.00 (0
Mathematica | 100.00 ( 145 ) | 0.00
Maple | 98.62 ( 143)
Mupad 98.62 (143 ) | 1.38
(143 )
(125)

Giac 98.62 ( 143
Fricas 86.21 ( 125
Sympy 55.17 (80 ) |44.83
Maxima 50.34 (73) | 49.66

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Mathematica 86.207 0.000 13.793 0.000
Maple 68.276 1.379 28.966 1.379
Fricas 54.483 17.931 13.793 13.793
Giac 52.414 46.207 0.000 1.379
Maxima, 50.345 0.000 0.000 49.655
Sympy 43.448 8.276 3.448 44.828
Mupad 0.000 98.621 0.000 1.379

Table 1.3: Antiderivative Grade distribution of each CAS



The following is a Bar chart illustration of the data in the above table.
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Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes

time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in the CAS itself. This type of



error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00

Maple 2 100.00 0.00 0.00

Mupad 2 0.00 100.00 0.00

Giac 2 100.00 0.00 0.00

Fricas 20 10.00 90.00 0.00

Sympy 65 1.54 98.46 0.00

Maxima 72 77.78 0.00 22.22

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.




System Mean time (sec)
Maple 0.15

Maxima 0.24
Mathematica 0.31

Rubi 0.57

Giac 0.74

Sympy 3.73

Mupad 6.56

Fricas 10.67

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maxima 105.48 0.95 65.00 0.89
Mathematica | 202.84 0.97 139.00 1.00
Maple 202.96 0.94 101.00 0.83
Rubi 207.48 1.03 179.00 1.00
Sympy 1048.58 3.99 71.00 0.98
Giac 1770.90 5.37 228.00 1.20
Mupad 4593.26 13.26 176.00 0.96
Fricas 31130.94 122.35 143.00 1.27

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to

solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage

of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to
solve the same integral. Note that the number of steps Rubi needed can be much higher
than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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1.7 Solved integrals histogram based on CPU

time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time. This
should also be taken into account when looking at the timing of these three CAS systems.
Direct calls not using sagemath would result in faster timings, but current implementation
uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {/40[}

Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.
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1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.
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Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

& J

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib ‘
‘ maxima_lib.set('extra_definite_integration_methods', '[]') ‘
L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-

[from-using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath]|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
Ry
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)

expr = SR(expr)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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X, aa = expr.operator(), expr.operands|() ‘
if x is None: ‘
return 1 |
else: |
return 1 + sum(tree_size(a) for a in aa) |

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert [ Maple script + grading+ verification r_’. >
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system

[ Mathematica script + grading +verification ]4>
[ Rubi script + grading + verification POST

PROCESSOR
PROGRAM

[ Python script to run sympy + grading ]—’@—’
> Generate Program that
l Matlab script for Mupad/SymboIictoolbox’—> sQL generates the

database 1 Latex reports

and analysis
using input
from the SQL

database

grading

SageMath/Python

o [l —
| SageMath
Maxima, Fricas +

script to test

High level overview of the CAS
independent integration test

&

build system

One record (line) per one integral result. The line is CSV comma’separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

WoONOUMEWN PR

@~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx Designvsdx

So

©
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CHAPTER 2

DETAILED SUMMARY TABLES OF
RESULTS

2.1 List of integrals sorted by grade for each CAS . . . . .. ... ... ... ...
2.2 Detailed conclusion table per each integral for all CAS systems . .. .. ...
2.3 Detailed conclusion table specific for Rubi results . . . ... ... ... ....
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2.1 List of integrals sorted by grade for each

CAS

Rubi . . . e
Mma . . . . e e 27
Maple . . . . . e e e 23
Fricas . . . . . . e e e 23
Maxima . . . . . . . e e e e e
Giac . . . e
Mupad . . . . . . . e e e e e e 24
SYMPY . . . o o e e e e e e e e e e
Rubi

A grade (1251785} 6) 7)) BV} 1) 12, 3,145 167 15 19,20, 21, 2, 23,24, 25 6,27
[28,[29, 30} 311,32} 33, [34} 35, [36}, 37, [38}, 39, 0}, (AT}, 2] (43} 44}, (45}, 6], 47}, 48, [49} [50, 51}, 52} 53,
b4} [55}[66, 57, 58} 59460}, (61}, [62} (63, [64} (65} (66} (671, 68} 69} [70L [7 T}, [72} [73}[74L [75}, [76} [77,[78, [79),
B0}, BT, [82, B3}, B4} [85),[36}, 87}, 88}, 89, [90}, 91}, [92}, 93, [94} 95}, 96, 7], 98}, [99}, 100} [101}, [102} [103], 104}
[105},[106}, (107, [108}, 109} [TT0, [T} [TT2], 113}, [TT4} [T15} [TT6} 117} [TT8) 119}, 120 121}, 122,123} 124}
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B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade { 12,5 85L5) 755,10} 1112 3} T3 15 16,7 15,19} 20, 21} 22 23,24 25,20, 2T
28,29} 301, 31} [32}, 33, 134}, [35}, 361, 137} 38} 39, 42}, 43}, [44], {45}, 465, [47), 48} 49}, 50, [p1} 52} [53} 4} 55,
56} (57,58} [59, 160} (6T}, (62} [63, (64} [65, (66}, 67, (68}, 69, [70}, [7 T} [72, [73} 74}, [75} 761, [77} 78, [79} |80, [B1],
B2}[83, B4} [851 {86} (87, [88} 89, [90} 9T}, 92} 93}, [94} 95}, (96, 97}, 98, [99} [T00} [10T}, 102} 103}, 104} [105),
[107,[T25}, 126}, [127], 128}, 129, [130} (13T}, 132}, 133}, [T34}, (135}, [136}, 137, 138, [139} [140} [141], 142} [143]
44145 }

B grade { }

C grade { [0} 106, [0S} [09, 0, [[T1} [T T3 [ [T5} 16} 17 8,119 (20, 21, 122
123124 }

F normal fail { }
F(-1) timedout fail { }
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F(-2) exception fail { }

Maple

A grade {[I2I[3,[4 5} 61(7} 8]0} 10, LT} [12)[13} 14} 15} 16} 17} [I8} 19, 20} [26) [27} [28} 34} [35}, 3639
47,48, (49} 50} 511 (52, [53} 54} 581 59 (60, (61}, 62} 63, (64} [65, 661,671 (72} [73} [74, 75, [76, [77, [78), 79,
[B0, BT} 82, B3} 84 |85 86,87 B3} 89}, 90} 01}, 92} B3} 94} 95,06} 97} [08} 99} 100, 10T [102} 103, [10%
[T} 106, (107} (08} 25} (129} (T30} [31} (132, [[33} 134 (136, [T37} (38 139, (140, (14T} [[42, 143, 43,

[145]}
B grade {37,338}

C grade {[1}[22)[23|[24) 25} 29} [30} 31
[T} L2} [1T3] [[14] 115, [[16, L 17 1

F normal fail {[40,41]}
F(-1) timedout fail { }

F(-2) exception fail { }

S
E
E
p—l

869,70, 71 09} TT0

126 12 [128][13! 135|}

4

12

=I5
=
E
E
[El
B
&l
=

=
[y
O=
=
[\~
(es)
=
N
=
=
N
[ \)
=
[\l
(9%

S

Fricas

A grade { (125178 B} B) 7)) B0} 1) 2 3135} 167 15 13, 204/47, [, 49,0, 51} 52,53
B64,[74}[75, 764 [77} [78, [79, [0}, BT}, B2} [83} 84, [B5)}, (86, 87, [88} [89}, 90, (91}, [92, 93}, 94} [95, [96}, 7} 98,
[99,[100}[101],[102},[103}, 104}, [105},[106}, 107, [T08}, 125}, [13T], 132}, (133,134, [135}, [136}, 137, 138}, [139}
140} [T41][T42] [T43] [T44] [T45] }

B grl@
129}|130

C grade {[22,[23, 24 25, 09, 110} 1T (T2, {33} 14 (5 (6,7 (18} 19} 120, 121, 22 123
121}

F normal fail {@L}
F(-1) timedout fail {@}

F(-2) exception fail { }

Maxima

A grade {[1RI[3,[4 5 61(7)[8}[0} 10} LT} [12)[13}[14} 15} 16} 17} [I8} 19, 20} 87 38} 89} 4 [75} 6} [77
[78, 79 80, B3 82, B3, 84} 85, 863 (87, B8, B89, 00, BT, 02, 93, 04, 95 6 97, U8} [0}, (100} [0 (1023
@mmmmmmmmmmmmmmmmmm
145

B grade { }
C grade { }
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F normal fail {21}[22}[23) 24} 25} 26|27} [28 29} 30} 31} 32} 33} 34, 35} 36} 40} A1} 42} 43, [44} 45
[46} 55} 56} 57, 58, 59, [60, [68} {69} [70} [7T} [72} [73) (109}, [1 10} [T}, [[T2} [TT3} [T14} 115} [T 16} 117}, [TT8;
[119} 120} [121} [122} 123} [124} [126, [127}[128} 129} [130] }

F(-1) timedout fail { }

F(-2) exception fail { 1715105015152 3,5 61,2 63,4, 656,67 125 )

Giac

A grade {[1}2,3[45,(6}7,8}[9} 10} 11} 12,13} 14} 15}[16} 17 8} 19} [20} |47 [48} 49} |50} 51} [52} 53,
54, 61}(62}63}[64 [65}66, [67}, 74} [75} [76} 77} [78} [, 80} BT} [82} 83} B4} [85, 86, 87} |88}, 89, 90}, 0T}
%@@@@@mmmmmmmmmmmmmm

B grade { [21)[22,23) 24 25) 26, 27) 25 29) 0 51 2 535 556, 57 5 50} 2 ) L ) 6,
55} (56, b7} 58, 69} 60} 68} 694 [70} [71} (72, [73}, [L09}, L0} [T1T, 112}, [TT3] [T14} [LT5} [TT6} [T17} [TT8} 119,
@mmmmmmmmmmmmmmmmmmm

C grade { }

F normal fail {[40,41]}
F(-1) timedout fail { }

F(-2) exception fail { }

Mupad
A grade { }

B grade {[I}[2[3}[45} (6 (189 [L0,[11} 12} L3} 14 [15} 16} 7} 18} 19} 20} 2T} [22} 23} [24} 25} 26, [27
[28, 29, 80, 8T, B2 (33,34, 3% (36,37, B8, [39, 42, (3, {14, {45, 46, (7, 48, 19, 50, T, 52, 53} 64 55,
(56,57 58, 69, 60 G162, 63, 6465, 66, 573 68, 6% [704 7T, 72 [73,[73, 75 [76, 77, 78, [19, 50, BT}
[82, 183, B4 85}, 86, 57} 88, 8% 00} O, 92 93, 0%, (9% 96, 07, 98, 99} [0} (10T, ([0 (103, 104 [T05;
[T, (L0708} [T09}, [T10) ([T} [TT2} [T3, (LT} [CT5) [LT6, [TT7} [[T8, [TT} 120, (T2, [22) [[23} 124 [L25
@mmmmmmmmmmmmmmmmmmm

C grade { }
F normal fail { }

F(-1) timedout fail {[40/[41]}
F(-2) exception fail { }
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Sympy

A grade {[11[2[3\[4[5[61[7}[8} 9} [L0} [L1} 12} [L3| 14} 15} [L6 117} [18} [L9, 20} [74} [75) 76} [77} [78l 79} [30)
81},182} [83}[84, 185, 86}, 87} |88} [89}, [90, 911, 92, (93} (94} (95}, [96, 97}, 98} [99} [10C} [101} 102} 103}, 104, [105),
[106)[107][108),[109] 111} [112} 115} [1 18} 119}, 123, [124] }

B grade { [37,38} 39} [L10} [[13] {14} [16, [L17} [[20l 121} 22, 131 }
C grade { [[32}[133,[[34)[135,[142 }
F normal fail {[40]}

F(-1) timedout fail { [21)22,23) 24,25) 26,27} 28,29, B0} 51,52 53,54 55,60, A1, i2 03,
(A5} 46} 47,48} 49} [50, b 11, 52} 53} 54, [551 56} 57} 681 [59} 60} 6T, [62, (63} 64} (65, (661, 67} [68,[69 [7T,
|125|, |126|, |12 7|, |128|, |129|,|130|,|136|,|13 7|,|138|,|139|,|140|,|141|,|143|,|144—1|,|145| }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time

is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is

given as F(-2) if the failure was due to an exception being raised, which could indicate a

bug in the system. If the failure was due to integral not being evaluated within the time

limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size’
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 74 74 74 61 60 60 68 64 62
N.S. 1 1.00 1.00 0.82 0.81 0.81 0.92 0.86 0.84
time (sec) N/A 0.055 0.013 0.112 0.187  0.241 0.021 0.292 0.020

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 74 74 74 61 60 60 68 64 62
N.S. 1 1.00 1.00 0.82 0.81 0.81 0.92 0.86 0.84
time (sec) N/A 0.039 0.010 0.104 0204 0.265 0.020 0.288 0.016

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 69 69 69 58 57 57 65 61 59
N.S. 1 1.00  1.00 0.84 0.83 0.83 0.94 0.88 0.86

time (sec) N/A 0.023 0.012 0.064 0.191 0.322 0.026 0.300 0.016
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 65 65 65 58 55 55 63 60 57
N.S. 1 1.00 1.00 0.89 0.85 0.85 0.97 0.92 0.88
time (sec) N/A 0.026 0.014 0.030 0.183 0.248 0.070 0.292 0.020
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 63 63 57 55 62 58 57 56
N.S. 1 1.00 1.00 0.90 0.87 0.98 0.92 0.90 0.89
time (sec) N/A 0.033 0.018 0.034 0.191 0.243 0.078 0.315 0.021
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 63 58 58 55 62 61 58 56
N.S. 1 1.00 0.92 0.92 0.87 0.98 0.97 0.92 0.89
time (sec) N/A 0.033 0.029 0.036 0.241 0.265 0.154 0.299 0.019
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 63 60 55 56 62 63 56 55
N.S. 1 1.00 0.95 0.87 0.89 0.98 1.00 0.89 0.87
time (sec) N/A 0.035 0.032 0.035 0.244  0.247 0.303 0.355 0.018
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 63 62 56 56 62 63 57 56
N.S. 1 1.00 0.98 0.89 0.89 0.98 1.00 0.90 0.89
time (sec) N/A 0.034 0.021 0.036 0.233 0.270 0.962 0.304 0.025
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 63 63 63 56 56 62 66 57 56
N.S. 1 1.00 1.00 0.89 0.89 0.98 1.05 0.90 0.89
time (sec) N/A 0.033 0.040 0.034 0.210 0.254 2.701 0.305 7.909
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 68 68 59 59 62 70 60 60
N.S. 1 1.00 1.00 0.87 0.87 0.91 1.03 0.88 0.88
time (sec) N/A 0.031 0.036 0.036 0.209 0.247 8.313 0.294 7.867
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 159 159 159 142 143 143 168 154 141
N.S. 1 1.00 1.00 0.89 0.90 0.90 1.06 0.97 0.89
time (sec) N/A 0.153 0.036 0.118 0.204 0.273 0.030 0.386 7.975
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 159 159 159 142 143 143 163 154 141
N.S. 1 1.00  1.00 0.89 0.90 0.90 1.03 0.97 0.89
time (sec) N/A 0.097 0.028 0.120 0.189 0.254 0.029 0.289 0.056
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 154 154 154 139 140 140 165 151 138
N.S. 1 1.00 1.00 0.90 0.91 0.91 1.07 0.98 0.90
time (sec) N/A 0.071 0.023 0.142 0.187 0.252 0.032 0.291 0.055
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 150 150 150 138 138 138 156 149 135
N.S. 1 1.00 1.00 0.92 0.92 0.92 1.04 0.99 0.90
time (sec) N/A 0.074 0.030 0.039 0.196 0.252 0.135 0.297 7.863
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 145 145 145 142 137 145 156 147 135
N.S. 1 1.00 1.00 0.98 0.94 1.00 1.08 1.01 0.93
time (sec) N/A 0.082 0.066 0.049 0.184 0.256 0.139 0.300 0.059
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 149 149 139 140 139 145 153 148 135
N.S. 1 1.00 0.93 0.94 0.93 0.97 1.03 0.99 0.91
time (sec) N/A 0.083 0.076  0.048 0.197 0.263 0.232 0.358 0.053
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 149 149 151 141 140 145 160 146 137
N.S. 1 1.00 1.01 0.95 0.94 0.97 1.07 0.98 0.92
time (sec) N/A 0.093 0.061 0.046 0.179  0.257 0.402 0.282 0.034
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 148 148 130 139 139 145 153 142 134
N.S. 1 1.00 0.88 0.94 0.94 0.98 1.03 0.96 0.91
time (sec) N/A 0.089 0.065 0.046 0.193 0.243 1.325 0.300 0.033




30

Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 143 143 142 135 138 145 155 140 136
N.S. 1 1.00 0.99 0.94 0.97 1.01 1.08 0.98 0.95
time (sec) N/A 0.099 0.057 0.049 0.189 0254 3.945 0.301 0.031
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 149 149 144 136 140 145 158 141 136
N.S. 1 1.00 0.97 0.91 0.94 0.97 1.06 0.95 0.91
time (sec) N/A 0.094 0.066 0.044 0.192  0.278 28.254 0.293 7.869
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 339 339 460 118 0 0 0 5304 2588
N.S. 1 1.00 1.36 0.35 0.00 0.00 0.00 15.65 7.63
time (sec) N/A 1.048 0.363 0.120 0.000  0.000 0.000 1.415 7.917
Problem 22 Optimal | Rubi MMA Maple Maxima  Fricas Sympy Giac Mupad
grade N/A A A C F C F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 278 278 377 86 0 1329593 0 3519 2696
N.S. 1 1.00 1.36 0.31 0.00 4782.71  0.00 12.66  9.70
time (sec) N/A 0.294 0.263 0.103 0.000 61.661  0.000 1.315 8.366
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 270 270 360 71 0 861800 0 3843 1890
N.S. 1 1.00 1.33 0.26 0.00 3191.85 0.00 14.23  7.00
time (sec) N/A 0.553 0.235 0.099 0.000 57.378  0.000 1.470 8.511
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 223 223 240 52 0 845032 0 2368 5594
N.S. 1 1.00 1.08 0.23 0.00 3789.38  0.00 10.62 25.09
time (sec) N/A 0.151 0.222 0.073 0.000 13.964 0.000 1.460 8.370
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F C F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 211 211 234 48 0 578003 0 1714 3942
N.S. 1 1.00 1.11 0.23 0.00 2739.35  0.00 8.12  18.68
time (sec) N/A 0.161 0.131 0.053 0.000 29.860 0.000 1.294 8.749
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 229 229 285 251 0 0 0 2339 2258
N.S. 1 1.00 1.24 1.10 0.00 0.00 0.00 1021  9.86
time (sec) N/A 0.172 0.285 0.102 0.000  0.000 0.000 1.428 8.368
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 260 260 315 325 0 0 0 3505 2588
N.S. 1 1.00 1.21 1.25 0.00 0.00 0.00 1348 9.95
time (sec) N/A 0.310 0.695 0.112 0.000  0.000 0.000 1.566 8.160
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 288 288 377 300 0 0 0 3353 3563
N.S. 1 1.00 1.31 1.04 0.00 0.00 0.00 11.64 12.37
time (sec) N/A 0.334 0.550 0.142 0.000  0.000 0.000 1.490 8.141
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 412 412 444 249 0 0 0 5217 4754
N.S. 1 1.00 1.08 0.60 0.00 0.00 0.00 12.66 11.54
time (sec) N/A 0.868 0.859 0.131 0.000  0.000 0.000 1.863 8.513
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 347 347 358 213 0 0 0 3227 3278
N.S. 1 1.00 1.03 0.61 0.00 0.00 0.00 9.30 9.45
time (sec) N/A 0.416 0.569 0.106 0.000  0.000 0.000 1.222 8.495
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 356 356 378 204 0 0 0 4438 3835
N.S. 1 1.00 1.06 0.57 0.00 0.00 0.00 1247 10.77
time (sec) N/A 0.578 0.646 0.112 0.000  0.000 0.000 1.593 8.491
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 317 317 335 198 0 0 0 3014 3198
N.S. 1 1.00 1.06 0.62 0.00 0.00 0.00 9.51  10.09
time (sec) N/A 0.290 0.795 0.273 0.000  0.000 0.000 1.240 8.311
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 368 368 393 232 0 0 0 5156 4707
N.S. 1 1.00 1.07 0.63 0.00 0.00 0.00 14.01 12.79
time (sec) N/A 0.551 0.749 0.247 0.000  0.000 0.000 1.590 8.399
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 403 403 458 566 0 0 0 6021 8129
N.S. 1 1.00 1.14 1.40 0.00 0.00 0.00 1494  20.17
time (sec) N/A 0.606 0.946 0.180 0.000  0.000 0.000 1.646 8.529
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 514 514 559 667 0 0 0 9013 8684
N.S. 1 1.00 1.09 1.30 0.00 0.00 0.00 1754 16.89
time (sec) N/A 0972 1.185 0.229 0.000  0.000 0.000 2.076 8.872
Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 534 534 655 778 0 0 0 6939 10595
N.S. 1 1.00 1.23 1.46 0.00 0.00 0.00 1299 19.84
time (sec) N/A 1.274 1.495 0.253 0.000  0.000 0.000 1.718 9.009
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 399 399 296 5520 611 3898 47658 7808 2443
N.S. 1 1.00 0.74 13.83 1.53 9.77 119.44 19.57 6.12
time (sec) N/A 0281 2096 0413 0260 0379 3.032 0404 9.254
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 260 260 185 2187 344 1603 16323 3203 1314
N.S. 1 1.00 0.711 8.41 1.32 6.17 62.78 12.32 5.05
time (sec) N/A 0.158 0.982 0.181 0.229 0329 1.424 0.373 8.386
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Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 137 137 90 136 155 444 3628 914 527
N.S. 1 1.00 0.66 0.99 1.13 3.24 2648  6.67 3.85
time (sec) N/A 0.065 0.326 0.081 0.218 0.300 0.626 0.381 7.950
Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD
size 368 368 438 0 0 0 0 0 0
N.S. 1 1.00 1.19 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.424 2.256  0.000 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C F F F F(-1) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD
size 685 670 242 0 0 0 0 0 0
N.S. 1 098 0.35 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.644 2.284 0.000 0.000  0.000 0.000 0.000 0.000
Problem 42 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 356 356 378 204 0 0 0 4438 3835
N.S. 1 1.00 1.06 0.57 0.00 0.00 0.00 1247 10.77
time (sec) N/A 0.622 0.667 0.000 0.000  0.000 0.000 1.683 0.002
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 356 356 378 204 0 0 0 4438 3835
N.S. 1 1.00 1.06 0.57 0.00 0.00 0.00 1247 10.77
time (sec) N/A 0.286 0.109 0.094 0.000  0.000 0.000 1.689 8.213
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Problem 44 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 356 356 378 204 0 0 0 4438 3835
N.S. 1 1.00 1.06 0.57 0.00 0.00 0.00 1247 10.77
time (sec) N/A 0.286 0.103 0.089 0.000  0.000 0.000 1.512 8.127
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 356 356 378 204 0 0 0 4438 3835
N.S. 1 1.00 1.06 0.57 0.00 0.00 0.00 1247 10.77
time (sec) N/A 0.298 0.102 0.090 0.000  0.000 0.000 1417 8.194
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 356 356 378 204 0 0 0 4438 3835
N.S. 1 1.00 1.06 0.57 0.00 0.00 0.00 1247 10.77
time (sec) N/A 0.297 0.103 0.088 0.000  0.000 0.000 1.497 8.304
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 273 273 260 330 0 900 0 297 2972
N.S. 1 1.00 0.95 1.21 0.00 3.30 0.00 1.09  10.89
time (sec) N/A 0.549 0.126 0.250 0.000 0.582 0.000 0.633 8.519
Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 203 203 193 224 0 677 0 208 2295
N.S. 1 1.00 0.95 1.10 0.00 3.33 0.00 1.02 11.31
time (sec) N/A 0.270 0.085 0.223 0.000  0.500 0.000 0.612 8.368
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Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 144 144 136 146 0 473 0 137 1689
N.S. 1 1.00 094 1.01 0.00 3.28 0.00 095 11.73
time (sec) N/A 0.184 0.061 0.231 0.000 0.368 0.000 0.668 8.383
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 103 103 100 101 0 318 0 97 1081
N.S. 1 1.00 0.97 0.98 0.00 3.09 0.00 094 10.50
time (sec) N/A 0.118 0.043 0.138 0.000 0.343 0.000 0.641 8.831
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 97 97 178 99 0 309 0 96 3927
N.S. 1 1.00 1.84 1.02 0.00 3.19 0.00 0.99  40.48
time (sec) N/A 0.136 0.093 0.085 0.000  0.490 0.000 0.649 13.214
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 118 118 203 132 0 399 0 131 4437
N.S. 1 1.00 1.72 1.12 0.00 3.38 0.00 1.11  37.60
time (sec) N/A 0.184 0.093 0.095 0.000 0.546 0.000 0.631 12.759
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 174 174 314 203 0 609 0 206 6187
N.S. 1 1.00 1.80 1.17 0.00 3.50 0.00 1.18  35.56
time (sec) N/A 0.257 0.216 0.123 0.000 0.815 0.000 0.573 14.765
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 244 244 416 294 0 834 0 303 9141
N.S. 1 1.00 1.70 1.20 0.00 3.42 0.00 1.24  37.46
time (sec) N/A 0.359 0.218 0.154 0.000 1.674 0.000 0.606 17.782
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 369 369 456 164 0 15467 0 7235 23332
N.S. 1 1.00 1.24 0.44 0.00 41.92 0.00 19.61 63.23
time (sec) N/A 3.077 0.361 0.110 0.000  39.652 0.000 1.157 10.502
Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 282 282 365 100 0 9364 0 5454 15674
N.S. 1 1.00 1.29 0.35 0.00 33.21 0.00 19.34 55.58
time (sec) N/A 2.320 0.326 0.092 0.000 8913 0.000 1.086 9.699
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 219 219 258 68 0 5788 0 4082 10209
N.S. 1 1.00 1.18 0.31 0.00 26.43 0.00 18.64 46.62
time (sec) N/A 0.392 0.198 0.077 0.000 4.341 0.000 0.998 9.697
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 213 213 253 220 0 5930 0 3984 10170
N.S. 1 1.00 1.19 1.03 0.00 27.84  0.00 18.70 47.75
time (sec) N/A 0.559 0.189 0.106 0.000 1.663 0.000 1.364 9.773
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Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 267 267 284 244 0 9850 0 3804 15505
N.S. 1 1.00 1.06 0.91 0.00 36.89 0.00 14.25 58.07
time (sec) N/A 0.684 0.213 0.122 0.000 11.664 0.000 0.987 10.739
Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 329 329 394 360 0 15830 0 6710 23019
N.S. 1 1.00 1.20 1.09 0.00 48.12 0.00 20.40 69.97
time (sec) N/A 1.229 0.342 0.140 0.000 45.944 0.000 1.350 11.573
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 320 320 309 432 0 2111 0 415 3499
N.S. 1 1.00 0.97 1.35 0.00 6.60 0.00 1.30  10.93
time (sec) N/A 0.829 0.311 0.357 0.000  0.526 0.000 0.633 0.939
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 236 236 236 309 0 1455 0 271 2450
N.S. 1 1.00  1.00 1.31 0.00 6.17 0.00 1.15  10.38
time (sec) N/A 0.296 0.225 0.237 0.000  0.353 0.000 0.584 8.790
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 165 165 175 228 0 970 0 191 1651
N.S. 1 1.00 1.06 1.38 0.00 5.88 0.00 1.16  10.01
time (sec) N/A 0.190 0.158 0.213 0.000 0.325 0.000 0.615 9.658
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 123 123 130 139 0 650 0 137 342
N.S. 1 1.00 1.06 1.13 0.00 5.28 0.00 1.11 2.78
time (sec) N/A 0.122 0.065 0.108 0.000 0.288 0.000 0.524 0.236
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 166 166 268 228 0 1103 0 224 8706
N.S. 1 1.00 1.61 1.37 0.00 6.64 0.00 1.35 5245
time (sec) N/A 0.258 0.304 0.136 0.000 0.968 0.000 0.569 16.310
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 234 234 403 316 0 1764 0 280 11879
N.S. 1 1.00 1.72 1.35 0.00 7.54 0.00 1.20  50.76
time (sec) N/A 0.487 0.422 0.168 0.000 2.081 0.000 0.587 17.156
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) B F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 329 329 592 466 0 2567 0 521 15905
N.S. 1 1.00 1.80 1.42 0.00 7.80 0.00 1.58 48.34
time (sec) N/A 0.771 0.774 0.234 0.000  4.471 0.000 0.579 24.981
Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 550 550 648 323 0 18909 0 8946 33799
N.S. 1 1.00 1.18 0.59 0.00 34.38 0.00 16.27 61.45
time (sec) N/A 9.599 1.280 0.168 0.000  80.289 0.000 2.029 10.441
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Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 436 436 511 242 0 12597 0 7479 25862
N.S. 1 1.00 1.17 0.56 0.00 28.89 0.00 17.15 59.32
time (sec) N/A 3.493 0.921 0.125 0.000 23.673 0.000 1.777 1.559
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 362 362 414 200 0 8951 0 6200 19494
N.S. 1 1.00 1.14 0.55 0.00 24.73 0.00 17.13 53.85
time (sec) N/A 1.664 0.663 0.135 0.000  13.281 0.000 1.517 12.240
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 346 346 382 200 0 8991 0 6348 19589
N.S. 1 1.00 1.10 0.58 0.00 25.99 0.00 1835 56.62
time (sec) N/A 1.177 0.655 0.117 0.000 11.610 0.000 1.288 12.155
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 399 399 444 438 0 13111 0 7173 28164
N.S. 1 1.00 1.11 1.10 0.00 32.86 0.00 1798 70.59
time (sec) N/A 1.391 0.764 0.193 0.000 27.996 0.000 1.438 12.193
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 575 575 548 570 0 19333 0 8649 36097
N.S. 1 1.00 0.95 0.99 0.00 33.62 0.00 15.04 62.78
time (sec) N/A 6.838 1.092 0.206 0.000 88.785 0.000 1.649 12.499
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 68 68 62 56 58 82 61 63 57
N.S. 1 1.00 0.91 0.82 0.85 1.21 0.90 0.93 0.84
time (sec) N/A 0.089 0.022 0.086 0.189 0.241 0.080 0.274 0.036
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 61 61 61 51 53 7 56 58 53
N.S. 1 1.00 1.00 0.84 0.87 1.26 0.92 0.95 0.87
time (sec) N/A 0.073 0.022 0.079 0.180  0.256 0.067 0.279 0.024
Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 54 54 54 46 48 72 48 53 47
N.S. 1 1.00 1.00 0.85 0.89 1.33 0.89 0.98 0.87
time (sec) N/A 0.071 0.017 0.088 0.186  0.258 0.067 0.376 0.022
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 49 49 49 41 43 67 44 45 43
N.S. 1 1.00 1.00 0.84 0.88 1.37 0.90 0.92 0.88
time (sec) N/A 0.056 0.018 0.063 0.181 0.2563 0.069 0.293 8.487
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 42 42 42 36 38 57 36 40 37
N.S. 1 1.00 1.00 0.86 0.90 1.36 0.86 0.95 0.88
time (sec) N/A 0.035 0.014 0.065 0.185 0.252  0.065 0.304 0.029
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Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 44 44 44 38 44 71 41 47 40
N.S. 1 1.00 1.00 0.86 1.00 1.61 0.93 1.07 0.91
time (sec) N/A 0.053 0.015 0.074 0.190 0.251 0.072 0.291 0.025
Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 55 55 50 45 53 92 51 53 50
N.S. 1 1.00 0.91 0.82 0.96 1.67 0.93 0.96 0.91
time (sec) N/A 0.070 0.018 0.081 0.187  0.255 0.086 0.300 8.523
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 64 64 56 50 56 97 56 66 55
N.S. 1 1.00 0.88 0.78 0.88 1.52 0.88 1.03 0.86
time (sec) N/A 0.075 0.020 0.082 0.192 0.255 0.087 0.296 0.026
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 70 70 71 56 58 79 68 58 58
N.S. 1 1.00 1.01 0.80 0.83 1.13 0.97 0.83 0.83
time (sec) N/A 0.061 0.034 0.110 0.274  0.257 0.092 0.311 0.035
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 57 57 58 49 51 74 54 51 50
N.S. 1 1.00 1.02 0.86 0.89 1.30 0.95 0.89 0.88
time (sec) N/A 0.049 0.031 0.112 0.279  0.254 0.100 0.315 0.032
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 56 56 57 46 48 69 54 48 48
N.S. 1 1.00 1.02 0.82 0.86 1.23 0.96 0.86 0.86
time (sec) N/A 0.048 0.029 0.104 0.275 0.249 0.091 0.317 0.029
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 49 49 50 41 43 64 48 43 42
N.S. 1 1.00 1.02 0.84 0.88 1.31 0.98 0.88 0.86
time (sec) N/A 0.044 0.027 0.089 0.266  0.259 0.089 0.317 0.039
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 48 48 46 38 40 59 46 40 40
N.S. 1 1.00 0.96 0.79 0.83 1.23 0.96 0.83 0.83
time (sec) N/A 0.018 0.028 0.088 0.273  0.246 0.087 0.294 0.045
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 53 53 51 43 45 68 49 45 45
N.S. 1 1.00 0.96 0.81 0.85 1.28 0.92 0.85 0.85
time (sec) N/A 0.049 0.034 0.116 0.266  0.268 0.096 0.292 0.045
Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 62 62 56 48 52 79 56 52 51
N.S. 1 1.00  0.90 0.77 0.84 1.27 0.90 0.84 0.82
time (sec) N/A 0.064 0.038 0.121 0.268  0.255 0.102 0.300 8.507




44

Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 69 69 61 53 57 84 61 57 57
N.S. 1 1.00 0.88 0.77 0.83 1.22 0.88 0.83 0.83
time (sec) N/A 0.060 0.041 0.134 0.273  0.254 0.109 0.286 0.047
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 76 76 7 58 62 89 66 62 61
N.S. 1 1.00 1.01 0.76 0.82 1.17 0.87 0.82 0.80
time (sec) N/A 0.062 0.039 0.139 0.281 0.253 0.116 0.386  8.742
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 81 81 71 61 71 114 75 61 70
N.S. 1 1.00 0.88 0.75 0.88 1.41 0.93 0.75 0.86
time (sec) N/A 0.072 0.042 0.127 0.262 0.244 0.110 0.288 9.143
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 80 80 66 58 68 109 76 58 68
N.S. 1 1.00 0.82 0.72 0.85 1.36 0.95 0.72 0.85
time (sec) N/A 0.064 0.040 0.120 0.270  0.261 0.107 0.283 0.032
Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 75 75 60 53 63 104 70 53 63
N.S. 1 1.00 0.80 0.71 0.84 1.39 0.93 0.71 0.84
time (sec) N/A 0.060 0.040 0.107 0.271 0.255 0.109 0.308 0.040




45

Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 72 72 55 50 60 99 65 50 59
N.S. 1 1.00 0.76 0.69 0.83 1.38 0.90 0.69 0.82
time (sec) N/A 0.052 0.042 0.101 0.267 0.260 0.111 0.277 8.562
Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 72 72 56 50 60 99 66 50 60
N.S. 1 1.00 0.78 0.69 0.83 1.38 0.92 0.69 0.83
time (sec) N/A 0.047 0.042 0.095 0.277 0.246 0.109 0.292 0.045
Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 72 72 56 50 60 99 65 50 59
N.S. 1 1.00 0.78 0.69 0.83 1.38 0.90 0.69 0.82
time (sec) N/A 0.024 0.040 0.101 0.268  0.251 0.106 0.289 0.046
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 79 79 63 56 65 108 71 55 65
N.S. 1 1.00 0.80 0.71 0.82 1.37 0.90 0.70 0.82
time (sec) N/A 0.067 0.050 0.133 0.270  0.255 0.120 0.298 8.839
Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 86 86 78 61 72 119 76 62 71
N.S. 1 1.00 0.91 0.71 0.84 1.38 0.88 0.72 0.83
time (sec) N/A 0.080 0.040 0.134 0.272 0.258 0.124 0.286 0.048
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Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 93 93 73 66 7 124 82 67 7
N.S. 1 1.00 0.78 0.71 0.83 1.33 0.88 0.72 0.83
time (sec) N/A 0.088 0.053 0.154 0.269 0.256 0.130 0.296 0.054
Problem 100| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 86 86 78 71 71 95 87 76 75
N.S. 1 1.00 0.91 0.83 0.83 1.10 1.01 0.88 0.87
time (sec) N/A 0.091 0.032 0.067 0.276  0.246 0.079 0.439 0.038
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 81 81 73 66 66 90 80 71 69
N.S. 1 1.00 0.90 0.81 0.81 1.11 0.99 0.88 0.85
time (sec) N/A 0.087 0.022 0.063 0.266  0.244 0.078 0.433 0.033
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 74 74 66 62 59 85 73 66 65
N.S. 1 1.00 0.89 0.84 0.80 1.15 0.99 0.89 0.88
time (sec) N/A 0.081 0.021 0.079 0.267  0.251 0.076 0.523  0.027
Problem 103| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 65 65 61 56 54 80 68 54 60
N.S. 1 1.00 094 0.86 0.83 1.23 1.05 0.83 0.92
time (sec) N/A 0.069 0.020 0.071 0.279  0.251  0.078 0.470 8.608
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 58 58 58 51 49 70 60 49 69
N.S. 1 1.00 1.00 0.88 0.84 1.21 1.03 0.84 1.19
time (sec) N/A 0.043 0.016 0.054 0.272  0.249 0.076 0.460 0.030
Problem 105 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 66 66 72 58 55 84 65 62 59
N.S. 1 1.00 1.09 0.88 0.83 1.27 0.98 0.94 0.89
time (sec) N/A 0.069 0.067 0.068 0.267  0.255 0.083 0.451 8.656
Problem 106] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 71 71 101 63 66 105 76 66 68
N.S. 1 1.00 1.42 0.89 0.93 1.48 1.07 0.93 0.96
time (sec) N/A 0.087 0.045 0.073 0.270  0.246 0.097 0.438 0.037
Problem 107 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 80 80 82 68 71 110 80 79 72
N.S. 1 1.00 1.02 0.85 0.89 1.38 1.00 0.99 0.90
time (sec) N/A 0.088 0.068 0.072 0.285  0.252 0.095 0.438 0.038
Problem 108 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A A A A A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 87 87 114 73 76 115 85 84 78
N.S. 1 1.00 1.31 0.84 0.87 1.32 0.98 0.97 0.90
time (sec) N/A 0.097 0.055 0.072 0.275  0.241 0.112 0.441 8.641
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Problem 109 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 248 248 145 79 0 215 71 585 171
N.S. 1 1.00 0.58 0.32 0.00 0.87 0.29 2.36 0.69
time (sec) N/A 0230 0.126 0.174 0.000 0249 0344 0594 0.075
Problem 110| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 237 237 132 72 0 210 1205 576 164
N.S. 1 1.00 0.56 0.30 0.00 0.89 5.08 2.43 0.69
time (sec) N/A 0.196 0.105 0.087 0.000  0.247 0.739 0.628 8.618
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 232 232 129 69 0 205 60 573 162
N.S. 1 1.00 0.56 0.30 0.00 0.88 0.26 2.47 0.70
time (sec) N/A 0.183 0.105 0.081 0.000 0.251 0.329 0.593 0.072
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 225 225 121 64 0 222 51 566 156
N.S. 1 1.00 0.54 0.28 0.00 0.99 0.23 2.52 0.69
time (sec) N/A 0.196 0.109 0.076 0.000 0.270 0.330 0.611 0.089
Problem 113| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 224 224 115 61 0 217 1185 565 153
N.S. 1 1.00 0.51 0.27 0.00 0.97 5.29 2.52 0.68
time (sec) N/A 0.157 0.189 0.075 0.000 0.256 0.694 0.582 8.652
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 229 229 126 63 0 230 1192 572 159
N.S. 1 1.00 0.55 0.28 0.00 1.00 5.21 2.50 0.69
time (sec) N/A 0.200 0.121  0.099 0.000 0.253 0.765 0.577 0.101
Problem 115 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 238 238 131 68 0 245 60 579 165
N.S. 1 1.00 0.55 0.29 0.00 1.03 0.25 2.43 0.69
time (sec) N/A 0.184 0.210 0.099 0.000 0.246 0.353 0.595 0.099
Problem 116] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 245 245 140 73 0 252 1202 584 171
N.S. 1 1.00  0.57 0.30 0.00 1.03 4.91 2.38 0.70
time (sec) N/A 0.206 0.207 0.106 0.000 0.257 0.772 0.625 8.765
Problem 117 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 243 243 156 82 0 282 1204 588 184
N.S. 1 1.00 0.64 0.34 0.00 1.16 4.95 2.42 0.76
time (sec) N/A 0.212 0.154 0.095 0.000 0.257 0.754 0.729 0.083
Problem 118 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 242 242 155 79 0 279 82 585 182
N.S. 1 1.00 0.64 0.33 0.00 1.15 0.34 2.42 0.75
time (sec) N/A 0.206 0.136 0.076 0.000 0.252 0.369 0.751 8.896
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Problem 119 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 235 235 138 74 0 272 71 580 176
N.S. 1 1.00 0.59 0.31 0.00 1.16 0.30 2.47 0.75
time (sec) N/A 0.203 0.222 0.077 0.000 0.248 0.344 0.722 8.853
Problem 120| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 238 238 129 71 0 267 1198 577 173
N.S. 1 1.00 0.54 0.30 0.00 1.12 5.03 2.42 0.73
time (sec) N/A 0.185 0.204 0.075 0.000 0.256 0.697 0.874 0.127
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 246 246 133 71 0 277 1200 577 174
N.S. 1 1.00 0.54 0.29 0.00 1.13 4.88 2.35 0.71
time (sec) N/A 0.196 0.201 0.079 0.000 0.250 0.721 0.754 0.111
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 248 248 129 71 0 277 1195 577 173
N.S. 1 1.00 0.52 0.29 0.00 1.12 4.82 2.33 0.70
time (sec) N/A 0.172 0.192 0.070 0.000 0.251 0.701 0.720 8.700
Problem 123| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 253 253 140 73 0 290 75 582 179
N.S. 1 1.00 0.55 0.29 0.00 1.15 0.30 2.30 0.71
time (sec) N/A 0.223 0.263 0.096 0.000 0.270 0.364 0.738 8.872
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C C F C A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 262 262 139 78 0 305 80 589 185
N.S. 1 1.00 0.53 0.30 0.00 1.16 0.31 2.25 0.71
time (sec) N/A 0.238 0.233 0.098 0.000 0.261 0.367 0.768 8.752
Problem 125 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F(-2) A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 149 149 142 151 0 486 0 144 1834
N.S. 1 1.00 0.95 1.01 0.00 3.26 0.00 097 1231
time (sec) N/A 0.187 0.075 0.256 0.000 0.335 0.000 0.638 9.001
Problem 126| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F F(-1) F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 594 594 721 348 0 0 0 10752 47339
N.S. 1 1.00 1.21 0.59 0.00 0.00 0.00 18.10 79.70
time (sec) N/A 11.107 1.562 0.183 0.000  0.000 0.000 2.341 10.708
Problem 127| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 471 471 575 274 0 23774 0 9152 36589
N.S. 1 1.00 1.22 0.58 0.00 50.48 0.00 1943 77.68
time (sec) N/A 4.197 1.164 0.160 0.000  181.702 0.000 2.044 10.390
Problem 128 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C F B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 449 449 512 269 0 19375 0 8905 32587
N.S. 1 1.00 1.14 0.60 0.00 43.15 0.00 19.83 72.58
time (sec) N/A 1.891 1.012 0.148 0.000  151.256 0.000 1.895 11.165
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Problem 129 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 460 460 529 550 0 23991 0 9167 40860
N.S. 1 1.00 1.15 1.20 0.00 52.15 0.00 19.93 88.83
time (sec) N/A 1.805 1.611 0.255 0.000 144.800 0.000 1.747 12.149
Problem 130| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A F B F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 542 542 612 629 0 33432 0 10411 51386
N.S. 1 1.00 1.13 1.16 0.00 61.68 0.00 19.21  94.81
time (sec) N/A 4.717 1.362 0.272 0.000 297.365 0.000 1.799 12.571
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 20 20 20 21 31 31 54 58 31
N.S. 1 1.00 1.00 1.05 1.55 1.55 2.70 2.90 1.55
time (sec) N/A 0.023 0.449 0.273 0.239  0.248 158.450 0.346 8.107
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 210 278 149 145 295 138 367 228 287
N.S. 1 1.32 0.71 0.69 1.40 0.66 1.75 1.09 1.37
time (sec) N/A 0211 0.362 0461 0284 0263 19.879 0.372 8.419
Problem 133| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 159 213 116 109 217 104 367 164 215
N.S. 1 1.34  0.73 0.69 1.36 0.65 2.31 1.03 1.35
time (sec) N/A 0.138 0.271  0.423 0.281 0.261 11.903 0.324 8.289
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 109 149 80 73 139 71 350 102 143
N.S. 1 1.37  0.73 0.67 1.28 0.65 3.21 0.94 1.31
time (sec) N/A 0.086 0.196 0.435 0.284 0.274 7.520 0.337 8.359
Problem 135 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A C A A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 93 151 106 143 105 80 304 189 161
N.S. 1 1.62 1.14 1.54 1.13 0.86 3.27 2.03 1.73
time (sec) N/A 0.109 0.260 0.442 0.313  0.268 18.143 0.440 9.754
Problem 136/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 99 155 85 137 123 98 0 374 422
N.S. 1 1.57  0.86 1.38 1.24 0.99 0.00 3.78 4.26
time (sec) N/A 0.177 0.278 0.434 0.278 0.275 0.000 0.462 10.856
Problem 137 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 126 182 102 143 193 102 0 767 932
N.S. 1 1.44 0.81 1.13 1.53 0.81 0.00 6.09 7.40
time (sec) N/A 0.185 0.304 0.444 0.290 0.268 0.000 0.607 15.498
Problem 138 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 212 248 141 179 271 137 0 1434 1621
N.S. 1 1.17  0.67 0.84 1.28 0.65 0.00 6.76 7.65
time (sec) N/A 0.249 0.390 0.441 0.279  0.273 0.000 0.770 24.813
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Problem 139 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 216 245 134 161 226 134 0 177 1132
N.S. 1 1.13  0.62 0.75 1.05 0.62 0.00 0.82 5.24
time (sec) N/A 0.141 0.317 0.436 0.281 0.284 0.000 0.340 27.906
Problem 140/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 128 179 98 128 146 100 0 115 651
N.S. 1 1.40 0.77 1.00 1.14 0.78 0.00 0.90 5.09
time (sec) N/A 0.065 0.230 0.444 0.287 0.266 0.000 0.334 17.263
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 102 155 86 116 94 90 0 239 306
N.S. 1 1.52 0.84 1.14 0.92 0.88 0.00 2.34 3.00
time (sec) N/A 0.082 0.203 0.441 0.293 0.271 0.000 0.372 11.990
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A C B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 157 157 81 107 94 90 257 530 138
N.S. 1 1.00  0.52 0.68 0.60 0.57 1.64 3.38 0.88
time (sec) N/A 0.092 0.196 0.440 0.278 0.282 18.200 0.414 8.747
Problem 143| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 160 160 87 82 148 76 0 1055 146
N.S. 1 1.00 0.54 0.51 0.92 0.48 0.00 6.59 0.91
time (sec) N/A 0.104 0.166  0.447 0.279  0.269 0.000 0.528 8.491
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 226 226 124 118 226 110 0 1451 218
N.S. 1 1.00 0.55 0.52 1.00 0.49 0.00 6.42 0.96
time (sec) N/A 0.123 0.216 0.441 0.289 0.317 0.000 0.692 8.531
Problem 145 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 292 292 158 154 304 144 0 1847 290
N.S. 1 1.00 0.54 0.53 1.04 0.49 0.00 6.33 0.99
time (sec) N/A 0.156 0.257 0.441 0.280 0.352  0.000 0.936 8.564
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf
number of rules
integrand size
is, the harder the integral is to solve. In this test file, problem number [35] had the largest

ratio of [.464299999999999990]

size of the integrand. Finally the ratio is also given. The larger this ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of nérmf%lizefi integrand number of rules
# | grade 51:::’; uii‘;e antlle(ai:fns‘ij:lve leaf size integrand leaf size
1 A 2 1 1.00 26 0.038
2 A 2 1 1.00 24 0.042
3 A 2 1 1.00 23 0.043
4 A 2 1 1.00 26 0.038
5! A 2 1 1.00 26 0.038
g A 2 1 1.00 26 0.038
7l A 2 1 1.00 26 0.038
8 A 2 1 1.00 26 0.038
9 A 2 1 1.00 26 0.038
10 A 2 1 1.00 26 0.038
11 A 2 1 1.00 28 0.036
12 A 2 1 1.00 26 0.038
13 A 2 1 1.00 25 0.040
14 A 2 1 1.00 28 0.036
15 A 2 1 1.00 28 0.036
16 A 2 1 1.00 28 0.036
17, A 2 1 1.00 28 0.036
18 A 2 1 1.00 28 0.036
19 A 2 1 1.00 28 0.036
20 A 2 1 1.00 28 0.036
21 A 13 11 1.00 28 0.393
22 A 12 11 1.00 28 0.393
23 A 11 10 1.00 28 0.357
24] A 10 9 1.00 26 0.346
Continued on next page
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number of

number of

normalized

: ST integrand b f rul
# fmade | e | i | mideriive | OER | bl
25 A 8 7 1.00 25 0.280
26 A 12 10 1.00 28 0.357
27 A 13 12 1.00 28 0.429
28 A 13 11 1.00 28 0.393
29 A 11 10 1.00 28 0.357
30 A 10 9 1.00 28 0.321
31 A 10 9 1.00 28 0.321
32 A 10 9 1.00 26 0.346
33 A 10 9 1.00 25 0.360
34 A 14 12 1.00 28 0.429
35 A 15 13 1.00 28 0.464
36 A 15 13 1.00 28 0.464
37} A 2 1 1.00 30 0.033
38 A 2 1 1.00 30 0.033
39 | A 2 1 1.00 28 0.036
40 A 8 5 1.00 30 0.167
41 A 10 6 0.98 30 0.200
42 A 10 9 1.00 28 0.321
43 A 11 10 1.00 30 0.333
44 A 11 10 1.00 31 0.323
45 A 11 10 1.00 34 0.294
46 A 11 10 1.00 34 0.294
47 A 7 6 1.00 30 0.200
48 A 7 6 1.00 30 0.200
49 A 7 6 1.00 30 0.200
50 A 7 6 1.00 28 0.214
51 A 7 6 1.00 30 0.200
52 A 7 6 1.00 30 0.200
53 A 7 6 1.00 30 0.200
54 A 7 6 1.00 30 0.200
55 A 5 3 1.00 30 0.100
56! A 5 3 1.00 30 0.100
57 A 5 3 1.00 27 0.111
H8 A 5 3 1.00 30 0.100
59 A 5 3 1.00 30 0.100

Continued on next page
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number of

number of

normalized

. L integrand ber of rul
#fmade | e | e | mideiive | PR | bl
60 A ) 3 1.00 30 0.100
61 A 8 7 1.00 30 0.233
62 A 7 7 1.00 30 0.233
63 A 6 6 1.00 30 0.200
64 A 5 ) 1.00 28 0.179
65 A 8 7 1.00 30 0.233
66 A 8 7 1.00 30 0.233
67 A 8 7 1.00 30 0.233
68 A 6 4 1.00 30 0.133
69 A 6 4 1.00 30 0.133
70 A 4 3 1.00 30 0.100
71 A 4 3 1.00 27 0.111
72] A 6 4 1.00 30 0.133
73 A 6 4 1.00 30 0.133
4 A 7 5 1.00 31 0.161
75 A 7 5 1.00 31 0.161
76 A 7 5 1.00 31 0.161
77 A 7 5 1.00 31 0.161
78 A 5 4 1.00 29 0.138
79 A 4 3 1.00 31 0.097
80 A 4 3 1.00 31 0.097
81 A 4 3 1.00 31 0.097
82 A 6 4 1.00 31 0.129
83 A 6 4 1.00 31 0.129
84 A 6 4 1.00 31 0.129
85 A 6 4 1.00 31 0.129
86 A 4 3 1.00 28 0.107
87 A ) 3 1.00 31 0.097
88 A 5) 3 1.00 31 0.097
39 A ) 3 1.00 31 0.097
90 A 5 3 1.00 31 0.097
91 A 7 5 1.00 31 0.161
92 A 7 5 1.00 31 0.161
93 A 7 ) 1.00 31 0.161
94 A 5 4 1.00 31 0.129

Continued on next page
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number of

number of

normalized

# jmade| e | e | aideiaive | U o,
95 A ) 4 1.00 31 0.129
96 A ) 4 1.00 28 0.143
97 A 6 3 1.00 31 0.097
98 A 6 3 1.00 31 0.097
99 A 6 3 1.00 31 0.097
100 A 8 7 1.00 31 0.226
101 A 8 7 1.00 31 0.226
102 A 8 7 1.00 31 0.226
103 A 8 7 1.00 31 0.226
104 A 6 6 1.00 29 0.207
105 A 8 7 1.00 31 0.226
106 A 8 7 1.00 31 0.226
107 A 8 7 1.00 31 0.226
108 A 8 7 1.00 31 0.226
109 A 12 7 1.00 31 0.226
110 A 12 7 1.00 31 0.226
111 A 12 7 1.00 31 0.226
112 A 12 7 1.00 31 0.226
113 A 10 6 1.00 28 0.214
114 A 12 7 1.00 31 0.226
115 A 12 7 1.00 31 0.226
116 A 12 7 1.00 31 0.226
117 A 13 8 1.00 31 0.258
118 A 13 8 1.00 31 0.258
119 A 13 8 1.00 31 0.258
120 A 11 7 1.00 31 0.226
121 A 11 7 1.00 31 0.226
122 A 11 7 1.00 28 0.250
123 A 13 7 1.00 31 0.226
124 A 13 7 1.00 31 0.226
125 A 7 6 1.00 33 0.182
126 A 6 4 1.00 35 0.114
127} A 6 4 1.00 35 0.114
128 A 4 3 1.00 32 0.094
129 A 6 4 1.00 35 0.114

Continued on next page
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number of

number of

normalized

#jmade| e | e | aideiaive | U g,
130 A 6 4 1.00 35 0.114
131 A 1 1 1.00 42 0.024
132 A ) 4 1.32 35 0.114
133 A 4 3 1.34 35 0.086
134 A 4 3 1.37 33 0.091
135 A 6 ) 1.62 35 0.143
136 A 6 6 1.57 35 0.171
137} A 6 6 1.44 35 0.171
138 A 7 7 1.17 35 0.200
139 A 6 6 1.13 35 0.171
140 A ) ) 1.40 32 0.156
141 A ) ) 1.52 35 0.143
142 A ) ) 1.00 35 0.143
143 A 4 4 1.00 35 0.114
144 A ) ) 1.00 35 0.143
145 A 6 ) 1.00 35 0.143
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3.1 [ 2*(A + Bz + Cz?) (a + bz? + cx*) dz

Optimal result . . . . . . . . . . . e 606!
Rubi [A] (verified) . . . . . . . . 66
Mathematica [A] (verified) . . . . . . . . . . .. 67
Maple [A] (verified) . . . . . . ... 67
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 63
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 68}
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 68
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 69
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 69

Optimal result

Integrand size = 26, antiderivative size = 74

1 1 1 1
/x2 (A+ Bz + C2?) (a+ bz® + cz*) dz = ~aAz® + ~aBz* + Z(Ab+ aC)z’ + gbBav6

3 4 )
1 7o lp 8.1 9
+ ?(Ac +bC)z" + ch:c + §cC’z

[Out] 1/3*%a*A*xx”~3+1/4*%a*Bxx"4+1/5% (A*b+C*a)*x"5+1/6%b*xB*xx~6+1/7* (A*xc+C*b)*x~7+1/8
*Bxc*x~8+1/9%c*xC*xx~9

Rubi [A] (verified)

Time = 0.06 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ _
of steps used = 2, number of rules used = 1, integrand size — 0.038, Rules used = {1642}

/x2 (A+ Bz + Cz®) (a+ bz’ + cz?) dz = éxs(aC + Ab) + %aAa:?’ + }1an4

1 1 1 1
+ ?x7(Ac +bC) + EbeG + §ch8 + §ch9
[In] Int[x"2*(A + B*x + C*x"2)*(a + b*x"2 + c*x74),x]

[Out] (axA*x~3)/3 + (a*B*x"4)/4 + ((A*b + a*xC)*x~5)/5 + (b*B*x"6)/6 + ((A*c + b*C
Y*x"7) /7 + (Bxc*x~8)/8 + (c*xCxx~9)/9

Rule 1642

Int[(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]



Rubi steps

integral = / (aAz® 4+ aBz® 4+ (Ab+ aC)z* + bBz® + (Ac + bC)z® + Bez” + cCz®) dx

1
3

1 1 1 1 1 1
= —aAz® + ~aBx* + Z(Ab+ aC)z® + gbBa:6 + -~ (Ac+bC)x" + - Bex® + §ch9

4 ) 7 8

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.00

1 1 1
/a:2 (A+ Bz + Cz®) (a+ bz’ + cz?) dz = LAz + ~aBz* + Z(Ab+ aC)z® + ébeﬁ

3 4 )
1 7o lp g, 1 9
+ ?(Ac +bC)z" + §Bcac + §cC’z

[In] Integrate[x™2x(A + B*x + C*xx"2)*(a + b*x~2 + c*x"4),x]

[Out] (a*A*x~3)/3 + (a*B*x~4)/4 + ((A*b + a*C)*x~5)/5 + (b*B*x~6)/6 + ((A*c + bx*C

Yxx~7)/7 + (B*c*x~8)/8 + (c*xC*xx~9)/9

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.82

method result size

default aA39:3 + alia:‘* + (Ab-i-ga)m‘r’ + bB6z6 + (Ac—+-7Cb)m7 + B%zs n chmg 61

norman cngg 4 BcS:v8 + (A7c + %)) .’IJ7 + bB6x6 4 (% + %) JI5 + ¢1B431¢4 + aA3x3 63

gosper 5cCz° + £Bea® + 1o Ac+ 127Cb + tbB2f + 12°Ab+ 12°Ca + jaBz* + faAx® | 65

risch scCz® + £Bea® + 1o Ac+ 127Cb + $bB b + 12°Ab+ 12°Ca + jaBz* + faAx® | 65

parallelrisch | 1cCz® 4+ 1Bca® + 12" Ac+ L2"Cb+ 1bB 8 + L25Ab+ 12°Ca + taBz* + laAz® | 65
9 8 7 7 6 5 5 1 3

[In] int(x"2*(C*x~2+B*x+A)*(c*x~4+b*x~2+a) ,x,method=_RETURNVERBOSE)

[Out] 1/3*a*A*xx~3+1/4*xa*xB*xx"4+1/5% (A*xb+C*a)*x"5+1/6%b*xB*xx~6+1/7* (A*xc+C*b)*xx~7+1/8

*Bxcxx~8+1/9%c*C*xx~9
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.81

9

1 1 1
+ 1 Baz* + R (Ca + Ab)z® + 3 Aaz?

/x2 (A+ Bz + Cz?) (a+ bz + cz?) dz = E Cez® + % Bez® + % Bbz® + % (Cb + Ac)z”

[In] integrate(x~2x(C*x~2+B*x+A)*(c*x~4+b*x"2+a) ,x, algorithm="fricas")
[Out] 1/9%Cxc*x~9 + 1/8%Bxc*x~8 + 1/6%Bxbxx~6 + 1/7*(Cxb + Axc)*x~7 + 1/4*Bxaxx~4
+ 1/5%(Cxa + Axb)*x"5 + 1/3%Axa*xx"3

Sympy [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.92

A 3 B 4 B 6 B 8 9
/xQ(A+B:v+C’z2)(a+bx2+cw4) dr = (;x + ix + Iéx + Zx —I—ng

Lo Ay D) (A0 Ca
T T 5 5

[In] integrate (x**2* (C*x**2+B*x+A)* (c*x**4+b*x**2+a) ,X)

[Out] Axaxx**3/3 + Bkaxx**4/4 + Bxb*x**6/6 + Bkcxx**8/8 + Ckcxx**9/9 + x*xx7x(Axc/
7 + Cxb/7) + x*x5x(A*xb/5 + Cxa/5)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.81

9

1 1 1
+3 Baz* + R (Ca+ Ab)z® + 3 Aazx®

/x2 (A+ Bz + Cz?) (a+ bz’ + cz?) dz = 1 Cez® + % Bez® + % Bbz® + % (Cb + Ac)z”

[In] integrate(x~2%(C*x~2+B*x+A)*(c*x~4+b*x~2+a),x, algorithm="maxima")
[Out] 1/9*C*c*x™9 + 1/8*B*c*x~8 + 1/6*Bxb*x~6 + 1/7*(Cxb + Axc)*x~7 + 1/4*xBxa*x~4
+ 1/5%(Cxa + Axb)*x~5 + 1/3*%Axa*xx~3
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Giac [A] (verification not implemented)

none

Time = 0.29 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.86
2 2 2 4 1 9, 1 s, 1 7, 1 7, 1 6
T (A-l—B:c-l—C’:c ) (a—i—bx +cx ) dxr = §C’cw +§ch +?Cb:c +?Acx +ngx
+ 1 Cax® + 1 Abz® + 1 Baz* + L Aaz?®
5 5 4 3
[In] integrate(x~2x(C*x~2+B*x+A)*(c*x~4+b*x~2+a) ,x, algorithm="giac")

[Out] 1/9%Cxc*x~9 + 1/8%Bxc*x~8 + 1/7*Cxbxx~7 + 1/7*Axcxx~7 + 1/6%Bxb*xx~6 + 1/5%C
*a*xx~5 + 1/5xAxb*x~5 + 1/4xBxaxx~4 + 1/3%A%xaxx~3

Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.84

9 Bea? A Bbzb
/mQ(A+B$+C’x2) (a+bw2+cz4) dm=ch + cx —c—l—@ z’ + bz
9 8 7 7 6
N ﬁ_'_@ x5+Bax4+Aam3
5 5 4 3

[In] int(x"2*x(A + B*x + C*x"2)*(a + b*x"2 + c*x74),x)

[Out] x"5*x((A*b)/5 + (Cxa)/5) + x"7*x((A*c)/7 + (Cxb)/7) + (A*a*x~3)/3 + (B*axx~4)
/4 + (Bxb*x~6)/6 + (Bxc*x~8)/8 + (C*c*x~9)/9
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3.2 [ z(A + Bz + Cz?) (a + bx? + cz?) dz

Optimal result . . . . . . . . . . . . e 701
Rubi [A] (verified) . . . . . . . . 70
Mathematica [A] (verified) . . . . . . . . . . .. (71l
Maple [A] (verified) . . . . . . ... [71]
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 72
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 72
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 72
Giac [A] (verification not implemented) . . . . . . . .. ... ... L. 73]
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 73

Optimal result

Integrand size = 24, antiderivative size = 74

1 1 1 1
/x(A + Bz + Cz?) (a + b2® + cz?) dz = Zad2® + ZaBz® + ~(Ab+aC)z* + 5be5

2 3 4
1 6, lp 7.1 38
+ E(Ac +bC)z® + ?Bc:c + gcC’w

[Out] 1/2*a*A*xx~2+1/3*%a*B*xx~3+1/4% (A*b+C*a)*x"4+1/5%b*xB*xx~5+1/6% (A*xc+C*b)*x~6+1/7
*Bxcxx~7+1/8%c*Cxx~8

Rubi [A] (verified)

Time = 0.04 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.00, number

— _ 1 humber of rules _ —
of steps used = 2, number of rules used = 1, integrand size — 0.042, Rules used = {1642}

/x(A + Bz + C2?) (a + ba® + cz*) do = }lx‘*(aC’ + Ab) + %anQ + %anE‘
1

1 1
bBz® + ~Bex” + gcC’zs

L 6
+ 57 (Ac—H)C’)—I-5 -

[In] Int[x*(A + Bxx + C*x"2)*(a + b*x"2 + c*x74),x]

[Out] (axA*x~2)/2 + (axB*x~3)/3 + ((A*b + axC)*x~4)/4 + (b*Bxx~5)/5 + ((Axc + b*C
)*x"6)/6 + (Bxc*x"7)/7 + (c*xCxx~8)/8

Rule 1642

Int[(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]



Rubi steps
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integral = / (aAz + aBz” + (Ab + aC)z® + bBz* + (Ac + bC)z® 4+ Bez® + cCx') dz

1
2

1 1 1 1 1 1
= —aAz® + ~aBx® + - (Ab+ aC)z* + gbBa:5 + ~(Ac+ bC)x® + - Bex™ + gchS

3 4 6 7

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.00

1 1 1
/a:(A + Bz + C2?) (a + ba® + cz*) do = LAz + ~aBz® 4+ > (Ab+ aC)z* + gbe5

2 3 4
1 1
+ %(Ac +bC)x® + ?Bcw7 + gcC’av8

[In] Integrate[x*x(A + Bxx + C*x~2)*(a + b*x"2 + c*x74),x]

[Out] (a*xA*x~2)/2 + (a*B*x~3)/3 + ((A*b + a*C)*x~4)/4 + (b*B*x~5)/5 + ((A*c + bx*C

)*x76)/6 + (B*c*x"7)/7 + (c*xCxx~8)/8

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.82

method

result size
default aAza:2 + a,]%ac3 + (Ab-i—fa.):c‘1 + bB5z5 + (Ac—}-gb)m6 + B(;z7 + chms 61
norman cCBx8 4 Bc7x7 + (%c + %)) .’IJ6 + bB5x5 + (% + %) JI4 + aBSalc3 + aAQac2 63
osper leCa® + 1Bca™ + 1a8Ac+ 125Cb + LbB2® + L2 Ab+ 124Ca + LaB2® + LaAz? | 65
g 8 7 6 6 5 4 4 3 2
risch LeCa® +1Bex™ + L2 Ac+ L28Cb + LbB 25 + 124 Ab + L12%Ca + taB 23 + taAx? | 65
8 7 6 6 5 1 1 3 2
parallelrisch | $¢C #® + 1Bca” + ta8Ac+ ;25Cb + tbBz® + 12*Ab+ 12*Ca + taBa® + JaAz? | 65

[In] int(x*(Cxx~2+B*x+A)*(c*x"4+b*x~2+a) ,x,method=_RETURNVERBOSE)

[Out] 1/2*%a*A*xx~2+1/3*%a*xB*xx~3+1/4% (A*xb+C*a)*x"4+1/5%b*Bxx~5+1/6% (A*xc+C*b)*x~6+1/7
*Bxcxx~7+1/8%c*Cxx~8
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Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.81

/w(A + Bz + C2?) (a + ba® + cz*) dz = é()’cac8 + % Bez™ + % Bbz® + % (Cb + Ac)z®

1 1 1
+ 3 Baz® + 1 (Ca + Ab)z* + 3 Aaz?

[In] integrate(x*(Ckx~2+B*x+A)*(c*x~4+b*x~2+a),x, algorithm="fricas")

[Out] 1/8*Ckxc*x~8 + 1/7*Bxc*x”7 + 1/5%Bxbxx"5 + 1/6%(Cxb + A*c)*x"6 + 1/3*%B*xaxx"3
+ 1/4%(Cxa + Axb)*x"4 + 1/2%Axa*xx"2

Sympy [A] (verification not implemented)
Time = 0.02 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.92

A 2 B 3 B 5 B 7 8
/””(A+B-’”+Cw2) (a+b0” +ca’) do= =5 + =5+ Zx o +ng

Lot A0y TO) (A0 Ca
6 6 4 4

[In] integrate(x* (Ckx**2+Bxx+A)* (ckx**4+bkx**2+a) ,x)
[Out] Axaxx*x*x2/2 + Bxa*x**3/3 + Bxb*xx**x5/5 + Bkc*x**x7/7 + Ckxc*xx**8/8 + x*x6x(A*xc/
6 + Cxb/6) + x*x4x(Axb/4 + Cxa/4)

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.81

8 7

1 1 1
+3 Baz® + 1 (Ca + Ab)z* + 3 Aazx®

/x(A + Bz + Cz®) (a + bz® + cz?) dz = 1 Cez® + 1 Bex™ + % Bbz® + % (Cb+ Ac)z®

[In] integrate(x*(C*x~2+B*x+A)*(c*x~4+b*x"2+a),x, algorithm="maxima")
[Out] 1/8*C*c*x~8 + 1/7*B*c*x~7 + 1/5%Bxb*x~5 + 1/6%(Cxb + A*xc)*x"6 + 1/3*Bxa*x~3
+ 1/4%(Cxa + Axb)*x~4 + 1/2%Axa*xx"2
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Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.86

1 1 1 1 1
/w(A + Bz + Cm2) (a +bx? + cx4) dzr = 3 Cex® + Z Bez” + 5 Cbzb + 6 Acz® + 5 Bbz®
+ 1 Cazx* + 1 Abz?* + 1 Baz® + 1 Aax?
4 4 3 2
[In] integrate(x*(Ckx~2+B*x+A)*(c*x~4+b*x~2+a),x, algorithm="giac")

[Out] 1/8*Ckc*x”~8 + 1/7*Bxc*x”7 + 1/6%Cxb*xx"6 + 1/6%A*cxx”6 + 1/5%Bxb*x~5 + 1/4%C
*a*xx~4 + 1/4xAxbxx~4 + 1/3%Bkxaxx~3 + 1/2%A*xaxx”2

Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.84

8 Bex” A Bbzd
[ B 02 (a4 at) da = S 4 B (4P ) 04 B
Ab Ca\ , Baz® Aaa?
+ z +

7ty 3 T3

[In] int(x*(A + B*x + C*x"2)*(a + b*x"2 + c*x74),x)

[Out] x~4x((A*b)/4 + (Cxa)/4) + x~6%((Axc)/6 + (Cxb)/6) + (A*axx"2)/2 + (Bxaxx"3)
/3 + (Bxb*x~5)/5 + (Bxc*xx~7)/7 + (C*c*x~8)/8
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3.3 [(A+ Bz + Cz?) (a + bx? + cz?) dx

Optimal result . . . . . . . . . . . . e [74
Rubi [A] (verified) . . . . . . . . 74
Mathematica [A] (verified) . . . . . . . . . .. 751
Maple [A] (verified) . . . . . . . .. 75
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... 76
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... [76)
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 76
Giac [A] (verification not implemented) . . . . . . . .. ... L irdrd
Mupad [B] (verification not implemented) . . . . .. ... ... ... ... ...... |

Optimal result
Integrand size = 23, antiderivative size = 69
2 2 4 1 2, 1 s, 154
(A+ Bz + Cz?®) (a+bz” + cz?) dz = aAz + §an + g(Ab+aC)1: + Zme

1 1 1
+ E(Ac +bC)x® + chxG + ?CC:H

[Out] a*xAxx+1/2*%a*Bxx~2+1/3% (A*b+Cxa)*x"3+1/4%bxB*x~4+1/5% (Axc+C*b) *x~5+1/6*B*c*x
“6+1/TxcxCxx~7

Rubi [A] (verified)

Time = 0.02 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.00, number

— _ 1 humber of rules _ —
of steps used = 2, number of rules used = 1, integrand size 0.043, Rules used = {1671}

/ (A+ Bz + Cz?) (a+ bz’ + cz?) dz = %w?’(aC + Ab) + aAz + %aBz2

1 1 1 1
+ 5m5(Ac +bC) + Zbe4 + 630936 + ?ch7
[In] Int[(A + B*x + C*xx"2)*(a + b*x"2 + c*x~4),x]

[Out] axAxx + (axB*x~2)/2 + ((A*b + a*C)*x~3)/3 + (b*B*x"4)/4 + ((Axc + b*C)*x"5)
/5 + (Bxcxx"6)/6 + (cxCxx~7)/7

Rule 1671

Int[(Pq )*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand
Integrand[Pg*(a + b*x + c*x”2)7p, x], x] /; FreeQ[{a, b, c}, x] && PolyQ[Pq
, x] && IGtQ[p, -2]
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Rubi steps

integral = / (aA + aBz + (Ab+ aC)z” + bBz® + (Ac + bC)z* + Bez® + ¢C1®) dz

1 1 1 1 1 1
= aAz + §aBa:2 + g(Ab +aC)z® + ZbBac‘1 + g(Ac + bC)x° + chxG + ?ch7

Mathematica [A] (verified)
Time = 0.01 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.00

1
/ (A+ Bz + Cz?®) (a+ bz + cz?) dz = aAz + %aBa:2 + %(Ab +aC)z® + ZbBac4

1 1 1
+ —(Ac+bC)x® + = Bex® + —cCx’
5 6 7
[In] Integrate[(A + B*x + Ckx~2)*(a + b*x"2 + c*x74),x]

[Out] axAxx + (axB*x~2)/2 + ((A*b + a*C)*x~3)/3 + (b*B*x"4)/4 + ((Axc + b*C)*x"5)
/5 + (Bxcxx"6)/6 + (cxCxx~7)/7

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.84

method result size
default aAz + 3“212 4 (bt 30“)“”3 + 6341‘4 + (AC+5Cb)z5 + Bcﬁze n 0079,-7 .
norman 007””7 + B‘gxﬁ + (A?c + %’) x5 + % + (% + %) 3 + Basz + aAx 60
gosper 1cC ™ + ¢Bea® + taPAc+ 22°Cb + 1bBz* + 123 Ab+ 2°Ca + ;Baz? + aAz | 62
risch 1cCa™ + ¢Bea® + taPAc+ 12°Cb + 1bBz* + 123 Ab+ 2°Ca + ;Baz? + aAz | 62
parallelrisch | 2¢cC &™ + ; Bca® + ta5Ac+ $2°Cb + 1bBz* + 123 Ab + 32°Ca + ;Bax? + aAx | 62

[In] int((C*x~2+B*x+A)*(c*x~4+b*x"2+a),x,method=_RETURNVERBOSE)

[Out] axAxx+1/2*Bxaxx~2+1/3% (A*xb+Cxa)*x"3+1/4%bxB*xx~4+1/5% (Axc+Cxb) *x~5+1/6*B*c*x
“6+1/T*c*xCxx~7
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Fricas [A] (verification not implemented)

none
Time = 0.32 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.83

/ (A+ Bz + Cz®) (a+ bz’ + cz?) dz = %C’caj7 + % Bez® + }1 Bbz* + % (Cb + Ac)z®

1
+ % Baz® + 3 (Ca + Ab)z® + Aax

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a),x, algorithm="fricas")
[Out] 1/7*Cxc*x”~7 + 1/6%B*c*x~6 + 1/4xBxbxx~4 + 1/5%(Cxb + A*xc)*x~5 + 1/2*%Bxa*x~2
+ 1/3%(Cxa + Axb)*x~3 + A*axx

Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.94

2 4 6 7

/ (A+ Bz + C':L‘2) (a+ bx® + cm4) dr = Aaz + B(;x + BZx + ng + Cc7x
5[ Ac Cb s Ab  Ca
tr |\ =+ |t7T 3 +—3

) )

[In] integrate((Ckx**2+Bkx+A)* (ckx**4+b*x**2+a) ,X)
[Out] Axaxx + Bxa*x**2/2 + Bxb*x**4/4 + Bxc*xx**6/6 + Ckxcxx*x*x7/7 + x*x*x5x(Axc/5 + C
*b/5) + x**x3%x(Axb/3 + Cxa/3)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.83

1 1 1 1
/ (A+ Bz + C2?) (a+ba® + cz?) dz = - Cex” + 5 Bez® + 1 Bbz* + s (Cb+ Ac)z®
1 1
+5 Baz® + 3 (Ca + Ab)2® + Aax
[In] integrate((C*x~2+B*x+A)*(c*x~4+b*x~2+a),x, algorithm="maxima")

[Out] 1/7*Ckxc*x”7 + 1/6%Bxc*x”6 + 1/4xBxbxx"4 + 1/5%(Cxb + Axc)*x"5 + 1/2*%B*axx"2
+ 1/3%(C*a + A*b)*x"3 + Axa*xx



7

Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.88

1 1 1
/ (A + Bz + C’xz) (a +bx? + cw4) dz = %C’cac7 + 6 Bex® + 5 Cbx® + R Acx®

1 1 1 1
+ = Bbz* + = Caz® + = Abz® + = Baz? + Aaz
4 3 3 2

[In] integrate((C*x~2+B*x+A)*(cxx~4+b*x~2+a),x, algorithm="giac")

[Out] 1/7*Ckxc*x”7 + 1/6%Bxc*x”6 + 1/5%Cxbxx~5 + 1/5%A*c*xx”5 + 1/4*%Bxb*xx~4 + 1/3%C
*a*xx~3 + 1/3%A*xb*x~3 + 1/2%Bka*xx~2 + Axa*x

Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.86

7 6
/(A+B:v+C’m2) (a—l—bw2+cm4) dx:cix +Bzx +(?+?

2
+ (ﬁj+@> z3+Bax +Aax

Ac Cb) s Bbzt
"+ 4

3 3 2

[In] int((A + B*x + C*x"2)*(a + b*x"2 + c*x74),x)
[Out] x~3*x((A%*b)/3 + (Cxa)/3) + x~5x((A*c)/5 + (Cxb)/5) + Axaxx + (Bxaxx~2)/2 + (
Bxb*x~4)/4 + (Bxc*x"6)/6 + (Cxcxx~7)/7
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A+RB 2 2 c 4
3.4 f (A+ x—l—C’x)(a—l—bx—l—x)dx
X

Optimal result . . . . . . . . . . . e 78]
Rubi [A] (verified) . . . . . . . . . 8
Mathematica [A] (verified) . . . . . . . . . .. L 79
Maple [A] (verified) . . . . . . . . . . 79
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... ... S80I
Sympy [A] (verification not implemented) . . . ... ... .. ... ... ... ... R0
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... 801
Giac [A] (verification not implemented) . . . . . . . ... ... L. 1]
Mupad [B] (verification not implemented) . . . . .. ... ... ... .. ....... 1]

Optimal result

Integrand size = 26, antiderivative size = 65

/ (A+ Bz + Cx?) (a + bx? + cz?)

_ 1 2, L3
. dx = aBz + 2(Ab—l—aC’)av + 3be

1 1 1
+ Z(Ac +bC)x* + chxS + gcC’x6 + aAlog(x)

[Out] a*Bxx+1/2*% (A*b+C*a)*x~2+1/3%b*B*x~3+1/4% (A*xc+C*b) *x~4+1/5*%B*xc*xx~5+1/6*c*C*x
“6+a*Ax1n(x)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ _
of steps used = 2, number of rules used = 1, integrand size — 0.038, Rules used = {1642}

2 2 4
/(A+Bm+0xi(a+bx ) gy — %z2(ao+Ab)+aAlog(w)+an

1 1 1 1
+ Z:p‘l(Ac +bC) + §me3 + chx‘r’ + gch(S

[In] Int[((A + Bxx + C*x"2)*(a + b*x"2 + c*x74))/x,x]

[Out] a*xB*x + ((Axb + a*C)*x72)/2 + (b*B*x~3)/3 + ((Axc + b*C)*x74)/4 + (B*c*x~5)
/5 + (c*Cxx"6)/6 + axAxLog[x]

Rule 1642

Int [(Pq )*((d_.) + (e_.)*(x)) " (m_.)*x((a_.) + (b_.)*(x_) + (c_)*(x_)"2)"(p

_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x~2)7p, x

1, x] /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]



79
Rubi steps

integral = / <aB + %4 + (Ab+ aC)z + bBz® + (Ac + bC)z® + Bez* + cC’x5> dx

1 1 1
=aBx + %(Ab +aC)x® + %meg‘ + Z(AC +bC)z* + chxE’ + ECC’x6 + aAlog(zx)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.00

/ (A + Bz + Cz?) (a + bz? + cz?)

_ 1 2, 153
" dr = aBz + 2(Ab-l—aC)ar: + 3be

1 1 1
+ Z(AC +bC)z* + chxE’ + 600356 + aAlog(z)

[In] Integrate[((A + B*x + Cxx"2)*(a + b*x"2 + c*x"4))/x,x]

[Out] a*Bxx + ((Axb + axC)*x~2)/2 + (b*B*x~3)/3 + ((Axc + b*C)*x"4)/4 + (Bxc*x~5)
/5 + (c*C*x~6)/6 + axAxLog[x]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.89

method result size
norman (2 + <) 22+ (42 + 2) 2* + Baz + B%ﬁ + BCS”"'S + Ccﬁg”e +aAln (z) | 58
default cC6z6 + & 05””5 + Ac4w4 + CIf4 + B%w?’ + Ab;”z + 0“2””2 + Bax + aAln(z) | 60
risch CCGxG 4 Bes® | Acat 4 Cbat 4 B%ﬁ +4bs” | Cas® 4 Byt gAln(z) | 60
parallelrisch CCGZG + & 059”5 + Ac4””4 + le4 + & %ﬁ + Abzmz + 0‘12””2 + Bax +aAln(z) | 60

[In] int((C*x~2+B*x+A)* (c*x~4+b*x~2+a)/x,x,method=_RETURNVERBOSE)

[Out] (1/2%xAxb+1/2%C*a)*x~2+(1/4*%A*c+1/4%Cxb)*x~4+B*a*x+1/3*B*xb*x~3+1/5%Bxcxx~5+1
/6*ckxC*xx~6+axA*1n(x)
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.85

A+ B 2 bx? 4 1 1 1 1

/( +Bz+ Co’)(atbe’+cx )dx= = Ccx® + = Bex® + = Bbz® + = (Cb+ Ac)z*

x 6 5 3 4
1
+ Bax + 3 (Ca + Ab)x® + Aalog (z)

[In] integrate((C*x~2+Bxx+A)*(c*x"4+b*x~2+a)/x,x, algorithm="fricas")
[Out] 1/6%Ckc*x~6 + 1/5*%B*c*x~5 + 1/3*Bxb*x~3 + 1/4*%(Cxb + A*c)*x~4 + Bka*x + 1/2
*(C*a + A*b)*x"2 + Axaxlog(x)

Sympy [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.97

2 2 4 Bb3 B 5 6
/(A+Bx+Ca:)(a+ba: +cx)dx=Aalog(x)+Bax+ 3z + ;:c +C;x

X
-I-:I?4 &-l‘@ +:)32 &4_@
4 4 2 2

[In] integrate((Ckx**2+B*x+A)* (cxx**4+b*xx**2+a)/x,X)
[Out] Axaxlog(x) + B¥a*x + Bxb*x**3/3 + Bkcxx**5/5 + Ckckxx**6/6 + x*x*4x(A*c/4 + C
*b/4) + x*x2x(A*b/2 + Cxa/2)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.85

2 2 4

1

/(A+Bx+C’x ) (@ +bz” + cx )dxzéC’cxﬁJré30$5+%3b9’3+1(0b+‘46)z4
X

+ Bax + % (Ca + Ab)x® + Aalog (z)

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)/x,x, algorithm="maxima")
[Out] 1/6*C*c*x"6 + 1/5*%B*c*x~5 + 1/3*%Bxb*x”~3 + 1/4*(Cxb + A*c)*x"4 + B*axx + 1/2
*(C*a + A*b)*x”~2 + Axaxlog(x)
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Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.92

T 6 5 3

1 1
+ 2 Caz® + 3 Abx® + Bazx + Aalog (|z)

A+B 2 2+ cat 1 1 L - .
/( + Bz + Cz”) (a + bz +cx)d:c——ch6+—ch5+ZCbm4+ZAC$4+_Bb$3

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)/x,x, algorithm="giac")

[Out] 1/6%C*c*x~6 + 1/5%Bxc*x~5 + 1/4%Cxb*x~4 + 1/4%Axc*x"4 + 1/3*Bxb*x~3 + 1/2%C
*xaxx~2 + 1/2xA*b*x”2 + Bxa*x + Axaxlog(abs(x))

Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.88

2 2 4
/(A+Bx+Ca:a)c(a+bx +cz )dx=x2 (%_‘_%)_’_ﬁ (ATC+%) + Bagz

Bbx® Bezxz® Cecxb

3 + 5 + 5 + Aaln(z)

[In] int(((A + Bxx + Cxx"2)*(a + b*x"2 + c*x"4))/x,x)
[Out] x~2x((Axb)/2 + (Cxa)/2) + x"4*x((A*c)/4 + (Cxb)/4) + B*axx + (Bxb*x~3)/3 + (
Bxcxx~5)/5 + (C*c*x76)/6 + Axaxlog(x)
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3.5 f (A+Bz+Cz?) (a+bz’+czt) da

72
Optimal result . . . . . . . . . . . . e 82
Rubi [A] (verified) . . . . . . . . . ]2
Mathematica [A] (verified) . . . . . . . . . .. .. ’3
Maple [A] (verified) . . . . . . . . .. ]3]
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., !
Sympy [A] (verification not implemented) . . . . . .. ... ... ... L. k!
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. Rl
Giac [A] (verification not implemented) . . . . . . .. ... .. Lo oL ]5)
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 851

Optimal result

Integrand size = 26, antiderivative size = 63

dr = -t (Ab+ aC)zx + %bez + %(Ac + bC) 23

x2

/ (A+ Bz + Cz?) (a + bz? + cz?) aA

1 1
+ ZBcav4 + gchE’ + aBlog(x)

[Out] -axA/x+(Axb+C*a)*x+1/2%b*B*xx~2+1/3% (A*c+C*b) *x~3+1/4*Bxcxx~4+1/5*xc*Cxx~5+ax*
B*1n(x)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 1, dumber of rules _ (, 438 Ryjes used = {1642}
integrand size

2 2 4
/(A+Bx+0xx)2(a+bx + cx*) dz = z(aC + Ab) — %+aBlog(.’L')

1 1 1
—bBx* + ~Bez* + gCC’x5

1 3

[In] Int[((A + B*x + C*x"2)*(a + b*x"2 + c*xx74))/x"2,x]

[Out] -((a*A)/x) + (Axb + a*C)*x + (b*B*x"2)/2 + ((A*c + b*C)*x~3)/3 + (B*c*x"4)/
4 + (cxCxx~5)/5 + a*B*Logl[x]

Rule 1642

Int [(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]
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Rubi steps

integral = / (Ab(l + %) + (;—1;1 + % + bBz + (Ac+ bC)x* + Bex® + cC’x4) dz

= —% + (Ab+ aC)z + %be2 + %(Ac +bC) x> + }chw‘l + %chS + aBlog(x)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00

2 2 4
/ (A+ Bz + Cwa?Z(a + bz? + cx) de = _% + (Ab+ aC)z + %be2 + %(Ac+ bC)x?
+ chx‘l - %cCaﬁ + aBlog(z)

[In] Integrate[((A + B*x + C*x"2)*(a + b*x"2 + c*x74))/x72,x]

[Out] -((axA)/x) + (Axb + a*C)*x + (b*B*x"2)/2 + ((A*c + b*C)*x~3)/3 + (B*xc*xx~4)/
4 + (cxC*x~5)/5 + a*B*Logl[x]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.90

method result size
5 4 3 3 2
default o 4 Bew”  dex” 4 Cbo 4 BBo 4 Apg + Caz + aBln(z) — 22 | 57
. 5 4 3 3 2
risch o’ 4 Bewm y dew 4 Cbam 4 BBo 4 Apg + Caz + aBln(z) — 44 | 57
Ac  Cb 4 2 Bba3 | Bez® | cCxb
L4 22 ) z*+(Ab+Ca)z?— Aa+ + +
norman (+%) - 2+ ° +aBln(z) 61
. 12¢C 28 +15Bc 2®+20Ac z44+20Cb 24 +30B8b 23 +60Ab £2+60Ba In(z)z+60Ca £2—60Aa
parallelrisch o0z 67

[In] int((C*x~2+Bxx+A)*(c*x~4+b*x"2+a)/x"2,x,method=_ RETURNVERBOSE)

[Out] 1/5%c*C*xx~5+1/4*Bxc*x~4+1/3%Axc*x"3+1/3*%Cxb*x~3+1/2%b*B*x~2+Axb*x+Cxa*xx+a*xB
*1n(x)-a*A/x
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Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.98

(A + Bz + Cz?) (a + bx? + cz?)
p dz
_ 12Ccx® 4 15 Bex® 4 30 Bbaz® 4 20 (Cb + Ac)z* 4 60 Bax log () + 60 (Ca + Ab)z® — 60 Aa
a 60z

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)/x"2,x, algorithm="fricas")
[Out] 1/60%(12%C*c*x~6 + 15*%Bkc*x~5 + 30*Bxb*x~3 + 20%(C*b + A*c)*x~4 + 60*Bkakxx
log(x) + 60x(Cxa + A¥b)*x"2 - 60%A*xa)/x

Sympy [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.92

2 2 4 2 4
/(A-I—Bx—l—C’z)(a—l—bw +cx)dx:—&+Balog(x)+Bbx +Bc:c
x? x 2 4
5 A
+C§x +x3(?c+%)>+x(Ab+C’a)

[In] integrate((Cxx**2+Bkx+A)* (cxx**x4+bkx**2+a) /x**2,X)
[Out] -Axa/x + Bxaxlog(x) + B¥b*x**2/2 + Bkc*x**4/4 + Cxcxx*x5/5 + x**3%(A*xc/3 +
Cxb/3) + xx(A*b + Cxa)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.87

x? 4
A
+ Balog (z) + (Ca + Ab)z — Ya

2 2 4
1
/(A+Bx+Cac ) (a + bz® + cx )dx:%ch5+}ch4+%3bxz+§(0b+AC)x3

[In] integrate((C*x~2+B*x+A)*(c*x~4+b*x~2+a)/x"2,x, algorithm="maxima")
[Out] 1/5*%Cxc*xx~5 + 1/4*Bxc*x~4 + 1/2%B*b*x~2 + 1/3*%(C*b + Axc)*x~3 + B*axlog(x)

+ (C*a + Axb)*x - A*xa/x
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Giac [A] (verification not implemented)

none
Time = 0.31 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.90

2 2 4 1 1 1 1

/(A+Bx+C’x ) (a+ bz +cx)dx:—ch5—+——ch4—i——Cb:B3—|——AC$3
2 5 4 3 3

Aa

1
+ 3 Bbxr? + Cax + Abz + Balog (|z|) — -

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)/x"2,x, algorithm="giac")
[Out] 1/5%Cxc*x~5 + 1/4*Bxc*x~4 + 1/3*%Cxb*x~3 + 1/3%A*c*x”3 + 1/2*B*b*x~2 + Cka*x
+ Axb*x + Bxaxlog(abs(x)) - A*a/x

Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.89

2 2 4
Ay Bry Or)(avbe ter) 4 oAb+ Ca)+ a8 (264 90) _4a
2 3 3 z
2 4 5
Bbzx Bez Ccx + Baln(2)

2+4+5

[In] int(((A + B*x + C*x"2)*(a + b*x"2 + c*x74))/x"2,x)
[Out] x*x(A*b + Cxa) + x~3*((A*xc)/3 + (Cxb)/3) - (A*a)/x + (B*b*x~2)/2 + (Bxc*xx~4)
/4 + (Cxc*x~5)/5 + Bxaxlog(x)
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A+Bz+Cz?) (a+bz?+cx?
( z+Cz*) (a+bz cx)dx

36 [

3
Optimal result . . . . . . . . . . . . e 80l
Rubi [A] (verified) . . . . . . . . . 36
Mathematica [A] (verified) . . . . . . . . . ... ¥
Maple [A] (verified) . . . . . . . . . L 87
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... ... RY
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... . RY
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... .. 88
Giac [A] (verification not implemented) . . . . . . .. ... .. Lo oL ]9
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 89

Optimal result

Integrand size = 26, antiderivative size = 63

2 2 4
/(A+Ba:+C’:c Jatbaiter) oA B pe et b0
T 2z T 2

1 1
+ chx?’ + chx4 + (Ab + aC) log(x)

[Out] -1/2*a*A/x"2-a*B/x+b*Bxx+1/2% (A*c+Cxb) *x~2+1/3*Bkc*x~3+1/4*c*xCxx~4+ (Axb+Cx*a
)*1n(x)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 1, dumber of rules _ (, 438 Ryjes used = {1642}
integrand size

A+B 2 "+ ot 5
/( + Bz + C2?) (a + bx +Cx)dm=10g(f)(aC+Ab)_;_x2_a_

3 T

1 1 1
+ §x2(Ac +bC) + bBx + chxg' + ZCC:C4

[In] Int[((A + B*x + C*x"2)*(a + b*x"2 + c*xx74))/x"3,x]

[Out] -1/2*%(a*A)/x"2 - (a*B)/x + b*B*x + ((A*c + b*C)*x”2)/2 + (Bxc*x~3)/3 + (c*C
*x~4)/4 + (Axb + a*C)*Log[x]

Rule 1642

Int [(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]
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Rubi steps
integral = / (bB + C;—é + aB + Ab—;—aC’ + (Ac+ bC)x + Bex® + cC’x3) dx

2

_ aA aB 1 , 1 s 1
=—55 " +bBa:+2(Ac+bC)x —|—3Bc:c +4cC’z + (Ab+ aC) log(x)

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.92

/ (A+ Bz + Cx?) (a + bx? + cz*) a(A+ 2Bz)
dg = ——— -~
x3 2x2
+ 1—12x(6b(2B + Cz) + cx(6A + 4Bz + 3Cz?))
+ (Ab+ aC) log(z)

[In] Integrate[((A + B*x + Cxx~2)*(a + b*x"2 + c*x"4))/x73,x]

[Out] -1/2*(ax(A + 2*%B*xx))/x"2 + (x*(6%b*x(2%B + C*xx) + c*x*(6%A + 4*xBxx + 3*%C*x~2
)))/12 + (Axb + axC)*Logl[x]

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.92

method result size
default 004””4 + £ ‘gx3 + Acfz + 01’2””2 + Bbz + (Ab+ Ca)In (z) — 24 — 9B 58
 Baz_1
risch ‘304’”4 + B%‘”3 + Acf + 01’2’”2 + Bbzx + Baz—f’Aa +Aln(z)b+Cln(z)a | 58
&_}_@ 4+Bb 3_Aa_p +Bc:c5+cc':c6
norman (3+)a"+Boa — s i 4 (Ab+Ca)In(x) 59
parallelrisch 3¢C z8+4Bcz5+6Aczt+6Cbzt+12A ln(lwz)xar:;b-l-IQBb 23 +12C In(z)z2a—12Baz—6Aa 69

[In] int ((C*xx~2+B*x+A)* (c*xx~4+b*x~2+a)/x"3,x,method=_RETURNVERBOSE)

[Out] 1/4*c*Cxx~4+1/3%Bxc*x™~3+1/2%Axc*x~2+1/2*%Ckxbxx~2+Bxb*x+(A*xb+C*a)*1n(x)-1/2%*a
*A/x"2-a*B/x



88

Fricas [A] (verification not implemented)

none

Time = 0.26 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.98

/ (A+ Bz + Cx?) (a + bx? + cz*)
23
_ 3Cca® + 4 Bex® 4+ 12 Bba® + 6 (Cb + Ac)z* 4 12 (Ca + Ab)z?log (x) — 12 Baz — 6 Aa
B 12 72

dz

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)/x"3,x, algorithm="fricas")

[Out] 1/12%(3*%Cxc*x~6 + 4*Bkc*x~5 + 12%Bxb*x~3 + 6% (Cxb + Axc)*x"4 + 12%(Cxa + Ax
b)*x"2*log(x) - 12#B¥a*x - 6%A%a)/x"2

Sympy [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.97

2 2 4 3 4
/(A+B:c+0a:)(a+bx +Cz)dx=Bbx+ch +C’cz g A_c_'_@
x3 3 4 2 2
—Aa — 2B
+(Ab+Ca)log(z)+%

[In] integrate((Ckx**2+B*x+A)* (cxx**4+bkx**2+a) /x**3,X)

[Out] B¥b*x + Bkc*x**3/3 + Ckcxx**4/4 + x**2%(A*c/2 + Cxb/2) + (A*b + C¥a)*log(x)
+ (-Axa - 2*Bxaxx)/(2%x**2)

Maxima [A] (verification not implemented)

none

Time = 0.24 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.87

2 2 4
1
(A+ Bz +Cz’) (e +ba” +cx )dzz100x4-|-%ch3+Bbl'+§(Cb+AC)x2

3 4
2 Baz + A
+ (Ca + Ab)log (z) — %

[In] integrate((Cxx~2+B*x+A)*(c*x 4+bxx~2+a)/x"3,x, algorithm="maxima")

[Out] 1/4*%Cxcxx~4 + 1/3*B*c*x”3 + Bxb*x + 1/2%(Cxb + A*c)*x"2 + (C*a + Axb)*log(x
) - 1/2x(2*%B*a*x + A¥a)/x"2
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Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.92

2 2 4 1 1 1
/(A+Bx+Cx ) (a + bx? + cx )dx—ECCI4+—BCIE3+§CZ)$2+§AC$2

z3 4 3
2 Baz + Aa

+ Bbx + (Ca + Ab) log (|z|) — 5 42

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)/x"3,x, algorithm="giac")
[Out] 1/4*%Cxcxx~4 + 1/3*Bxc*x~3 + 1/2%C*b*x~2 + 1/2%A*c*x~2 + B*b*x + (Cxa + A*Db)
xlog(abs(x)) - 1/2*%(2+B*a*xx + Axa)/x"2

Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.89

A+ Bz + Cx?) (a + bx? + cx* Ac Cb 4a 4 Bazg
dr=2 " +— ) —-2——

3 2 2 2
B 3 4
+1In(z) (Ab+Ca)+ Bbz + ;‘” +CZ$

[In] int(((A + Bxx + C*x"2)*(a + b*x"2 + c*x74))/x"3,x)
[Out] x"2x((A*c)/2 + (C*b)/2) - ((A*a)/2 + Bxaxx)/x"2 + log(x)*(A*b + Cxa) + B¥bx
x + (Bxcxx"3)/3 + (Cxc*x"4)/4
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A+Bz+Cx?) (a+bx?+cz?
37 [ lABeC) (asetiat) g
T

Optimal result . . . . . . . . . . . . e 901
Rubi [A] (verified) . . . . . . . . . 90
Mathematica [A] (verified) . . . . . . . . . ... OT]
Maple [A] (verified) . . . . . . . . . L OT]
Fricas [A] (verification not implemented) . . . . . . ... ... ... ... ... ... 92
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... . 92
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... .. 92
Giac [A] (verification not implemented) . . . . . . .. ... .. Lo oL 93
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 93]

Optimal result

Integrand size = 26, antiderivative size = 63

A B 2 2 4 A B A
/( 4 x+0x£4(a+bm +cx)dx:_§x3_%_b%ac+(,4¢+b0)x
1 1
+ §ch2 + gch?’ + bBlog(x)

[Out] -1/3*axA/x~3-1/2*%a*B/x~2+(-Axb-C*a) /x+ (A*c+Cx*b) *x+1/2*Bxc*x~2+1/3*%c*xC*xx~3+b
*Bx1n (x)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 1, dumber of rules _ (, 438 Ryjes used = {1642}
integrand size

A+ Bz + Cx?) (a + bx? + cx* aC+ Ab aA aB

1 1
+ bBlog(z) + §Bca:2 + §CC$3

[In] Int[((A + B*x + C*xx"2)*(a + b*x"2 + c*xx74))/x"4,x]

[Out] -1/3*%(a*A)/x~3 - (a*B)/(2%x~2) - (Axb + a*C)/x + (A*c + b*C)*x + (Bkcxx~2)/
2 + (c*C*x~3)/3 + b*B*Logl[x]

Rule 1642

Int [(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]
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Rubi steps
integral=/ Ac 1+E +%+@+M+@+ch+c€w2 dx
Ac ¢ 3 x? x
aA aB Ab+aC

1 1
=33 57 g + (Ac+bC)z + §ch2 + gcC’x3 + bBlog(x)

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.95

/ (A+ Bz + Cx?) (a + bx? + cz?)

A 1 1
1 dr = ——b + Acz + bCz + =Bex? + =cCx®
T T 3

2
_a(2A + 3z(B + 2Cx))
623

+ bBlog(z)

[In] Integrate[((A + B*x + Cxx"2)*(a + b*x"2 + c*x"4))/x74,x]

[Out] -((Axb)/x) + Axc*x + b*Ckx + (Bxc*x"2)/2 + (c*xC*xx~3)/3 - (a*x(2*%A + 3*xx*x(B +
2%C*x)))/(6%¥x~3) + bxBxLog[x]

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.87

method result size
default «Ca’ 4 Bs'c 4 Acx+ Cbz +bBln(z) — 9B — AbiCa _ ad | 55
— Ab—Ca)g?— Baz _ Aa
risch 0at | Bate 4 Acg 4 Cbg + "9 TS | bBIn(x) | 56
_Ab— 2 4_Aa_ Baz | BeaS  cCab
norman (-Ab—Ca)x +(Ac+0b)z$3 22 " 2 " 5 4 pBIn(x) 59
parallelrisch 2¢C x6+3ch5+6Acw4+GBbln(x)x‘r;-;—be z*—6Abz%—6Caz?>—3Baz—2Aa 67

[In] int((C*x~2+Bxx+A)*(c*x~4+b*x"2+a)/x"4,x,method=_RETURNVERBOSE)

[Out] 1/3*c*Cxx~3+1/2%B*x~2*c+A*cxx+Cxb*x+b*B*1n(x)-1/2*a*B/x~2- (A*xb+C*a) /x-1/3*a
*A/x"3
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.98

t
_ 2Cca® + 3 Bex® + 6 Bbz? log (z) + 6 (Cb + Ac)z* — 3 Bax — 6 (Ca + Ab)z? — 2 Aa
B 6 z3

/ (A+ Bz + Cz?) (a + bx? + cz?) i

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)/x"4,x, algorithm="fricas")
[Out] 1/6%(2%C*c*x~6 + 3*Bxc*x~5 + 6%Bxbxx~3xlog(x) + 6%(Cxb + Axc)*x~4 - 3*B¥a*x
- 6x(C*a + Axb)*x~2 - 2xAx*a)/x"3

Sympy [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00

2 2 4 2 3
/ (A+Bz+C’:c£34(a+bx +cx )d:c _ Bblog (z) + B;z + C'(;a? + z(Ac + Cb)
N —2Aa — 3Bazx + 1*(—6Ab — 6Ca)

623

[In] integrate ((Ckx**2+B*xx+A)* (cC*xx**4+b*x**2+a) /x**4,X)
[Out] B*b*log(x) + Bkc*x**2/2 + Ckxc*xx**3/3 + x*k(A*c + Cxb) + (-2%A*a - 3xB¥a*x +
X*kx2% (~6xA*b — 6+Cxa))/(6*x**3)

Maxima [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.89

2 2 4
/ (A+Bx+C’xx)4(a+bx ) 4 = %C’cw3 +%ch2 + Bblog (z) + (Cb + Ac)z
_ 3Baz +6(Ca+ Ab)z* + 2 Aa

6 z3

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)/x"4,x, algorithm="maxima")
[Out] 1/3*%Cxcxx~3 + 1/2xB*c*x”2 + Bxb*log(x) + (C*b + Axc)*x - 1/6%(3*B*akxx + 6x(
Cxa + A*b)*x"2 + 2xAxa)/x"3
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Giac [A] (verification not implemented)

none
Time = 0.35 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.89

2 2 4

4
_ 3Baz +6(Ca+ Ab)z* +2 Aa

623

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)/x"4,x, algorithm="giac")
[Out] 1/3*Cxc*x~3 + 1/2*%Bkc*x~2 + C*b*x + A*c*x + Bxbkxlog(abs(x)) - 1/6%(3*Bxaxx
+ 6x(Cxa + A*¥b)*x"2 + 2xAxa)/x"3

Mupad [B] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.87

A+B 2 2 + ezt Ab+Ca) z® + Bgz + 4a
/( + ac+Cxx)4(a+bx +cx)dm=x(Ac—|-Cb)—( + a)agcc3+ 5+ 5
2 3
Bex +ch + Bb In(x)

2 3

[In] int(((A + Bxx + C*x"2)*(a + b*x"2 + c*x74))/x74,x)
[Out] x*x(Axc + Cxb) - ((A*a)/3 + x"2x(Axb + Cxa) + (B*a*x)/2)/x"3 + (Bxc*xx~2)/2 +
(Cxc*x~3)/3 + Bxbxlog(x)
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A+Bz+Cz?) (a+bz?+cx?
( z+Cz*) (a+bz cx)dx

3.8 [

)
Optimal result . . . . . . . . . . . . e 94
Rubi [A] (verified) . . . . . . . . . 94
Mathematica [A] (verified) . . . . . . . . . .. 95i
Maple [A] (verified) . . . . . . ... 95
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .... 96
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... .. 961
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... ... 96
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L 97l
Mupad [B] (verification not implemented) . . . ... ... ... ... ... ...... 97

Optimal result

Integrand size = 26, antiderivative size = 63

(A+Bx+C$2)(a+bx2+cx4)d __aA aB Ab+aC B
Ul T Tt T 358 222 x

+ Bex + %chj + (Ac+bC) log(z)

[Out] -1/4%axA/x"4-1/3*%a*B/x"3+1/2% (—A*b-C*a) /x"2-b*B/x+B*c*x+1/2%c*Cxx~ 2+ (A*xc+Cx*
b) *1n(x)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00, number

of steps used = 2, number of rules used = 1, Bumber of rules _ 138, Rules used = {1642}
integrand size

de = -\ ———— _ —~~ _
x° v 212 474 3x3

+ log(z)(Ac + bC) — b?B + Bez + %c(?a:2

/ (A+ Bz + Cz?) (a + bx? + cz?) aC+Ab aA aB

[In] Int[((A + Bxx + Cxx"2)*(a + b*x"2 + c*x~4))/x"5,x]

[Out] -1/4x(axA)/x~4 - (a*B)/(3*x"3) - (Axb + axC)/(2*x"2) - (b*B)/x + Bxcxx + (c
*Cxx~2) /2 + (A*c + b*C)*Logl[x]

Rule 1642

Int [(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]
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Rubi steps
integral = / (Bc + % + @ —Ab —|—3aC + g + —Ac 00 + cC'x) dx
x x x
aA aB Ab+aC bB
-z _= _Zr7= _ = 1
1si 3.8 572 + Bez + cC’x + (Ac+ bC) log(z)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.98

/ (A+ Bz + Cz?) (a + bz? + cz?) dp — _a(3A+ 4Bz + 6C1?)
i 124
—Ab — 2bBz + cz*(2B + Crx)
222

+ (Ac+ bC) log(z)

[In] Integrate[((A + Bxx + C*x"2)*(a + b*x~2 + c*x74))/x"5,x]

[Out] -1/12%(a*x(3%A + 4xBxx + 6*%Cxx"2))/x"4 + (-(A%b) - 2%b*Bkxx + c*x~3%(2%B + Cx*
x))/(2xx~2) + (Axc + bxC)*Log[x]

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.89

method result size
default % + Bez + (Ac+ Cb)In (z) — 48tFe — b8 _ o4 af 56
risch <Cs® | Beg + “Boet+(- 4 C) B S S Ye+ Cln(z)b | 57
norman C#-%)s 2+Bcz5;fa_M_Bbzg+ccz + (Ac+ Cb)In (z) 59
parallelrisch 6cC z8+12A 1n(z)m4c+12Bcx5+1201n(gi)2z:4b—123bm3—6Abz2—60am2—4Bam—3Aa 69

[In] int((Cxx

[Out] 1/2*%c*Cxx~2+B*c*xx+(Axc+Cxb)*1n(x)-1/2* (Axb+C*a) /x~2-b*B/x-1/4*%axA/x"4-1/3*a

*B/x~3

~2+B*xx+A) * (c*x"4+b*x"2+a) /x~5,x ,method=_RETURNVERBOSE)
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Fricas [A] (verification not implemented)

none

Time = 0.27 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.98

/ (A+ Bz + Cz?) (a + bx? + cz?)
pc dx
_ 6Cca®+ 12 Bea® +12(Cb + Ac)z* log (z) — 12 Bbz® — 4 Baz — 6 (Ca + Ab)z? — 3 Aa
- 12z

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)/x"5,x, algorithm="fricas")

[Out] 1/12%(6*%Cxc*x~6 + 12%Bxc*x~5 + 12%(Cxb + Axc)*x"4*log(x) - 12*B*b*x~3 - 4B
*xaxx — 6%(Cka + Axb)*x~2 - 3%A*a)/x"4

Sympy [A] (verification not implemented)

Time = 0.96 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00

2 2 4 2
/ (A+B:c+Cxx)5(a+bx + cx*) dz — Bez + Ccx 4 (Ac + Cb) log ()
—3Aa — 4Bazx — 12Bbx3 + 1%(—6Ab — 6Ca)
_|_
1224

[In] integrate((Ckx**2+B*x+A)* (cxx**4+bkx**2+a) /x**5,x)

[Out] B*ckx + Cxc*x**2/2 + (A*c + Cxb)*log(x) + (-3*%A*a - 4*Bkaxx - 12%Bxb*x*x3 +
x**2% (-6%A*xb — 6%Cxa))/(12*x**4)

Maxima [A] (verification not implemented)

none

Time = 0.23 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.89

/ (A+ Bz + Cz?) (a + bx? + cz?)

5 dx = % Ccz® + Bex + (Cb+ Ac) log ()

_ 12Bba® + 4 Baz + 6 (Ca + Ab)z® + 3 Aa
1224

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)/x"5,x, algorithm="maxima")

[Out] 1/2*%Cxcxx~2 + Bxcxx + (Cxb + A*xc)*log(x) - 1/12x(12%B*b*x~3 + 4*Bkakxx + 6%(
Cxa + Axb)*x~2 + 3*A*xa)/x"4
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Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.90

2 2 4
/(A+B$+C$ ) (a+bz® +cz )dx=%C’ch+BC$+(Cb+AC)IOg(|$|)

5
12 Bbz3 + 4 Baz + 6 (Ca + Ab)z? + 3 Aa
B 1274

[In] integrate((C*x~2+B*x+A)*(c*x~4+b*x~2+a)/x~5,x, algorithm="giac")
[Out] 1/2*%Cxc*x~2 + Bkc*xx + (Cxb + Axc)*log(abs(x)) - 1/12x(12xBxb*x~3 + 4*Bkaxx
+ 6%(C*a + Axb)*x~2 + 3%A*a)/x"4

Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.89

2 2 4
/(A+B$+C$ ) (a + bz "'cx)dx:ln(x) (Ac+Cb)

o
_Bbx3+(%’+%) g? 4 Baz 4 4o

xrd

Ccx?

+ Bcz +

[In] int(((A + B*x + C*x"2)*(a + b*x"2 + c*x~4))/x"5,x)
[Out] log(x)*(A*c + Cxb) - ((Axa)/4 + x~2x((Axb)/2 + (C*xa)/2) + (B*a*x)/3 + Bxbx*x
~3)/x"4 + Bxc*x + (Cxc*x~2)/2
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A+Bz+Cz?) (a+bz?+cx?
( z+Cz*) (a+bz cx)dx

39 [

6
Optimal result . . . . . . . . . . . e 98]
Rubi [A] (verified) . . . . . . . . . 98]
Mathematica [A] (verified) . . . . . . . . ... L L 99
Maple [A] (verified) . . . . . . . .. 99
Fricas [A] (verification not implemented) . . . . . . . ... . ... ... ... ... 100
Sympy [A] (verification not implemented) . . . ... ... ... ... ... .... 100
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... 100!
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L 1071l
Mupad [B] (verification not implemented) . . .. .. ... ... ... ... ...... 101

Optimal result

Integrand size = 26, antiderivative size = 63

(A+ Bz + Cz?) (a + bz? + cz*) dp — ~aA aB Ab+aC BB
b ~ 5r® 4zt 33 222

A
£ : bo + cCx + Bclog(x)

[Out] -1/5%axA/x"5-1/4%a*B/x"4+1/3*(—A*b-C*a)/x"3-1/2%b*B/x~2+(-A*c-Cxb) /x+c*xC*xx+
B*c*1n(x)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ —
of steps used = 2, number of rules used = 1, integrand size 0.038, Rules used = {1642}

/ (A+ Bz + Cz?) (a + bx? + cz?) e — ~aC+Ab aA aB  Ac+dC
b B 33 5z5 4zt x
B
~ 5.3 + Bclog(z) 4+ cCx

[In] Int[((A + Bxx + C*x"2)*(a + b*x"2 + c*x74))/x76,x]

[Out] -1/5%(a*A)/x"5 - (a*B)/(4*x~4) - (Axb + axC)/(3*%x"3) - (b*B)/(2%x72) - (A*c
+ bxC)/x + c*C*x + Bxcx*Log[x]

Rule 1642

Int [(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]
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Rubi steps

) aA aB Ab+aC B Ac+bC Bc
integral = cC—l—F-I——-l-—-l- +—+? dx

x° 4 x3 2

A B A B A
:_a__a__M_b__%wﬂcﬂBdog(x)

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 63, normalized size of antiderivative = 1.00

/ (A+ Bz + Cz?) (a + bx? + cz?)
o dz
_ 1204 - 60cC® + 30ba*(B + 2Oz)63;; ?aw(3B +402) + 04570 +3¢7) | B 1og(z)

[In] Integrate[((A + B*x + Cxx"2)*(a + b*x"2 + c*x"4))/x76,x]

[Out] -1/60%(12%xa*xA — 60*c*Cxx~6 + 30*b*x~3*%(B + 2*%C*xx) + S*axx*(3*B + 4*Cxx) + 2
OxA*x~2%(b + 3xc*x~2))/x~5 + BxcxLogl[x]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.89

method result size
_bB _ aA _ ActCb _ aB _ AbiCa
default cCr + Becln (z) — 35 — £5 - o 303 56
3
. (—Ac—Cb)x‘l—Bb—m-l— _Ab_Ca),2 Baz_Aa
risch cCx + : g,g, o e + Bcln () 58
Ab__Ca 2 4 6 _Aa __Bax _BbaS
— 8252224 (—Ac—Cb)z*+cC gt —£2 — =22
norman (C2-%) — > % 2 4 Beln(z) 60
. —60Bcl 5—60cC z6+60Acz*+60Cb 2 +30B8b 23 +20Ab £2+20Ca 2% +15Baz+12A
parallelrlsch . cln(z)x cC z°+60Acz*+ %0:5 3+ z°+20Ca z*+15Baz+12Aa 67

[In] int((C*x~2+Bxx+A)*(c*x~4+b*x"2+a)/x"6,x,method=_RETURNVERBOSE)

[Out] c*C*x+B*cx1n(x)-1/2%b*B/x"2-1/5%a*xA/x"5-(A*c+C*xb) /x-1/4*%a*xB/x"4-1/3* (Axb+Cx*
a)/x"3
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.98

(A+ Bz + Cx?) (a + bx? + cz?)
6 dz
_ 60 Ccz® 4 60 Bez® log (x) — 30 Bbz® — 60 (Cb + Ac)z* — 15 Bax — 20 (Ca + Ab)z? — 12 Aa
a 60 z°

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)/x"6,x, algorithm="fricas")

[Out] 1/60%(60%C*c*x~6 + 60*Bkc*x~5*log(x) - 30*B*b*x~3 - 60*(C*b + A*c)*x"4 - 15
*Bxa*xx - 20%(C*a + Axb)*x~2 - 12%Axa)/x"5

Sympy [A] (verification not implemented)

Time = 2.70 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.05

(A+ Bz + Cx?) (a + bz? + cz*)
5 dz
z
= Bclog (z) + Ccx
—12Aa — 15Bax — 30Bbz® + z*(—60Ac — 60Cb) + 2?(—20Ab — 20Ca)

60z°

[In] integrate((Ckx**2+B*x+A)* (c*x**4+b*x**2+a) /x**6,X)
[Out] B*c*log(x) + Cxc*x + (-12%A*a — 15xBxa*x — 30*Bxbxx**3 + x**4x(-60*xAxc - 60
*C*b) + x**2%(-20%Axb — 20*Cxa) )/ (60*x**5)

Maxima [A] (verification not implemented)

none
Time = 0.21 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.89

/ (A+ Bz + Cz?) (a + bx? + cz?)
6 dx

b’ b+ Ac)z* + 15 Baz + 2 Ab)? 4+ 124
=ch+Bclog(x)_3OBx + 60 (Cb+ Ac)x +65())x5a:c+ 0(Ca+ Ab)x* + a

[In] integrate((C*x~2+B*x+A)*(c*x~4+b*x~2+a)/x"6,x, algorithm="maxima")
[Out] C*c*x + Bkckxlog(x) - 1/60%(30*%B*b*x~3 + 60*(C*b + A*c)*x"4 + 15%B¥a*x + 20%
(Cxa + A*b)*x~2 + 12%A*a)/x"5
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Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.90

/ (A+ Bz + Cx?) (a + bx? + cz?) i

76
30 Bbz® + 60 (Cb + Ac)z* + 15 Baz + 20 (Ca + Ab)z? + 12 Aa

= Ccz + Bcelog (|z|) — 6025

[In] integrate((C*x~2+Bxx+A)*(c*x"4+b*x~2+a)/x"6,x, algorithm="giac")
[Out] C*c*x + Bxcxlog(abs(x)) - 1/60%(30%Bxb*xx~3 + 60%(Cxb + Axc)*x~4 + 15xBkaxx
+ 20%(C*a + Axb)*x~2 + 12xAx*a)/x"5

Mupad [B] (verification not implemented)

Time = 7.91 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.89

/(A+Ba:+C’x2) (a + bx? + cz?)
6 dr
A Cb 4 Bba? Ab Ca 2 Baz Aa
:ch_( c+Cb) z* + Bbz +(53+3)x+ “ +5+Bcln(m)
T

[In] int(((A + B*x + C*xx"2)*(a + b*x"2 + c*x74))/x"6,x)
[Out] Cxcxx - ((A*a)/5 + x~2x((A*b)/3 + (C*xa)/3) + x"4*x(A*xc + Cxb) + (B*axx)/4
(Bxb*x~3) /2) /x~5 + B*cxlog(x)
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A+Bz+C2?) (a+bx?+ca?

3.10 [ UHBeiCr)letbrier) g,

Optimal result . . . . . . . . . . . e 102
Rubi [A] (verified) . . . . . . . . . 1021
Mathematica [A] (verified) . . . . . . . . ... L L 103
Maple [A] (verified) . . . . . . . .. 103
Fricas [A] (verification not implemented) . . . . . . .. . ... ... ... . ... .. 104
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ..., 104
Maxima [A] (verification not implemented) . . . . . . . .. ... ... 104
Giac [A] (verification not implemented) . . . . . . ... ... ..o L. 105
Mupad [B] (verification not implemented) . . . .. ... ... ... .. ....... 105

Optimal result

Integrand size = 26, antiderivative size = 68

(A+ Bz + Cz?) (a + bz? + cz*) dw——ﬂ—ﬁ— Ab+aC  bB
z’ 625 5ad 44 33
_Ac+bC  Bc

_ 240l
502 . + cC'log(x)

[Out] -1/6%a*A/x~6-1/5*%a*B/x~5+1/4%(-A*b-C*a)/x"4-1/3*%b*B/x"3+1/2%(-A*c-C*b) /x~2-

Bxc/x+c*C*1n(x)

Rubi [A] (verified)

Time = 0.03 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.00, number

_ _ 1 number of rules _ —
of steps used = 2, number of rules used = 1, integrand size 0.038, Rules used = {1642}

(A+Bx+C’x2)(a+bx2+cx4)d _ aC+Ab aA aB  Ac+dC
7 v= 4zt 626  5xd 212
bB Bec
- @ — ? + cC’log(w)

[In] Int[((A + Bxx + C*x"2)*(a + b*x"2 + c*xx74))/x"7,x]

[Out] -1/6%(axA)/x"6 - (a*B)/(5%x~5) - (A*b + ax*C)/(4xx~4) - (b*B)/(3*x~3) - (A*c
+ b*C)/(2*x~2) - (B*c)/x + c*CxLogl[x]

Rule 1642

Int [(Pq_)*((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]



Rubi steps
) aA aB Ab+aC bB Ac+bC Be cC
integral = T 5 —5+—4+—3+—2+— dx
T T z T T T T
__%_ﬁ_Ab+aC_@_Ac+bC_B_c+ Clog(z)
626 Hzd 4zt 33 212 T b loglr

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.00

/ (A+ Bz + Cx?) (a + bx? + cz?)
= dz
_ a(10A+ 3z(4B + 5Cx)) + 52*(3A(b + 2cx?) + 22(2bB + 3bCx + 6Bcz?))
T 60z

+ cC'log(x)

[In] Integrate[((A + Bxx + C*x"2)*(a + b*x"2 + c*x74))/x77,x]
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[Out] -1/60%(ax(10%A + 3*x*(4*B + 5*Cxx)) + B5*x"2%(3xA*(b + 2%c*x72) + 2kx*(2%b*B
+ 3xb*xC*x + 6%Bxc*x72)))/x”"6 + c*CxLog[x]

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.87
method result size
default cCln(z) — 4t — o4 _ oB _ Be  AbtCa _ DB 59

_Ab_Ca)g2y(_Ac_Cb)y4_Aa_Baz_ Bbz® _p..5
norman (-%)+ (4 226 T +¢Cln (x) 61
_Ab_Ca),2y(_Ac_Cb),4_Aa_Bas_Bba® _p..5
risch (A=)t (o 22: e = s T 4 eCln(x) 61
parallelrisch __ —60Cc In(z)284-60Bc 2% +30Ac z*+300b 22:?;031) 23415Ab224+15Ca z2+12Baz+10Aa 67

[In] int ((C*xx~2+B*x+A)* (c*xx~4+b*x~2+a)/x"7,x,method=_RETURNVERBOSE)

[Out] c*Cx1n(x)-1/2%(A*xc+Cxb)/x"2-1/6%a*xA/x"6-1/5*%a*B/x~5-Bxc/x-1/4*(A*b+C*xa)/x"4

-1/3%b*B/x"3
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Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.91

(A+ Bz + Cx?) (a + bx? + cz?)
= dz
_ 60Cca®log (z) — 60 Bez® — 20 Bba® — 30 (Cb + Ac)z* — 12 Baz — 15 (Ca + Ab)z? — 10 Aa
a 60 6

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)/x"7,x, algorithm="fricas")

[Out] 1/60%(60%C*c*x~6*log(x) - 60*Bxcxx~5 - 20*%B*b*x~3 - 30%(C*b + A*c)*x"4 - 12
*Bxa*xx - 15%(C*a + Axb)*x~2 - 10%*Axa)/x"6

Sympy [A] (verification not implemented)

Time = 8.31 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.03

7

/ (A+ Bz + Cz?) (a + bz? + cz?) i

= Cclog ()
—10Aa — 12Bax — 20Bbz® — 60Bcz® + z*(—30Ac — 30Cb) + z?(—15Ab — 15Ca)

60z6

[In] integrate((Ckx**2+B*x+A)* (c*x**4+b*x**2+a) /x**7 ,X)

[Out] Ckcxlog(x) + (-10%A*a - 12#Bkaxx — 20*Bxb*x**3 — 60*Bkckx**5 + xx*4*(-30%A*
c - 30%Cxb) + x**2x(-15%Axb - 15%C*a))/(60%x**6)
Maxima [A] (verification not implemented)

none
Time = 0.21 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.87

7
60 Bcz® + 20 Bbx® + 30 (Cb + Ac)z* + 12 Bazx + 15 (Ca + Ab)z? + 10 Aa
= Cclog (z) — 6028

/ (A+ Bz + Cx?) (a + bx? + cz*) i

[In] integrate((C*x~2+B*x+A)*(c*x~4+b*x~2+a)/x~7,x, algorithm="maxima")

[Out] Cxcxlog(x) - 1/60%(60*B*c*x~5 + 20%Bxb*x~3 + 30%(Cxb + Axc)*x~4 + 12xBkaxx
+ 16%(Cxa + A*b)*x"2 + 10%A*a)/x"6
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Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.88
(A+ Bz + Cx?) (a + bx? + cz?) i

7

60 Bcx® + 20 Bbx3 + 30 (Cb + Ac)z* + 12 Bax + 15 (Ca + Ab)z? + 10 Aa
60 26

= Cclog (|z]) —

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)/x"7,x, algorithm="giac")

[Out] C*c*log(abs(x)) - 1/60%(60%Bxc*x~5 + 20*B*b*x~3 + 30*(C*b + A*c)*x"4 + 12%B
*axx + 15%(Cxa + A*b)*x~2 + 10%A*a)/x"6

Mupad [B] (verification not implemented)

Time = 7.87 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.88

dzx

x7
Boah+ (4546 o'+ 242 4 (44 G2) 2+ g2 4 42

/ (A+ Bz + Cz?) (a + bz? + cz?)

=Ccln(z)—

[In] int(((A + B*x + C*x"2)*(a + b*x"2 + c*xx74))/x"7,x)

[Out] Cxcxlog(x) - ((A*a)/6 + x"2x((A*b)/4 + (Cxa)/4) + x~4*((A*c)/2 + (C*b)/2) +
(Bxa*x)/5 + (B*b*x~3)/3 + B*c*xx~5)/x"6
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3.11 [ z%(A+ Bz + Cz?) (a + ba? + cz*)’ dz

Optimal result . . . . . . . . . . . e 106
Rubi [A] (verified) . . . . . . . . . 106!
Mathematica [A] (verified) . . . . . . . . ... L L 107
Maple [A] (verified) . . . . . . . .. 108
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..., . 108
Sympy [A] (verification not implemented) . . . ... ... ... . ... ... .... 109
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... ... ... 1091
Giac [A] (verification not implemented) . . . . . . . .. ... ..o L. 110
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 110

Optimal result
Integrand size = 28, antiderivative size = 159

1 1 1 1
/x2 (A+Bz+C2?) (a+bs”+ cx4)2 dx = gazAx?’ + Za2Bx4 + ga(2Ab+ aC)x® + gabe6

(A (b2 + 2ac) + 2abC’) z + %B (b2 + 2ac) z8

O | =

_|_
1
+ = (2A4bc + (b* + 2ac) C) z° + gbBCJ)lO
1 1
+ —c(Ac+2bC)z' + EBCQ.’IZH + 1—3020x13

—_
=

[Out] 1/3*%a"2%Axx"3+1/4*a~2*Bxx~4+1/5*%a*x (2*%Axb+C*xa) *x~5+1/3*a*xb*Bxx~6+1/7* (Ax (2*a
*C+b"2) +2%a*b*C) xx~7+1/8%B* (2%axc+b~2) *x~8+1/9%* (2xAxb*c+(2%axc+b~2) *C) *x~ 9+
1/5%b*Bxc*x~10+1/11%cx (A*c+2*C*b) *x~11+1/12%Bxc™2%x~12+1/13%c~2*C*xx~13

Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 159, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 1, Lumber of rules _ ( (35 Ryles used
integrand size
— {1642}

/m2 (A + Bz + C’xQ) (a + bz + cac“)2 dxr = %aQAac‘3 + }LaQBaE4 + %azg (C(2ac + b2) + 2Abc)

+ 207 (A(2ac + ) + 2abC)
+ %ax‘r’(aC’ + 2Ab) + éBac8 (2ac +b°)

1 1
+ gangv6 + Ecxll(Ac + 2bC)

1 0, L no10, 1 o413
+ 5bBc:c + 1230 x°+ 130 Cz
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[In] Int[x"2%(A + Bxx + C*xx"2)*(a + b*x"2 + c*x"4)"2,x]

[Out] (a~2*A*x~3)/3 + (a~2%Bxx~4)/4 + (ax(2xA*b + a*C)*x~5)/5 + (a*xb*xB*xx"6)/3 + (
(Ax (b2 + 2%axc) + 2xa*xb*C)*x"7)/7 + (Bx(b~2 + 2*a*xc)*x"8)/8 + ((2xA*b*xc +

(b2 + 2%axc)*C)*x~9)/9 + (b*Bxc*x~10)/5 + (c*x(Axc + 2xb*C)*x~11)/11 + (B*c
“2%xx"12) /12 + (c™2*%C*xx~13)/13

Rule 1642

Int[(Pq)*((d_.) + (e_)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + ex*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rubi steps

integral = / (a®Az® + a®Bz® + a(2Ab + aC)z* + 2abBz® + (A(b* + 2ac) + 2abC) z°

+ B(b* + 2ac) =" + (24bc + (b* + 2ac) C) 1 + 2bBcz® + c(Ac + 2bC)z"°
+ Bc?z'" + PCx?) do
- %a2Am3 + icﬂBac‘L + %a(2Ab +aC)z’ + %angp6 + %(A(b2 + 2ac) + 2abC) z”
+ éB(b2 + 2ac) z° + %(2Abc + (b2 + 2ac) O) z°
1

5

1 1 1
bBcx'® + ﬁc(Ac + 260z + EBczx12 + ﬁczczw

Mathematica [A] (verified)
Time = 0.04 (sec) , antiderivative size = 159, normalized size of antiderivative = 1.00
2 2 2 4)2 Loy a Lop s 1 5 1 6
z*(A+ Bz +Cz?) (a+ bz’ +cz*)” dz = 39 Az -I-Za Bx +ga(2Ab—|—aC’)x -I—gabB:v
1
(Ab* +2aAc+2abC) 7 + §B (b* +2ac) z°

O = =

(2Abc +b2C + 2acC’) z° + ébchlO

+ o+ o+

1 1
1 2,12 2,13
c(Ac+2bC)z* + 12Bc z+ 13¢ Cz

—_
=

[In] Integrate[x™2*(A + B*x + C*x~2)*(a + b*x"2 + c*x74)72,x]

[Out] (a~2*%A*x~3)/3 + (a~2*%B*xx~4)/4 + (a*x(2*%A*b + a*C)*x~5)/5 + (a*xb*B*x"6)/3 + (
(A*b~2 + 2xa*xAxc + 2xa*xb*xC)*x77)/7 + (Bx(b"2 + 2*axc)*x78)/8 + ((2xAxbxc +

b~2%C + 2*a*xc*xC)*x”9)/9 + (b*Bxc*xx~10)/5 + (cx(Axc + 2xb*C)*x~11)/11 + (B*c
“2%xx~12)/12 + (c™2*%C*xx~13)/13
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.89

method result
20,13 2,12 Ac2420bc) 1! 10 2Abc+ (2ac+b2)C) z0 B(2ac+b?)x® A(2ac+b?)+2abC)x
default clr Ber (Ac o o)z + bBee 4 (24be (‘190 )C)® | B( . )z® (A 7) )

norman "2(’;;13 + 30122””12 + (A2 + £Cbe) 2t + % + (%Abc + 2acC + ébQC’) z° + (;Bac+ 31

£C B + LBz 4+ Lz AP + 22 Che + tbBez'® + 22°Abe + 2a2°acC + §2°0°C +

gosper
risch £C B + LBz 4+ Lt AP + 22 Che + tbBex'® + 229 Abe + 2a2°acC + §2°0°C +
parallelrisch | £c?Cz™® + B 22 + L' Ac? + 2a''Che + tbBex'® + 22° Abe + 22%acC + §52°6*C +

[In] int(x"2*(C*x~2+B*x+A)* (c*xx~4+b*x~2+a) ~2,x,method=_RETURNVERBOSE)

[Out] 1/13%c”2%Cxx~13+1/12%Bxc™2%x"12+1/11% (A*c™2+2%Cxbxc) *x~11+1/5%b*B*c*xx~10+1/
O% (2% Axbxc+ (2%axc+b™2) *C) *x~9+1/8*Bx (2*a*xc+b~2) xx~8+1/7* (A* (2%xa*xc+b™~2) +2%ax
b*C) *x~7+1/3*%a*xb*Bxx~6+1/5% (2%Axaxb+C*xa~2) *x~5+1/4%a~2*%B*xx~4+1/3%a~2*A*xx"3

Fricas [A] (verification not implemented)

none
Time = 0.27 (sec) , antiderivative size = 143, normalized size of antiderivative = 0.90

1 1
/m2 (A + Bz + C’x2) (a + bz + 014)2 dzr = ' oz + 2 Bcz!?

1 1
+ s Bbex'® + Tl (2Cbc+ Ac*)z'!

+ é (Cb* +2(Ca + Ab)c)z’
+ % Babz® + é (Bb2 +2 Bac)x8
1
+ % (2Cab+ Ab* + 2Aac)x7 + 1 Ba’z*
1 1

+ 3 Ad’z® + R (C’a2 +2 Aab)x5

[In] integrate(x~2x(C*x~2+B*x+A)*(c*x~4+b*x"2+a)~2,x, algorithm="fricas")

[Out] 1/13%Cxc”2%x~13 + 1/12%Bxc”2%x"12 + 1/5%B*b*c*x”~10 + 1/11*%(2*Cxb*c + A*xc~2)
*x"11 + 1/9%(C*b~2 + 2%(Cxa + Axb)*c)*x~9 + 1/3*Bxaxb*x”~6 + 1/8%(B*b~2 + 2%
Bxa*xc)*x~8 + 1/7*(2*%Cxaxb + A*b~2 + 2kAkxaxc)*x~7 + 1/4xBxa~2%xx~4 + 1/3%Axa”
2%xx"3 + 1/5%(C*a”~2 + 2%A*xaxb)*x"5



109

Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.06

2q3 24 6 10
/zz(A+Bx+C’x2) (a+bw2 +cx4)2 dr — Aa3a; " Ba4z " Ba?f)x N Bng
+ Be2g12 N Cc2x13 gt (A_c2 N 2Cbc>
12 13 11 11
9. (2Abc + 2Cac N C’b2>
9 9 9
+ 2 (@ + B—b2) + 27
4 8
_ <2Aar,c+Ab2 _I_QCab) L. (2Aab+0_a2)
7 "7 T 5 5

[In] integrate (x**2% (Ckx*k*2+Bkx+A)* (Ckx**4+b*x**2+a) **2,X)

[Out] Axa*x*2*x*%x3/3 + Bka**2xx*x*x4/4 + Bxaxbxx**6/3 + Bxbkc*x**x10/5 + Bkc**2xx**12
/12 + Ckcx*2+x*x13/13 + x**x11x(Axc**2/11 + 2*%Cxb*c/11) + x**9% (2xAxb*c/9 +
2xCxa*xc/9 + Cxb*x*2/9) + x*x*8% (Bka*xc/4 + B¥b**2/8) + x*x7*x(2xAxakxc/7 + Axb*x

2/7 + 2%Cxaxb/7) + x**x5x(2*A*a*b/5 + Ckxax*x2/5)

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 143, normalized size of antiderivative = 0.90

/x2 (A+ Bz +Cz?) (a+bz® + ca:4)2 dr = 1i3 Cc*x™® + % Bc*z"
+ % Bbcx™ + 1—11 (2Cbc + A02)$11
+ % (Cv? + 2 (Ca + Ab)c)z®
+ % Babz® + % (BY* + 2 Bac)z®
+ % (2Cab+ Ab® 42 Aac) "+ i Ba’z*
+ %Aa%‘o’ + é (Ca® +2 Aab)z®
[In] integrate(x~2x(C*x~2+B*x+A)*(c*x~4+b*x"2+a)~2,x, algorithm="maxima")

[Out] 1/13*Cxc™2%x~13 + 1/12%B*c™2*x"12 + 1/5*Bxb*c*x~10 + 1/11%(2*Cxb*c + A*c~2)
*x711 + 1/9%(C*b~2 + 2x(Cxa + A*b)*c)*x~9 + 1/3*Bkxaxb*x~6 + 1/8*%(B*xb~2 + 2%
B*a*c)*x~8 + 1/7+(2xCxa*xb + A*b~2 + 2%A*axc)*x”7 + 1/4xBxa”2*x"4 + 1/3*%A*a”
2%x~3 + 1/5%(C*xa”~2 + 2*Axaxb)*x"5
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Giac [A] (verification not implemented)

none
Time = 0.39 (sec) , antiderivative size = 154, normalized size of antiderivative = 0.97

1 1 2
/z2 (A + Bz + Ca:2) (a +bx? + cx4)2 dzr = R oz + - Bclz'? + 11 Cbez't
1

1
3 Bbex'® + 9 b’z

+ % Actzt +
g Cacx® + g Abex® + é B2 x® + i Bacz®
+ % Cabz™ + % A’z + %1141%%7 + %Babxﬁ
+ R Ca’z’ + E Aabz® + 1 Ba’z* + 3 Ad’z?

+

[In] integrate(x~2x(C*x~2+B*x+A)*(c*x~4+b*x"2+a)~2,x, algorithm="giac")

[Out] 1/13*%C*c™2*x"13 + 1/12%Bxc”2*x"12 + 2/11*%C*b*c*xx~11 + 1/11xA*c”2*%x"11 + 1/5
*Bxbxc*x~10 + 1/9*%C*b~2%x~9 + 2/9*Cxaxc*x™9 + 2/9xAxb*c*x~9 + 1/8%B*b~2*x"8

+ 1/4xBxaxc*x™8 + 2/7*Ckaxb*x~7 + 1/7*A*xb~2xx"7 + 2/TxAxaxc*x~7 + 1/3*B*a*
b*x~6 + 1/5%C*a~2%x"5 + 2/5%Axaxbxx~5 + 1/4*B*a”2*%x"4 + 1/3*%A*a”~2*xx"~3

Mupad [B] (verification not implemented)

Time = 7.98 (sec) , antiderivative size = 141, normalized size of antiderivative = 0.89

2 2 b
Jremescs cont o (54 240) o (422509

4 (Ab2 N 2Cab 2Aac)

7 7 + 7
g (C’b2 N 2Ach 2Cac>

9 9 + 9
Aa? 28 N Ba?z* N B2 z? N Cc?zt3
3 4 12 13
Bz®(b*+2ac) Baba® Bbcz'
+ 8 + 3 + 5

[In] int(x"2*x(A + B*x + C*x"2)*(a + b*x"2 + c*x74)"2,x)

[Out] x"5*%((Cxa~2)/5 + (2*A*a*b)/5) + x"11x((A*c~2)/11 + (2*%Cxb*c)/11) + x~7x((A*
b~2) /7 + (2xAxa*xc)/7 + (2*C*a*b)/7) + x"9*%((Cxb~2)/9 + (2xAxb*c)/9 + (2xCx*a
*c)/9) + (A*a~2xx73)/3 + (B*a"2%x74)/4 + (B*c™2*xx712)/12 + (Cxc~2%x~13)/13

+ (B*x"8x(2%axc + b~2))/8 + (B*a*xb*x~6)/3 + (B*b*c*x~10)/5
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3.12 [ z(A+ Bz + Cz?) (a + bz? + cz?)’ dz

Optimal result . . . . . . . . . . . e 111l
Rubi [A] (verified) . . . . . . . 111l
Mathematica [A] (verified) . . . . . . . . . .. . 112
Maple [A] (verified) . . . . . . . . .. 113l
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... .... 113
Sympy [A] (verification not implemented) . . . . . . ... ... ... L. 114
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 114
Giac [A] (verification not implemented) . . . . . . .. ... .. Lo oL 115
Mupad [B] (verification not implemented) . . . . ... ... ... ... ....... 1151

Optimal result

Integrand size = 26, antiderivative size = 159

1 1 1 2
/m(A + Bz +C1?) (a+bz® + cx4)2 dx = EaQAar:2 + §a2Bm3 + Za(2Ab +aC)z* + gabB:v5

+ — (A(b* + 2ac) +2abC) z° + %B (* + 2ac) ="
1

=

+ = (2A4bc + (b* + 2ac) C) z° + gbBcazg

oo

1 1 1
~ (A 260Nz + — Bzl + — 20 x?
+1oc( c+ s —I—11 c’x +120 T
[Out] 1/2*%a~2%Axx~2+1/3%a”2%Bxx~3+1/4*a* (2xA*b+Cxa)*x"4+2/5%axb*B*xx~5+1/6% (A* (2*a
*C+b~2) +2%axb*C) xx~6+1/7*B* (2%axc+b™2) *x~7+1/8* (2xAxb*c+(2*xa*c+b~2) *C) *x~8+
2/9%bxBxc*x~9+1/10%c* (A*xc+2*C*b) *x~10+1/11%Bxc”2%x~11+1/12%c"2*C*x~12

Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 159, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 1, number of rules _ 0.038, Rules used
integrand size
— {1642}

/m(A + Bx + Cm‘?) (a + bz + cx4)2 dx = %aQAm2 + %aQBz?’ + %xs (C’(Zac + b2) + 2Abc)

+ éx(j (A(2ac+b*) +2abC) + iax“(aC’ + 2Ab)
+ %Bar:7 (2ac+b%) + gabB:p5 + 1—100:1:10 (Ac+2bC)

2 1 1
+ §bch9 + ﬁBc2x11 + ECQC’zm
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[In] Int[x*(A + Bxx + Cxx"2)*x(a + b*x"2 + c*x"4)~2,x]

[Out] (a~2*%A*x~2)/2 + (a~2*B*xx~3)/3 + (a*x(2*xAxb + a*C)*x~4)/4 + (2*%axb*B*x~5)/5 +
((Ax(b~2 + 2%axc) + 2*a*xbxC)*x"6)/6 + (Bx(b~2 + 2%a*xc)*x"7)/7 + ((2xAxb*xc

+ (b™2 + 2%axc)*C)*x"8)/8 + (2*%b*B*xc*xx"9)/9 + (cx(Axc + 2*b*xC)*x~10)/10 + (

Bxc™2%x~11) /11 + (c™2*Cxx~12)/12

Rule 1642

Int[(Pq)*((d_.) + (e_)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rubi steps

integral = / (a®Az + a®Bz® + a(2A4b + aC)z® + 2abBz* + (A(b* + 2ac) + 2abC) z°

+ B(b* + 2ac) 2° + (24bc + (b* + 2ac) C) 27 + 2bBcz® + c(Ac + 2bC)z°
+ B?z" + PCx') do
1 1 1 2 1
= 5a2Aac2 + §a2Bx3 + Za(2Ab + aC)z* + gabe‘r’ + 6 (A(b® + 2ac) + 2abC) z°

+ %B(b2 + 2ac) x + %(2Abc + (b2 + 2ac) C’) z8

2 1 1 1
+ §bch9 + 1—Oc(Ac + 2bC)z"° + ﬁBC2.’L‘11 + ECQC’:C12

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 159, normalized size of antiderivative = 1.00

1 1 1 2
/w(A + Bz +C1”) (a+bz® + 0934)2 dx = §a2Az2 + gaQBw?’ + Za(2Ab +aC)z* + gal)Bac5
1

+ = (Ab® + 2aAc + 2abC) z° + %B(b2 + 2ac) z”

(@}

+ %(2Abc + b2C + 2acC’) 28 + gbBcalc9

1 1 1
+ Ec(Ac + 2bC) " + ﬁBc2x11 + 50203512

[In] Integrate[x*(A + B*x + C*x~2)*(a + b*x"2 + c*x74)"2,x]

[Out] (a~2%A*x"2)/2 + (a"2%Bxx~3)/3 + (ax(2xA*b + a*xC)*x"4)/4 + (2xaxb*B*x~5)/5 +
((A*xb~2 + 2%axA*xc + 2%axb*xC)*x76)/6 + (B*x(b"2 + 2*xa*xc)*x77)/7 + ((2*A*xbxc

+ b"2*C + 2xaxc*xC)*x"8)/8 + (2%b*Bxc*x~9)/9 + (c*x(A*c + 2*b*C)*x~10)/10 + (

Bkxc™2*x"11) /11 + (c™2%C*xx~12)/12
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Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.89

method result
2 12 2,11 Ac?4+2Cbe)z10 9 2Abc+ (2ac+b2)C) z8 B(2ac+b2)z" A(2ac+b%)+2abC’
default c Cl’; + Bcl]_w ( T ) + Zngcac + ( ( S ) ) + ( - ) + ( ( 6) )

norman "2({2’”12 + Bclzlwn + (%)A A+ %C’bc) 10 + W + (3A4bc + 3acC + gb*C) 28 + (%Bac + 3.

L2012+ LBAxM 4+ L2194 % + L129Che + 2bBex® + 128 Abe + 128acC + L2802C +
12 i1 10 5 9 1 1 8

gosper
risch 520z + EBzM + £2%Ac? + 12'%Chbe + 2bBca® + (28 Abe + atacC + 1a®0°C +
parallelrisch | £c*Cz'? + Bzt + £2'%Ac? + L2'%Chbe + 2bBca® + j28Abe + aacC + 1a%0°C +

[In] int(x*(Cxx~2+B*x+A)*(c*xx"4+b*x~2+a) "2,x,method=_RETURNVERBOSE)

[Out] 1/12%c”2*%Cxx~12+1/11%Bxc™2%x"11+1/10*% (A*xc~2+2%Cxb*c) *x~10+2/9*b*B*c*xx~9+1/8
* (2%xAxb*c+(2*a*xc+b~2) *C) *x~8+1/7T*B* (2%xa*xc+b~2) *x~7+1/6% (Ax (2%a*xc+b~2) +2*a*b
*C) xx~6+2/5*%a*xb*Bxx~5+1/4* (2%Axa*xb+C*kxa~2) *x~4+1/3%a~2%B*xx~3+1/2%a~2%A*xx"~2

Fricas [A] (verification not implemented)

none

Time = 0.25 (sec) , antiderivative size = 143, normalized size of antiderivative = 0.90

/x(A + Bz + C’x2) (a+ bz® + cgv‘l)2 dz = 1—12 Cc’z'? + 1—11 Bzt
+ g Bbex® + % (2Cbc+ Ac*)z"?
T é (Cb? +2(Ca + Ab)c)z®
+ % Babz® + % (Bb2 + 2 Bouc)ac7
+ é (2Cab+ Ab* + 2 Aac)z® + % Ba*z?
1 1

+ 2 Ad’z? + 1 (C’a2 +2 Aab)x4

[In] integrate(x*(Ckx~2+B*x+A)*(c*xx~4+b*x~2+a)~2,x, algorithm="fricas")

[Out] 1/12%Cxc”2%x~12 + 1/11%Bxc™2*%x"11 + 2/9%Bxb*c*xx”™9 + 1/10%(2*Cxbxc + Axc~2)x*
x~10 + 1/8%(Cxb~2 + 2% (C*a + A*b)*c)*x"8 + 2/5%Bxa*xb*x~5 + 1/7*(Bxb~2 + 2x*B
*axc)*x”7 + 1/6%(2xC*a*xb + A*b~2 + 2kAxa*c)*x~6 + 1/3%B*a~2%x"3 + 1/2%A*xa”2

*x72 + 1/4%(Cxa”2 + 2xAxaxb)*x"4
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 163, normalized size of antiderivative = 1.03

Ad’z’>  Ba’z®  2Babs®  2Bbca’
/““BHW) (a+ba? +ex)” do = =5 + =+ be e
B2t N Cc2x1? T A_C2 N %
11 12 0 "5
g Abc  Cac Cb? » (2Bac BV

Tt 7 7
6 (Aac Ab? C’ab) 4 <Aab C’aQ)
+z + + 5+ —

3 6+3 2 4

[In] integrate (x* (Ckx**2+B*x+A)* (ckx*k*4+bkx**2+a) **2,X)

[Out] Axa**x2%xx**x2/2 + Bxax*2xx*x*3/3 + 2%Bkaxbxx**5/5 + 2%B¥b*cxx**9/9 + Bkc*x*2kx*
*11/11 + Ckcxk2kx*k*x12/12 + x**%10% (A*c**2/10 + Cxb*c/5) + x**8x(Axb*c/4 + Cx
axc/4 + Cxb**2/8) + x**7*(2xBxaxc/7 + Bxbx*2/7) + x*xx6x(A*a*c/3 + A*xb**2/6

+ Cxaxb/3) + x**x4x(A*a*xb/2 + Ckax*x2/4)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 143, normalized size of antiderivative = 0.90

/x(A + Bz + C2?) (a + bz® + cav‘l)2 dr = % Cc’z'? + % Bzt
+ g Bbex® + % (2Cbc + Ac?)z™
+ é (CB +2(Ca + Ab)c)z®
+ % Babz® + % (Bb? + 2 Bac)z”
+ é (2Cab + Ab* + 2 Aac)z® + % Ba?z3

+ %Aa2x2 + éll (C’oz2 +2 Aab)x4

[In] integrate(x*(C*x~2+B*x+A)*(c*x~4+b*x~2+a)~2,x, algorithm="maxima")

[Out] 1/12%C*c~2%x"12 + 1/11%B*c™2%x~11 + 2/9%Bxbxc*x”~9 + 1/10%(2*Ckb*xc + A*xc~2)*
x~10 + 1/8%(Cxb~2 + 2x(C*a + A*b)*c)*x"8 + 2/5%Bxa*xb*x~5 + 1/7x(Bxb~2 + 2x*B
*axc)*x"7 + 1/6%(2%Cxa*xb + A*b~2 + 2kAxa*xc)*x~6 + 1/3%Bxa~2%x~3 + 1/2%A*xa"2

*x"2 + 1/4%x(C*xa”2 + 2%A*xaxb)*x"4
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Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 154, normalized size of antiderivative = 0.97

1 1 1
/z(A + Bz + sz) (a +bx? + cac4)2 dzr = 12 Ccz'? + I Bzt + 5 Cbez'®
2

1
5 Bbex® + 3 bz

1
+EA02:E10+
1C’acacs—l-lAbcarss—l-lez:f—l-gBacaﬂ
1 i ] 5
+§Cabx6—|—§Awa6+glAach-l—ngabe‘

- 2 4 —A 4 _B2 3 _A2 2
+4Ca,x —|—2 abzx —|—3 a‘x —|—2 a‘x

+

[In] integrate(x*(Ckx~2+B*x+A)* (c*x~4+b*x~2+a)~2,x, algorithm="giac")

[Out] 1/12*%C*c™2*x"12 + 1/11%Bxc”2*x"11 + 1/5%C*b*c*x~10 + 1/10%A*c”~2*x~10 + 2/9%
Bxb*c*x~9 + 1/8*C*b~2*x"8 + 1/4*Cxaxc*x~8 + 1/4*A*xb*c*xx~8 + 1/7*Bxb~2*x"7 +
2/T*Bxaxc*x™7 + 1/3*Cka*xb*x~6 + 1/6%A*xb~2*xx"6 + 1/3*A*xaxc*x”6 + 2/5*Bka*b*

X765 + 1/4xCxa~2*%x"4 + 1/2%A*xaxb*x~4 + 1/3*%Bxa~2%x"3 + 1/2*%A*a”2*xx"2

Mupad [B] (verification not implemented)
Time = 0.06 (sec) , antiderivative size = 141, normalized size of antiderivative = 0.89
2 Ab Ac? b
/x(A + Bz + Ca?) (a+bz® + cz*)? do = o <C4a +— a) + z'° <1—S + 05 c)
6 (Ab2 Cab Aac)
+x

6 + 3 * 3
+x8(0b2 Acb C’ac)+Aa2x2

8 + 4 + 4 2
Ba?z? N Bzt + Cc?z'?
3 11 12
Bz" (b*+2ac) 2Babxz® 2Bbca®
+ 7 + ) + 9

[In] int(x*(A + B*x + C*x"2)*(a + b*x"2 + c*x74)72,x)

[Out] x~4x((Cxa~2)/4 + (A*axb)/2) + x~10*x((A*c~2)/10 + (Cxb*c)/5) + x~6%((A*D"2)/
6 + (Axaxc)/3 + (Cxaxb)/3) + x~8*%((Cxb~2)/8 + (Axbxc)/4 + (Cxaxc)/4) + (Axa
~2%x72)/2 + (B*a"2*xx"3)/3 + (Bxc™2*%x"11)/11 + (Cxc™2%x"12)/12 + (B*x"7*(2*a

*c + b~2))/7 + (2xBxaxb*xx~5)/5 + (2*%Bxb*c*x~9)/9
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3.13 [(A+ Bz + Cz?) (a+ ba? + cz*)’ dz

Optimal result . . . . . . . . . . . . . e 176l
Rubi [A] (verified) . . . . . . . . . 116
Mathematica [A] (verified) . . . . . . . . . .. L 117
Maple [A] (verified) . . . . . . . . .. INE
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... 118
Sympy [A] (verification not implemented) . . . . .. ... ... ... .. ... ... 119
Maxima [A] (verification not implemented) . . . . . . ... ... ... ... 119
Giac [A] (verification not implemented) . . . . . . .. ... .. L L. 120
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ...... 1201

Optimal result
Integrand size = 25, antiderivative size = 154

/ (A+ Bz + Cz?) (a+bz® + cm4)2 dr = a®Azx + %a2Bm2 + %a(2Ab +aC)x® + %ame4

+ = (A(V* + 2ac) + 2abC) z° + éB(b2 + 2ac) z°

—

+ = (24bc + (b* + 2ac) C) =" + }lech

1 1
c(Ac+ 200)1r° + —Bc*z'% + —*Cx™

+ 10 11

O ==J| =t

[Out] a~2xA*x+1/2%a”2%xB*x~2+1/3%a*x (2*xA*xb+C*xa) *x~3+1/2%a*xb*Bxx~4+1/5% (A* (2%a*xc+b~2
)+2%axbxC) xx~5+1/6*%B* (2%axc+b™2) *x~6+1/7* (2xAxb*c+(2*xa*c+b~2) *C) xx~7+1/4*xb*
Bxckxx~8+1/9%c* (A*c+2%Cxb) *x~9+1/10%Bxc™2%xx~10+1/11%c"2*C*xx~11

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 154, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 1, number of rules _ 0.040, Rules used
integrand size

= {1671}
/ (A + Bx + Cm‘?) (a + bz + cm4)2 dx = a®Az + %CLQBCL'Q + %aﬂ (C’(Zac + b2) + 2Abc)
+ %xS (A(2ac+ b*) + 2abC) + %ax:”(aC + 2Ab)

1 1 1
+ EB:EG (2ac+b*) + iabB:):4 + §cx9(Ac + 2bC)

1 1 1
+ Z—lecz8 + 1—03021310 + ﬁc20a:11
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[In] Int[(A + Bxx + Cxx~2)*(a + b*x~2 + c*x~4)"2,x]

[Out] a~2xA*x + (a”2*xB*x"2)/2 + (a*x(2*%A*b + a*C)*x~3)/3 + (a*b*Bxx~4)/2 + ((Ax(b~
2 + 2xaxc) + 2*xaxbxC)*x~5)/5 + (Bx(b~2 + 2*a*xc)*x76)/6 + ((2*%Axbxc + (b™2 +
2%a*xc)*C)*x"7) /7 + (b*Bxc*x"8)/4 + (ck(A*xc + 2xb*C)*x79)/9 + (B*c™2%x~10)/

10 + (c™2%C*xx~11)/11

Rule 1671

Int[(Pg )*((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.), x_Symbol] :> Int[Expand
Integrand[Pg*(a + b*x + c*x”2)7p, x], x] /; FreeQ[{a, b, c}, x] && PolyQ[Pq
, x] && IGtQ[p, -2]

Rubi steps

integral = / (a*>A + a®Bz + a(2Ab+ aC)z” + 2abBz® + (A(b® + 2ac) + 2abC) z*

+ B(b* + 2ac) 2° + (24bc + (b* + 2ac) C) 2° + 2bBcz™ + c(Ac + 2bC)z®
+ Bc*z® + *Cz") da

1 1 1 1 1
=a’Az+ ~a’Bx* + ga(2Ab+aC’)x3 + éabBan4 + = (A(b*+2ac) +2abC) z° + BB(b2

2 5
+2ac) z°
1 2 7,1 g 1 o, Lpow, 1 oy mn
—|—?(2Abc+(b +2ac) O) z +ZbBcz —|—§c(Ac+2bC):v +EBC iy —|—ﬁc Cz

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 154, normalized size of antiderivative = 1.00

/ (A+ Bz + Cz?) (a+bz® + ca:4)2 dr = a*Az + %a2Bx2 + %a(2Ab +aC)2® + %abBac4
+ ! (Ab® + 2aAc + 2abC) z° + %B(b2 + 2ac) z°

+ (2Abc +b2C + 2acC’) z + }leczs

1 1
c(Ac+ 2b0)z° + — Bc*z' + —*Cx'!

+ 10 11

O | —out]

[In] Integrate[(A + B*xx + C*x"2)*(a + b*x"2 + c*x"4)72,x]

[Out] a~2*xA*x + (a"2*B*x"2)/2 + (a*x(2*Axb + a*C)*x~3)/3 + (a*b*Bxx~4)/2 + ((A*xb~2
+ 2%axAxc + 2%axbxC)*x75)/5 + (Bx(b"2 + 2xaxc)*x76)/6 + ((2*%A*b*xc + b~2*C

+ 2%axcxC)*x"7) /7 + (b*B*c*x78)/4 + (c*(Axc + 2*b*C)*x79)/9 + (Bxc~2*xx~10)/

10 + (c™2*xC*xx~11)/11
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Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 139, normalized size of antiderivative = 0.90

method result

default cz(iwlmu Bcfgw i (Ac2+ngc)x9 i bBZzs i (2Abc+(2a7c+b2)C)ac7 + B(2ac;—b2)x6 4 (A(2ac+b25)+2abC)x5
norman O™ | B‘fgm + (A + 2Cbe) 2° + Y= (2 Abc + 2acC + L02C) &7 + (1Bac + 1 Bb?
gosper £C g + EB A2z + $2°A P + 229Cbe + 1bBea® + 227 Abe + 22acC + 12"b2C + 32°1
risch 1 ACz" 4+ LB P! + 2% Ac® + 22°Che + ;bBea® + 22" Abe + 2z7acC + 137b*C + 328
parallelrisch 1 ACz" + LB P! + 2% Ac® + 22°Che + 1bBea® + 22" Abe + 2z7acC + 13b*C + 28]

[In] int((C*x~2+B*x+A)* (c*x~4+b*x~2+a)~2,x,method=_RETURNVERBOSE)

[Out] 1/11%c”2*%Cxx~11+1/10%Bxc™2%x~10+1/9% (A*c~2+2*Cxb*c) *x~9+1/4*b*Bxc*x~8+1/7*(
2% Axb*xc+(2*a*xc+b~2) *C) xx~7+1/6%B* (2%xa*xc+b”2) *x~6+1/5% (Ax (2*xa*xc+b~2) +2xa*xb*C
)*x"5+1/2%Bxaxb*x”~4+1/3% (2*xA*a*xb+C*a~2) *x~3+1/2%B*a~2*x~2+a~2*A*x

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.91

/ (A+ Bo+02?) (a+ b + cr*)’ do = - O + 110 B2
+3 ! Bbeat + 1 (2 Cbc+ Ac?)z’
+5 (Cb2 +2 (C’a + Ab)c)z”

+ ; Babz* + — 6 (Bb2 + 2 Bac)z®

+ é (2Cab+ Ab® + 2 Aac)z® + % Ba’z?

+ Ad’z + = (C’a —|—2Aab)

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)~2,x, algorithm="fricas")

[Out] 1/11%Cxc”2%x~11 + 1/10%Bxc”2%x~10 + 1/4*Bxb*c*x™8 + 1/9%(2%Cxb*c + A*c™2)*x
"9 + 1/7%(Cxb~2 + 2x(C*xa + Axb)*c)*x~7 + 1/2xBxaxbxx~4 + 1/6%(Bxb~2 + 2xB*a
*c)*x~6 + 1/5%(2%Cxa*xb + A*b~2 + 2kAkxaxc)*x~5 + 1/2%B*a”~2%x~2 + A*a~2*x + 1

/3% (C*xa~2 + 2%xAxa*b)*x"3
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Sympy [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.07

B 2.2 B 4 B 8 B 2,..10
/ (A + Bz + C’w2) (a +bx? + cx4)2 dxr = Ad’z + a2x + a2bx + b:x + Cl(g)v
N Cctzt g Ac? N 2Cbc e
11 9 9

<2Abc 2Cac C’bQ) 6(Bac Bb2> 5
: | —5 Tt +T

7 Tt 3 ' 6

<2Aac Ab? 2Cab) 5 (2Aab C’aQ)

5+5+5 3 3

[In] integrate((Ckx**2+Bkx+A)* (c*x**4+b*x**2+a) **2,X)

[Out] Axa*x*2*x + Bxaxkx2*x**2/2 + Bkaxb*x**x4/2 + B¥bkcxx**8/4 + Bxcx*x2xx**10/10 +
Ckckk2kxk*k11/11 + x*x*xOx (A*xc**2/9 + 2*%Cxbkxc/9) + x*x*x7Tx(2xAxbxc/7 + 2%Ckaxc/7

+ Cxb**x2/7) + x*x*x6%(B*akxc/3 + Bkxbx*2/6) + x*x5x(2kxA*xakxc/5 + Axb*x*x2/5 + 2xC
*a*xb/5) + x*x*3%(2kA*axb/3 + C*a*x*2/3)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.91

/ (A+ Bz + Ca?) (a+ bz’ + ca®)’ do = % cca' + 1% Bz
+ 4_11 Bbez® + % (2 Cbc + AC2)$9
+ % (CB +2(Ca + Ab)c)a”
+ % Babz* + % (BY + 2 Bac)z®
+ % (2Cab + AV + 2 Aac)z® + % Bd’z®

+ Ad’z + % (Ca® +2 Aab)z®

[In] integrate((C*x~2+B*x+A)*(c*x~4+b*x~2+a)~2,x, algorithm="maxima")

[Out] 1/11*%Cxc~2*x~11 + 1/10%B*c”2%x~10 + 1/4%Bxb*c*x~8 + 1/9%(2*%Cxb*c + A*xc~2)*x
“9 + 1/7%(C*xb~2 + 2%(C*a + Axb)*c)*x~7 + 1/2%Bxaxb*x”~4 + 1/6%x(B*xb~2 + 2xBx*a
*C)*x"6 + 1/5%(2%Ckaxb + A*b~2 + 2xAkxaxc)*x"5 + 1/2%B*a”~2%x"2 + A%*a™2%x + 1

/3%x(C*a~2 + 2%Axaxb)*x"~3
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Giac [A] (verification not implemented)

none
Time = 0.29 (sec) , antiderivative size = 151, normalized size of antiderivative = 0.98

1 1 2
/ (A+ Bz + Cz?) (a+bz® + cw4)2 dr = a ozt + M Bz + 5 Cbezx®

1 1 1 2
+ = A%z’ + = Bbex® + = Ob’z" + = Cacx”

5 i ! 5
+ ?Abc:c7 + g Bb?z5 + éBach + R Cabz®
+ §Ab2x5 + 32 Aacx® + §1Babx4
+ 3 Ca’x® + 3 Aabx® + 3 Ba%z? + Ad’z

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)~2,x, algorithm="giac")

[Out] 1/11*%C*c™2*x"11 + 1/10%B*c”2*x"10 + 2/9*C*b*c*x~9 + 1/9%A*xc”2*x"9 + 1/4*B*b
*Cxx"8 + 1/T*Cxb~2%x~7 + 2/7*Cka*c*x~7 + 2/7T*A*¥bxcxx”~7 + 1/6%Bxb"2*x"6 + 1/
3*%Bxaxcxx”~6 + 2/5xCkxaxb*x”5 + 1/5%A*b~2xx"5 + 2/5xAxaxc*x”5 + 1/2*Bka*xb*x~4

+ 1/3%Cxa~2*xx"3 + 2/3*A*a*b*x”3 + 1/2*B*a~2*%x"2 + A*a~2*x

Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.90

2 2
[ ks asbr st e (554 240) (42,2609

g (Ab2 N 2Cab 2Aac>

) ) + )
b (C’b2 N 2Ach QCac) +Ba2x2

7 7 + 7 2
B2z Ccx''  Bab (b +2ac)
10 + 11 + 6
Babz* Bbca®
2 + 4

+Ad’z+

[In] int((A + B*x + C*x"2)*(a + b*x"2 + c*x74)72,x)

[Out] x~3*x((Cxa~2)/3 + (2%A*axb)/3) + x"9*x((A*c~2)/9 + (2%Cxb*c)/9) + x~5x((A*xb~2
)/5 + (2xAxaxc)/5 + (2xCxaxb)/5) + x"7*((C*b~2)/7 + (2%Axbxc)/7 + (2*Cxaxc)

/7)) + (B*a™2%x72)/2 + (B*c™2*x710)/10 + (Cxc™2*x~11)/11 + (B*x"6*x(2*a*c + b
~2))/6 + Axa~2%x + (Bkaxbxx~4)/2 + (Bxbxc*x"8)/4
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(A+B:L'—|—C’x2) (a,+b3[:2—|—cx4)2 du

314 |
T

Optimal result . . . . . . . . . . . e 121]
Rubi [A] (verified) . . . . . . . . 121
Mathematica [A] (verified) . . . . . . . . . .. . 122
Maple [A] (verified) . . . . . . . . . . 123
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..... 123
Sympy [A] (verification not implemented) . . . . . ... ... ... .. ... 124
Maxima [A] (verification not implemented) . . . . . . . .. ... ... 1241
Giac [A] (verification not implemented) . . . . . . . . ... ... ... 125
Mupad [B] (verification not implemented) . . . ... ... ... ... ........ 125

Optimal result

Integrand size = 28, antiderivative size = 150

/ (A+ Bz + Cz?) (a + ba? + cz*)?
T

dx = a’Bx + %a(QAb +aC)x® + gabeg‘
+ i(A(b2 + 2ac) + 2abC’) z* + %B(b2 + 2ac) z°
+ é(ZAbc + (6% + 2ac) C) 2°

+ gbBcac7 + 1c(Ac + 2bC)x®

7 8
1 1
+ §BCQ.’E9 + ECQCmIO + a*Alog(x)

[Out] a~2*Bxx+1/2%ax (2*%xA*xb+C*a)*x"2+2/3%axb*B*xx~3+1/4* (A% (2*xa*xc+b™2)+2*a*xb*C) *xx~4
+1/5%B* (2%axc+b~2) *x~5+1/6% (2xAxbxc+(2%a*xc+b~2) *C) *x~6+2/7*b*B*xckxx~7+1/8*%c*
(A*c+2%C*b) *x~8+1/9%B*c~2%x~9+1/10%c~2*C*x~10+a~2%A*1n (x)

Rubi [A] (verified)

Time = 0.07 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 1, Lumber of rules _ 0.036, Rules used
integrand size
— {1642}

/ (A + Bz + Cz?) (a + bz? + czt)?
T

dz = a®*Alog(z) + a*Bx + éx6 (C(2ac+ b°) + 2Abc)

+ %lx“ (A(2ac+ b*) + 2abC) + %axz(a(}’ + 2Ab)
2
3

2 1 1
+ ?bch7 + §Bc2x9 + ECQCJ:IO

1 1
+ ng5 (2ac+ b*) + ZabBz® + gcxs(Ac +2bC)
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[In] Int[((A + Bxx + Cxx"2)*(a + b*x~2 + c*x"4)"2)/x,x]

[Out] a~2%B*xx + (a*x(2xA*xb + axC)*x"2)/2 + (2*axbxBxx~3)/3 + ((A*x(b~"2 + 2%axc) + 2
*axbxC)*x~4)/4 + (Bx(b~2 + 2%axc)*x"5)/5 + ((2xAxbxc + (b~2 + 2xa*xc)*C)*x"6

)/6 + (2%b*B*c*x~7)/7 + (cx(Axc + 2xbxC)*x~8)/8 + (B*c~2*x~9)/9 + (c™2%Cxx~
10)/10 + a~2x*Ax*Log[x]

Rule 1642

Int [(Pq_)*((d_.) + (e_.)*(x_)) " (m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rubi steps

ZA
integral = / <a,2B + aT +a(2Ab+aC)z+2abBz*+ (A(b*+2ac) +2abC) z° + B(b*+2ac) z*

+ (24bc + (8> + 2ac) C) z° + 2bBcz® + c(Ac + 2bC)z" + Bc’z® + CQCacg) dx
— @Bz + ~a(24b+a0)z® + 2abBa® + - (A(1? bC) " + L B(B? >
=a x+§a(2 +aC)x +§a T +4_1( (b* + 2ac) +2abC) © —|—3 (b* +2ac) z
+ %(2Abc + (b° + 2ac) C) 2° + gbBc:/z:7 + éc(Ac + 2bC)x® + %BC2$9 + %CZC.IIO

+ a*Alog(z)

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.00

2 2 4)2
/ (A+ Bz + Cx )w(a-l- bz® + cz*) dr = a®Bx + %a(2Ab—|— aC)z? + gabe3

1
+ 1 (Ab® + 2aAc + 2abC) z?

+ %B(b2 + 2ac) z® + %(2Abc +b%C + 2acC’) z8

+ %bBcw7 + %C(Ac +2bC)2®

1 1
+ §Bczx9 + 1—0020x10 + a®Alog(x)

[In] Integrate[((A + B*x + C*xx"2)*(a + b*x"2 + c*x74)72)/x,x]

[Out] a~2*Bxx + (a*x(2*A*b + a*C)*x~2)/2 + (2*xa*xb*B*xx~3)/3 + ((A*b~2 + 2*axAxc + 2
*axbxC)*x~4) /4 + (Bx(b~2 + 2*xa*xc)*x~5)/5 + ((2%Axbxc + b~2+C + 2*a*c*C)*x"6

)/6 + (2%bxBxc*x"7)/7 + (cx(A*c + 2xb*C)*x78)/8 + (B*c™2*x79)/9 + (c™2*xC*xx~
10)/10 + a~2*xAxLog[x]
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.92

method result
(%A ¢® + 3Cbc) 8 + (Aab+ 3C a?) 2* + (2Bac + %B v?) 2° + (3 Aac + 3 Ab* + 1abC) z*
c2C 10 Bc2x® Ac%a8 Cbcx8 2bBcx” Abc b Cacz® C b2z 2Bacxz® Bb2z5 Aacz?
default o T g9 T vt tTE A+ TH ot T T T T S
: 2C g0 Bc22? A2z Cbcz8 2bBcz” Abczb Caczb Cb%zb 2Baczb Bb%zb Aacz?
risch 0 t—9 t % t+tF tF5F+t S5+ S e T S
: c2C 10 Bc2x® Ac%a8 Cbcz8 2bBcx” Abc b Caczb C b2z 2Bacz® B b2z Aacx
parallelrisch T e i e i el e e e e i sl s

norman

4

[In] int((C*x~2+Bxx+A)*(c*x~4+b*x"2+a) " 2/x,x,method=_RETURNVERBOSE)

[Out] (1/8*A*xc~2+1/4*Cxb*c)*x~8+(A*xaxb+1/2*xCxa~2)*x~2+(2/5*%B*a*c+1/5%Bxb~2) *x~5+(
1/2%A*axc+1/4%A*xb~2+1/2%axb*C) *x~4+ (1/3%A*bxc+1/3*%a*xc*xC+1/6%b~2*C) *x~6+B*xa”™
2%x+1/9%Bxc™2%x~9+1/10%c”2%Cxx~10+2/3*B*axb*x~3+2/7*b*Bxc*x~7+a~2*%A*x1n (x)

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.92

2 2 4\2
(A+ Bz +Cxz )x(a+bx + cx*) dp — 1—100c2x10 +$Bc2x9 +%Bbcx7

+ é (2Cbc+ Ac*)z® + é (Cv? + 2 (Ca + Ab)c)z®

2 1
+ 3 Babz? + £ (BY + 2 Bac)z®

+ :11 (2 Cab+ Ab® + 2 Aac)x4 + Ba’z

+ Aa®log (z) + % (Ca® + 2 Aab)z”

[In] integrate((C*x~2+B*x+A)*(c*x~4+b*x~2+a) 2/x,x, algorithm="fricas")

[Out] 1/10%Cxc”2*x~10 + 1/9*%Bxc™2%x~9 + 2/7*Bxbxc*xx~7 + 1/8%(2xCxb*c + A*c~2)*x”8
+ 1/6%(Cxb~2 + 2x(C*xa + Axb)*c)*x~6 + 2/3*Bxaxb*xx~3 + 1/5%(Bxb~2 + 2xBkaxc

)*x”5 + 1/4%(2xCxa*b + Axb~2 + 2kA*axc)*x~4 + B*a~2*xx + A*a~2xlog(x) + 1/2%
(C*xa~2 + 2%Axaxb)*x~2
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Sympy [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.04

A+ B 2 2 4 2Babx® 2Bbcx’
/( + ac—i—C:c)x(a+bx + czt)? dz = Ad®log (z) + Ba’s + abx 4 bcx
Bc2z? C’c2x10 Ac + %
9 8
6 Abc C’ac C’b2 5 2Bac Bbv?
+z +z + =
3 5
Aac A62 ab Ca
4 2
+a:( 5 5 )—l—x (Aab+—2 )

[In] integrate((Ckx**2+B*x+A)* (c*x**4+b*x**2+a)**2/x,X)

[Out] A*xa**2%log(x) + Bka**2%x + 2%Bxaxbxx**3/3 + 2%Bkbkc*x**7/7 + Bkcx*2%x**9/9
+ Ckck*2*x*x10/10 + x**x8x% (A*xc*x*2/8 + Cxbkxc/4) + x**6%(Axbxc/3 + C*axc/3 + C
*bx*x2/6) + x*x5x(2*B*a*xc/5 + Bxb**2/5) + x**4*(Axaxc/2 + A*xbxx2/4 + Cxaxb/2

) + x**%2%(A*axb + Cxa*x*x2/2)

Maxima [A] (verification not implemented)

none

Time = 0.20 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.92

2 2 4)2
/(A—I—B:c-l—C’a: )x(a+bx + cz*) dx: Cc2 1O+$BCQ.’E9+§BbCII}7

- (2 Chc + Ac2)x8 ! (C’b2 +2(Ca + Ab)c)z®
+ g Babx® + - i (Bb2 + 2Bac)

1
+ 1 (2Cab+ Ab* + 2 Aac)ac4 + Bad’z

+ Aa®log (z) + % (Ca® + 2 Aab)z”

[In] integrate((C*x~2+B*x+A)*(c*x~4+b*x~2+a)~2/x,x, algorithm="maxima")

[Out] 1/10%C*xc”2%x~10 + 1/9%B*c™2*x"9 + 2/T7T*Bxb*c*x”7 + 1/8*(2+Cxb*c + A*c~2)*x”8
+ 1/6%x(Cxb~2 + 2x(C*xa + A*b)*c)*x"6 + 2/3*Bxaxb*x~3 + 1/5%(B*b~2 + 2*B*a*c

)*x”5 + 1/4%(2xCxa*b + Axb~2 + 2kA*axc)*x~4 + B*a~2*xx + A*a~2xlog(x) + 1/2%
(Cxa™2 + 2xAxaxb)*x~2
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Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 149, normalized size of antiderivative = 0.99

2 2 4\2
1 1
/(A—i—Ba:—i—C’x)(a-l—bx +co’) dx—1—10002xlo+ch2x9+—Cbcx8—|——A02x8

T - 9 4 8
+ 2Bbcalc7 + lesz + 1 Cacz® + 1Abcac6
+ §Bb2x5 + R Bacz® + 2 Cabz*

1 2
- 1 Ab%z* + 3 Aacz* + 3 Babx?

1
+ 3 Ca’z® + Aabx® + Ba*z + Aa®log (|z|)

[In] integrate((C*x~2+B*x+A)*(c*x~4+b*x~2+a) 2/x,x, algorithm="giac")

[Out] 1/10%Cxc~2*%x~10 + 1/9%B*c™2*x"9 + 1/4*Cxb*c*x~8 + 1/8%A*c”~2*x"8 + 2/7*Bxb*c
*x77 + 1/6%Cxb~2*x"6 + 1/3*Ckxa*xc*x”6 + 1/3*%A*b*xcxx"6 + 1/5%Bxb~2*x"5 + 2/5x%
B*a*c*x~5 + 1/2+Cxaxbxx”4 + 1/4xAxb~2*x"4 + 1/2*%A*a*cxx~4 + 2/3*Bxaxb*xx”3 +
1/2*%C*a”~2*x~2 + A*axbxx~2 + B*a~2%x + A*a~2xlog(abs(x))

Mupad [B] (verification not implemented)

Time = 7.86 (sec) , antiderivative size = 135, normalized size of antiderivative = 0.90

2 2 4)2 2 2
/(A+Bw+Ca:)(a+bx + cz?) dr — 22 Ca 4 Aba) 4 28 A_c+Cbc
z 2 8 4
g Ab2+Cab+Aac
T\e T 2
g C’b2+Acb+C’ac Bc*af
6 3 3 9
2,10 5(h2 49
Cclox 4 AQ? ln(az)+Bx (b5+ ac)
s  2Babx® 2Bbcz’
+Ba“z + s T

+

[In] int(((A + B*x + C*x"2)*(a + b*x"2 + c*x74)"2)/x,x)

[Out] x"2%((C*a~2)/2 + A*xaxb) + x"8%((A*c~2)/8 + (Cxbxc)/4) + x~4x((A*b~2)/4 + (A
xaxc)/2 + (Cxaxb)/2) + x"6x((C*b~2)/6 + (A*b*c)/3 + (Cka*c)/3) + (B*c™2*x"9

)/9 + (C*c~2*x~10)/10 + A*a~2xlog(x) + (Bxx~5*(2%a*c + b~2))/5 + B*a™2*x +
(2xB*a*b*x~3) /3 + (2*Bxbxc*x~7)/7
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A+Bz+C2?) (a+ba?+cat)?

3.15 [ WBnlCr)lwbeier) g

Optimal result . . . . . . . . . . . . e 126
Rubi [A] (verified) . . . . . . . . 126
Mathematica [A] (verified) . . . . . . . . . ... 127
Maple [A] (verified) . . . . . . ... 128
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 128
Sympy [A] (verification not implemented) . . . . .. ... ... ... ... ... . 129
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ... .. 129
Giac [A] (verification not implemented) . . . . . ... ... .. Lo oL 130
Mupad [B] (verification not implemented) . . ... ... ... ... ... ...... 1301

Optimal result

Integrand size = 28, antiderivative size = 145

9 9 4\2 2
(A+ Bz + Cz?) (a + bz? + cz*) dw:_%+a(2Ab+aC)x+abB$2

.’L‘2
1 1
+ 3 (A(b2 + 2ac) + 2abC’) 3+ ZB(b2 + 2ac) zt
1
+ R (2Abc + (b2 + 2ac) C) z°
1 1
+ gbch6 + ?C(AC + 2bC)z"
1 1
+ §Bc2z8 + §C2C$9 + a?Blog(x)
[Out] -a~2*A/x+a* (2%Axb+C*a) *x+a*xb*xBxx~2+1/3% (A*x (2*a*xc+b~2) +2xa*xb*C) *x~3+1/4*B* (2
*axc+b~2) xx~4+1/5% (2% Axbxc+ (2*%axc+b”2) *C) *x~5+1/3%b*B*cxx~6+1/7*c* (Axc+2*Cx*
b) *x~7+1/8%B*c™2%x"8+1/9%c"2*C*x~9+a~2*B*1n (x)

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 1, Iﬁ‘;{g&?ggg glilzlgs = 0.036, Rules used
— {1642}

9 2 4\2 2

x2

1
+ §x3 (A(2ac + b?) + 2abC) + az(aC + 2Ab)
+ }le‘l (2ac + b*) + abBz® + %cﬂ(Ac +2bC)

1 1 1
+ gbch6 + §Bczcc8 + §C2C1179
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[In] Int[((A + Bxx + Cxx"2)*(a + b*x~2 + c*xx~4)"2)/x"2,x]

[Out] -((a"2%A)/x) + a*x(2%A*b + a*C)*x + axb*B*x"2 + ((A*x(b~2 + 2*xaxc) + 2*axbx*(C)
*x73)/3 + (Bx(b~2 + 2%axc)*x74)/4 + ((2xAxb*c + (b~2 + 2*axc)*C)*x"5)/5 + (
b*Bxc*x~6) /3 + (c*(A*c + 2¥bxC)*x~7)/7 + (B*c™2%x78)/8 + (c™2xC*x~9)/9 + a~
2*xB*Log [x]

Rule 1642

Int[(Pq)*((d_.) + (e_)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + ex*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rubi steps

a’B

2
integral = / (a(ZAb—I- aC)+ ax_;él +—t 2abBz + (A(b*+2ac) +2abC) = + B(b* + 2ac) z°

+ (24bc + (0> + 2ac) C) z* + 2bBcz® + c(Ac + 2bC)z® + B’z™ + c2C’x8> dz

2
= —GTA +a(2Ab+aC)z+abBx*+ % (A(b°+2ac) +2abC) z°+ }lB (v*+2ac) z*+ % (2A4bc
+ (b* +2ac) C) z° + %bch6 + %C(AC +260)z" + %Bc%g + %cszg +a®Blog(z)

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.00

9 2 4\2 2
/(A+Ba:+C:ciQ(a+ba: + cz*) dx:—%+a(2Ab+aC)x+abB$2

+ %(Ab2 + 2aAc + 2abC) z° + iB(b2 + 2ac) z*
+ %(2Abc +b°C + 2acC) z°

+ lecar;6 + 1c(Ac + 2bC)z"

3 7
1 1
+ §Bc2z8 + 5020939 + a?Blog(x)

[In] Integrate[((A + B*x + Cxx"2)*(a + b*x"2 + c*x"4)72)/x72,x]

[Out] -((a"2*A)/x) + a*x(2*A*b + a*C)*x + axbxBxx"2 + ((A*b~2 + 2*axA*xc + 2*axb*xC)
*x73)/3 + (Bx(b~2 + 2xaxc)*x"4)/4 + ((2%Axbxc + b~2xC + 2xa*xc*C)*x~5)/5 + (
b*B*c*x76)/3 + (c*(Axc + 2*b*C)*x77)/7 + (B*c~2*x78)/8 + (c"2*C*x~9)/9 + a~
2xBxLog [x]
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Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.98

method result

NOrman (%Acz—l—%Cbc)xS—l—(%Bac—l—%Bbz)x5+(§Aac+%Ab2+%abC)z4+(%Abc—l—%acC—l—%sz)xG—l—(QAab-l—Caz)x2+Babz3—Aaz—f
T

default cngzg + 3082968 + Ac7zx7 + 2C’l’)rcx7 4 ngxG + 2Al;)cac5 + 200;_’015 + Cb;w5 + Ba;x‘l 4 Bb42:c4 + 2Az§cw3

risch 62099:9 + Bc:ms + Ac;m7 + 201’1702:7 + ngmG + 2A6559:5 + 20(1509:5 + Cb;zs + Ba;z4 + Bb:a:4 + 2Aaécm3

parallelrisch 280c2C #10+315B c22°+360A c?2®4720Cbc 28 +840bBc 2741008 Abc z°+1008Cac 26 +504C b?2®+1260Bac x5+265320£ b2z541

[In] int((C*x~2+B*x+A)* (c*x~4+b*x~2+a)~2/x"2,x,method=_RETURNVERBOSE)

[Out] ((1/7%A*c™2+2/7*Cxb*c)*x~8+(1/2%B*axc+1/4%*B*b~2)*xx"5+(2/3*Axa*xc+1/3*A*xb~2+2
/3%axb*C) *x~4+ (2/5%A*xb*kc+2/5*%axc*xC+1/5%b~2*C) *x~6+ (2*xA*a*xb+C*a~2) xx~2+B*ax*xb
*X"3-A%a"2+1/8%Bxc"2%x"9+1/9%c"2*%C*xx~10+1/3%b*B*c*xx~7) /x+a~2*B*x1n(x)

Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.00

/ (A + Bz + Cz?) (a + ba? + cz?)’
p dx

_280Cc?z" + 315 Bc?x® + 840 Bbez” + 360 (2 Cbe + Ac?)z® + 504 (Cb? + 2 (Ca 4 Ab)c)z® 4 2520 Babz® -

[In] integrate((Ckx~2+B*x+A)*(c*x~4+b*x~2+a) 2/x72,x, algorithm="fricas")

[Out] 1/2520%(280*Ckxc~2*xx~10 + 315%B*c~2%x~9 + 840%Bxbxc*x~7 + 360% (2%xCxb*xc + A*c
“2)*x~8 + 504%(Cxb~2 + 2x(C*a + A*b)*c)*x"6 + 2520*Bxaxb*xx~3 + 630*%(Bxb~2 +
2*Bxaxc)*x~5 + 840%(2*Ckaxb + A*b~2 + 2xA*a*c)*x~4 + 2520%Bxa~2*x*log(x) -
2520%A*a”2 + 2520%(C*a”~2 + 2%Axaxb)*x~2)/x

NN
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Sympy [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.08

A+ B 2 2 4)2 Aa? Bbex
/( + x+Cxi§“+b‘” +or’) do =~ + Ba?log (z) + Babe? + b?fx

Bc’z8 N Cc?z® e Ac N 2Cbc g
8 9 7 7

2Abc N 2Cac N Cbv? g Bac N By
) ) ) 2 4

2
+at (212“ + A; + %;’ab) + z(2A4ab + Ca?)

[In] integrate ((Ckx**2+Bkx+A)* (Ckx**4+b*kx**2+a) **2/x**2,X)

[Out] -A*a**2/x + Bka**2xlog(x) + Bkaxbkx**2 + Bxbkcxx**6/3 + Bkc**2xx**8/8 + C*c
*x2kx**9/9 + x*kkxT*k (A*c**x2/7 + 2%Cxb*c/7) + x*x5x(2xAxbxc/5 + 2*%Cka*xc/5 + Cx
b*x*2/5) + xkx4dx(Bkxaxc/2 + Bxb*%x2/4) + x*x*x3%(2xAxaxc/3 + Axbxx2/3 + 2*Cxaxb/

3) + x*(2xAxaxb + Ckxax*xx2)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 137, normalized size of antiderivative = 0.94

2 2 4\2
(A+ Bz +Cxz 5)62(a+bx + cx?) dp — %Cczx9+%302x8+§3bcx6

+ % (2Cbc+ Ac*)z™ + % (Cb* +2(Ca + Ab)c)z®

1
+ Babz® + 1 (BY + 2 Bac)z*
1
+ 3 (2Cab + Ab® + 2 Aac)z®

2
+ Ba®log (z) — ATa + (Ca® + 2 Aad)z

[In] integrate((Cxx~2+B*x+A)*(c*x 4+b*x~2+a)”2/x"2,x, algorithm="maxima")

[Out] 1/9%C*xc~2*xx~9 + 1/8%B*xc~2*x"8 + 1/3%Bxb*cxx~6 + 1/7*(2xCxb*c + A*c~2)*x"7 +
1/5%(Cxb~2 + 2x(Cka + A*b)*c)*x~5 + Bkaxb*xx"2 + 1/4%x(Bxb~2 + 2*Bkaxc)*x"4
+ 1/3%(2xC*a*b + Axb~2 + 2kAxaxc)*x~3 + B*a"2xlog(x) - A*a~2/x + (Cxa~2 + 2

*Axaxb) *x
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Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 147, normalized size of antiderivative = 1.01

A+B ) (a+ba?+cz?)? 1 1 2 1 L
/( tBor O lat bt er) dx:§CCQx9+—BchS‘i‘?Cbcx7+—A62$7+—BbC$6

2 8 7 3
+ 1 Obv’x® + 2 Cacz® + gAbca:5 + 1 Bbz*
: 5 g 3
_RB 4 = 3 Z A 2,..3 Z A 3
+2 acx +3Cabx +3 b x +3 acx
2 2 2 Ad®
+ Babz* + Ca*z + 2 Aabx + Ba“log (|z|) — —

[In] integrate((C*x~2+Bxx+A)* (c*x~4+b*x~2+a)~2/x"2,x, algorithm="giac")

[Out] 1/9*%C*c™2%x~9 + 1/8%B*c~2*x"8 + 2/7*Cxb*xc*x~7 + 1/7T*A*c™2xx"7 + 1/3*Bxb*c*x
6 + 1/5*%C*b~2*xx"5 + 2/5xCxaxc*x”5 + 2/5kA*xb*c*x~5 + 1/4%Bxb~2*xx"4 + 1/2xBx
axcxx~4 + 2/3*%Cxaxb*x”3 + 1/3*xA*b"2%x~3 + 2/3*A*axcxx”3 + Bxaxbxx~2 + C*xa”~2

*x + 2%A*axbxx + Bka"2xlog(abs(x)) - A*a~2/x

Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 135, normalized size of antiderivative = 0.93

(A+ Bz + Cz?) (a + ba? + cz?)? Ac®> 2Cbe
/ p de =z’ T—i— 7
4 (A62 2Cab 2Aac>

3 + 3 * 3
g (C’b2 N 2Ach 2C’ac>

) 3 + )
Ag?
+a:(Ca2+2Aba)—Ta
2.8 2,9
Bc8w +C’ch + BaIn(z)
+Bx4(b2+2ac) Bbczb

B 2
1 + Babx” + 3

[In] int(((A + Bxx + Cxx~2)*(a + b*x"2 + c*x~4)"2)/x"2,x)

[Out] x"7*x((A*c™2)/7 + (2%Cxbxc)/7) + x~3*x((A*b~2)/3 + (2*A*axc)/3 + (2*Cxaxb)/3)
+ x75x((C*xb~2) /5 + (2%A*xb*c)/5 + (2*C*axc)/5) + x*(Cxa~2 + 2*Axaxb) - (A*a
~2)/x + (Bxc™2%*x"8)/8 + (C*c™2*x~9)/9 + Bxa~2xlog(x) + (Bxx"4x(2*a*c + b~2)

)/4 + Bxaxb*x~2 + (Bkbxc*x~6)/3
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(A+B:L'—|—C’x2) (a,+b3[:2—|—cx4)2 du
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Rubi [A] (verified) . . . . . . .. . 131
Mathematica [A] (verified) . . . . . . . . ... L 132
Maple [A] (verified) . . . . . . . .. 133
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .. .... 133
Sympy [A] (verification not implemented) . . . ... ... ... . ... ... ..., 134
Maxima [A] (verification not implemented) . . . . . . . . .. ... ... 134
Giac [A] (verification not implemented) . . . . . . . .. ... ... 135
Mupad [B] (verification not implemented) . . .. .. ... ... .. ... ...... 135

Optimal result

Integrand size = 28, antiderivative size = 149

A+ B 2 2 4 cpt)? 24 o’B 1
/ (A+ Bz + Ca7) (a+ ba” + ca”) dr = _ra a——|—2abe+—(A(b2+2ac) +2abC’) x>
3 212 T 2
+ %B(b2 + 2ac) z° + }1(2Abc + (6% + 2ac) C) z*
+ gbchf’ + %c(Ac +2bC) 2% + %Bc2x7

+ égcﬁ + a(24b + aC) log(z)

[Out] -1/2%a~2%A/x"2-a"2*B/x+2*a*xb*Bxx+1/2% (A% (2%xa*xc+b”~2)+2*a*xb*C) *x~2+1/3*Bx* (2*a
*C+b~2) *x~3+1/4% (2xAxbxc+ (2%a*xc+b~2) *C) *x~4+2/5%b*Bxc*x~5+1/6%c* (A*c+2*C*b)
*X"6+1/T*Bxc™2%x"7+1/8%c~2*%C*xx~8+a* (2xA*b+Cx*xa) *1n(x)

Rubi [A] (verified)

Time = 0.08 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 1, number of rules _ 0.036, Rules used
integrand size
— {1642}

p T = o T g + Zx“ (C’(2ac + b2) + 2Abc)

+ %xQ (A(2ac+b%) +2abC) + alog(z)(aC + 2Ab)

/ (A+ Bz + Cz?) (a + ba? + cz?)’ p a’A  a*B 1

1 1
+ §Bw3 (2ac + b*) + 2abBz + gczﬁ(Ac + 2bC)

2 1 1
+ gbBcac5 + ?Bczx7 + §C2C$8
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[In] Int[((A + Bxx + Cxx"2)*(a + b*x~2 + c*x~4)"2)/x"3,x]

[Out] -1/2%(a"2%A)/x"2 - (a"2%B)/x + 2%a*xbxBxx + ((A*x(b~2 + 2*axc) + 2*a*xbxC)*x~2
)/2 + (Bx(b~™2 + 2%axc)*x"3)/3 + ((2*%Axbxc + (b~2 + 2xaxc)*C)*x"4)/4 + (2xbx*
Bxc*x75)/5 + (c*x(Axc + 2%b*C)*x76)/6 + (Bxc™2*x"7)/7 + (c~2*C*x~8)/8 + ax*x(2

*Axb + a*C)*Log[x]

Rule 1642

Int[(Pq)*((d_.) + (e_)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rubi steps

2 2
integral = / <2abB + aw;l + az2B + a(2Abx+ aC) + (A(v*+2ac) 4+ 2abC) z + B(b* +2ac) ©°

+ (24bc + (b* + 2ac) C) #° + 2bBez* + c(Ac + 2bC)z® + B’z® + c2C’x7> dz

_ d®*A o*B 1 0 0
—? — T + 2abBw1+ §(A(b + 2ac) + 2ab0) x ,
+ 53(62 + 2ac) z° + 1 (2A4bc + (b* + 2ac) C) z* + gbBca:E’

+ %C(AC + 2bC)z° + %BC2CII7 + %czc’xs + a(2Ab + aC) log(x)

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 139, normalized size of antiderivative = 0.93

x3 222
+ éax (66(2B + Cz) + cz(6A + 4Bz + 3Cz?))

/ (A + Bz + Cz?) (a + ba? + cz?)’ i a*(A + 2Bxz)

1
+ %ﬁ (706*z(4B + 3Cx) + 56bcz’® (6B + 5Cx)

+15c¢*2° (8B +7Cx) + 140A(3b° + 3bcz® + *z*) )
+ a(2Ab + aC) log(z)

[In] Integrate[((A + B*x + Cxx"2)*(a + b*x"2 + c*x74)72)/x"3,x]

[Out] -1/2*%(a~2x(A + 2%B*x))/x"2 + (a*x*x(6%b*(2%xB + C*x) + c*xx*(6%A + 4%B*xx + 3*C
*x72)))/6 + (x"2%x(70*b"2xx*(4%B + 3%C*xx) + 56%b*cxx"3%(6%B + 5*Cxx) + 15%c~
2%x" 5% (8%B + 7*Cxx) + 140%A*(3*%b~2 + 3*bkc*xx™2 + c~2%x"4)))/840 + ax(2xAxb

+ axC)*Log[x]
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Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.94

method result
A a2 Be229 20410 .
norman (%Acz—l—%Cbc)xS—l—(%Bac—l—%Bbz)x5+(Aac-l—%Ab2+abC)x4+(%Abc;—%acC-{-iﬁC)xe’— 5 —Ba2z+%+%+z
T
2,8 2,7 2.6 6 5 4 4 2,4 3 Bb223 |
default c Csz + Bc7ac + Acﬁx + C’bgz + 2bB’5cx + Abg:c + Ca;m + C’b4m 4 2B¢§cx 4 3x +A(IC.’E

. 2 8 2.7 2,.6 6 5 4 4 2.4 3 2.3 ‘
I'lSCh cCzx + Bc2x + Ac*z + Cbecx + 2bBcx + Abcx + Cacx + Cbx + 2Bacx + Bb“x +Aaca:
8 7 6 3 5 2 2 4 3 3
. 105¢2C z194120B 222 +140A c228+280Cbc 8 +336bBc 7 +420 Abc 5 +420Cac 6 +210C b2z 4560 Bac x5 +280 B b2 15 +84
parallelrisch 84022

[In] int ((C*xx~2+B*x+A)* (c*xx~4+b*x~2+a) ~2/x"3,x,method=_RETURNVERBOSE)

[Out] ((1/6%A%xc~2+1/3%Cxb*c)*x~8+(2/3*Bkxaxc+1/3*Bxb~2)*x~5+(A*a*c+1/2*xAxb~2+axb*C
)*x"4+(1/2%xAxbxc+1/2%a*xcxC+1/4%b~2%C) *x~6-1/2%A*a~2-Bxa " 2xx+1/7*B*xc~2%x~9+1
/8%c”2%Cxx~10+2*B*xa*xb*xx~3+2/5%b*B*xcxx~7) /x~2+ (2%A*xa*b+Cxa~2) *1n (x)

Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 145, normalized size of antiderivative = 0.97

(A+ Bz + Cz?) (a + ba? + cz?)’
o dz
_105Ccx™ + 120 Bc®z® + 336 Bbex” + 140 (2 Cbe + Ac?)z® + 210 (Cb? + 2 (Ca + Ab)c)z® + 1680 Babs’
a ¢

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)~2/x"3,x, algorithm="fricas")

[Out] 1/840%(105%C*c~2%xx~10 + 120%B*c~2%*x~9 + 336%Bxb*c*xx~7 + 140%(2*Cxbxc + A*xc™
2)*x~8 + 210*%(Cxb~2 + 2x(C*a + A*b)*c)*x~6 + 1680*B*axb*xx~3 + 280*(Bxb~2 +
2%Bxa*xc) *x~5 + 420% (2xCxa*xb + A*xb~2 + 2%A*xaxc)*x~4 - 840%B*a~2xx + 840%*(Cxa

~2 + 2*A*xaxb)*x"2xlog(x) - 420%A*a~2)/x"2
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Sympy [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.03

poc dxr = 2Babz + 5 7 3

2
+ a(24b + Ca)log (z) + 2° (A?c + %)

/ (A+ Bz + Cz?) (a + ba? + cz*)’ 2Bbcx® N Bc2z” N Cc?z®

4 Abc+C’ac+C’b2 g 2Bac+B_b2
2 2 4 3 3
2 —Ad? — 9Ba2
+ 2 Aac+A—b+C’ab + Aa e
2 212

[In] integrate ((Ckx**2+B*x+A)* (c*xx**4+bkx**2+a) **2/x**3,X)

[Out] 2%B*axb*x + 2xBxbxckxx**5/5 + Bkc*x*2xx*x*x7/7 + Ckxckxx2%xx**8/8 + a*x(2%Axb + Cxkxa
)xlog(x) + x**6%(Axc**x2/6 + Cxbxc/3) + x**x4*(Axbkc/2 + Cxaxc/2 + Cxb*x2/4)
+ x*%3%(2%Bka*c/3 + Bxb**x2/3) + x*x2*x(Axaxc + Axb*x*2/2 + Cxkxaxb) + (-A*a*x*2

- 2xBkxax*x2%xx) / (2%xx**2)

Maxima [A] (verification not implemented)

none
Time = 0.20 (sec) , antiderivative size = 139, normalized size of antiderivative = 0.93

2 2 4)2

1 2

(A—I—B:c-l—C’a:)g(a+bx + cz*) dx:%002x8+5302x7+53b0$5
x

+ é (2Cbc+ Ac?)z®+ 4_11 (Cv? + 2 (Ca + Ab)c)z*
+ 2 Babz + % (Bb® + 2 Bac)z®

1
+ 3 (2Cab + Ab® + 2 Aac)z?

2 2
+ (Ca® + 2 Aab) log (z) — %

[In] integrate((Cxx~2+B*x+A)*(c*x 4+b*x~2+a)”~2/x"3,x, algorithm="maxima")

[Out] 1/8%Cxc~2*xx~8 + 1/7*Bxc™2*x"7 + 2/5%Bxb*cxx~5 + 1/6%(2xCxb*c + A*c~2)*x"6 +
1/4%(Cxb~2 + 2% (Cka + Axb)*c)*x"4 + 2*Bxaxb*xx + 1/3%(B*b~2 + 2%Bxa*c)*x"3
+ 1/2%(2xC*a*b + Axb~2 + 2xAxaxc)*x~2 + (C*a~2 + 2xAxa*b)*log(x) - 1/2x(2*B

*a”"2xx + A*xa~2)/x"2
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Giac [A] (verification not implemented)

none
Time = 0.36 (sec) , antiderivative size = 148, normalized size of antiderivative = 0.99

2 2 4)2
1 1 1 2
/(A+Ba:+C:c i3(a+ba: + cz?) dx:%00236%,?Bc2x7+§Cbcx6+gAc2x6+ngcx5

1 1 1 1

% obv’z* + 3 Cacz* —il- 3 Abez* + 3 Bb?z3

+ 3 Bacz® + Cabz® + 3 Ab%z? + Aacz® + 2 Babx
2 Ba? Aa?

+ (Ca? +2 Aab) log (Js]) - == 1=

+

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)~2/x"3,x, algorithm="giac")

[Out] 1/8*C*c™2*x"8 + 1/7*B*c™2*x"7 + 1/3*Cxb*c*x"6 + 1/6*%A*c™2%x"6 + 2/5%Bxb*c*x
5 + 1/4%C*b"2*x"4 + 1/2xCxaxc*x”4 + 1/2xAxb*c*x~4 + 1/3*%B*b~2*xx"~3 + 2/3*Bx*
axcxx~3 + Ckaxbxx~2 + 1/2%A*xb~2*%x"2 + Axaxc*x™2 + 2xBxaxb*x + (Cxa”~2 + 2xAx
axb)*log(abs(x)) - 1/2%(2*xBxa~2*x + A*a~2)/x"2

Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 135, normalized size of antiderivative = 0.91

9 2 4\2 2
/(A+Bx+C’:cg)c3(a+bx teet) e (A%+C;c>+ln(w) (Ca® +2Aba)

2
+ 2 (ATb-I-C'ab-i-Aac)
g (C’b2 Acd C’ac)

4 + 2 + 2
ATaz—i-BaZx Bclzm CcAzxt
- + +
31:22 7 8
B 2 2B 5
4 Be (b3—|— ac)+ I;)cx +92Babz

[In] int(((A + B*x + C*x"2)*(a + b*x"2 + c*x~4)"2)/x"3,x)

[Out] x"6%((A*c~2)/6 + (Cxb*c)/3) + log(x)*(Cxa~2 + 2xAxaxb) + x"2*((A*b~2)/2 + A
*axc + Cxaxb) + x~4x((Cxb~2)/4 + (Axbxc)/2 + (Cxaxc)/2) - ((A*a~2)/2 + Bxa”~
2%x) /x~2 + (Bxc™2%xx~7)/7 + (C*c~2%x~8)/8 + (B*x~3%(2*xa*xc + b~2))/3 + (2*Bx*b

*cxx"5)/5 + 2xBkxaxb*x
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A+Bz+C2?) (a+ba?+cat)?

s17 [ UBCletiet

Optimal result . . . . . . . . . . 136
Rubi [A] (verified) . . . . . . . . . 1361
Mathematica [A] (verified) . . . . . . . . . .. 137
Maple [A] (verified) . . . . . . . . . . 138
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ....... 138
Sympy [A] (verification not implemented) . . . ... ... ... ... .. ..., . 1391
Maxima [A] (verification not implemented) . . . . . . . .. ... ... L. 1391
Giac [A] (verification not implemented) . . . . . . . .. ... ... T40
Mupad [B] (verification not implemented) . . . ... ... ... ... ........ 140

Optimal result
Integrand size = 28, antiderivative size = 149

/ (A+ Bz + Cz?) (a + ba? + cz*)? p _a’A @B a(24b+aC)
x4 313 222 x

+ (A (b2 + 2ac) + 2abC’) T+ %B(b2 + 2ac) x>

+ %(ZAbc + (6% + 2ac) C) 2°
+ %bch4 + %C(AC + 2bC)x°

1 1
+ 6302336 + ?CQC$7 + 2abB log(z)

[Out] -1/3*%a"2%A/x"3-1/2%a"2xB/x~2-a* (2%Axb+C*a) /x+ (A*x (2*a*xc+b~2) +2*%a*xb*C) xx+1/2%
Bx (2%a*xc+b”2) *x~2+1/3% (2%Axb*xc+ (2*xa*xc+b~2) *C) *x~3+1/2%b*Bkxc*x~4+1/5*c*x (Axc+
2%Cxb) *x~5+1/6%B*xc™2%x"6+1/7*c™2*%Cxx~7+2%axb*xB*x1n(x)

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 1, Iﬁ‘;{g&?ggg glilzlgs = 0.036, Rules used
— {1642}

/ (A+ Bz + Cz?) (a + bz? + cz*)” p a’A  a*B 1

J = B 4 M Ol )+ 240
+ z(A(2ac + b°) + 2abC) — w
+ %Bﬁ (2ac+b”) + 2abBlog(z)

1 1 1 1
+ gcx5(Ac+ 2bC) + ébBcac4 + 63021176 + ?CQC:J
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[In] Int[((A + Bxx + Cxx"2)*(a + b*x~2 + c*xx~4)"2)/x"4,x]

[Out] -1/3*%(a"2%A)/x"3 - (a~2%B)/(2%x"2) - (a*x(2xA*b + axC))/x + (Ax(b"2 + 2*axc)
+ 2xaxb*C)*x + (Bx(b~2 + 2%axc)*x"2)/2 + ((2*%Axbxc + (b~2 + 2%a*c)*C)*x"3)

/3 + (b*Bxc*x~4)/2 + (c*(Axc + 2*b*C)*x75)/5 + (B*xc™2*x"6)/6 + (c~2*C*x"7)/

7 + 2%axb*B*Log[x]

Rule 1642

Int[(Pq)*((d_.) + (e_)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + ex*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rubi steps

2 2
integral = / (Ab2 (1 + 2a(Ae + bC)) +2 A +2 B + a(24b + aC) + 2abB + B(b2 +2ac) z

Ab? z 3 2 T

+ (24bc + (0> + 2ac) C) z° + 2bBcz® + c(Ac + 2bC)z* + B’z + c2C’x6> dz

a’A  a®B  a(24b+ aC) 1 1
=—ag—oa (A’ +2ac) +20bC) 2+ S B(b* +2ac) 2 + 5 (24bc

1 1 1 1
+ (b*+2ac) C) z° + §bBcac4 + gc(Ac—i- 2bC)z° + 6Bc2x6 + ?0201:7 +2abBlog(z)

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 151, normalized size of antiderivative = 1.01

(A+ Bz + Cz?) (a + ba? + cz?)’ dp — _a’A  a’B  —2a4b-a’C
x? T T3 T 2 x

+ (Ab* + 2aAc+ 2abC) T + %B(b2 + 2ac) z*
+ %(2Abc + b°C + 2acC) z°

+ lecgr:‘1 + %C(AC +2bC)x°

2
1 1
+ 5 B2 + Zc*Ca’ + 2abB log(x)

[In] Integrate[((A + B*x + Cxx"2)*(a + b*x"2 + c*x"4)72)/x74,x]

[Out] -1/3%(a"2%A)/x"3 - (a~2*B)/(2%x"2) + (-2%axAxb - a~2xC)/x + (A*b~2 + 2xa*xAx
c + 2xa*xb*C)*x + (Bx(b~2 + 2%axc)*x"2)/2 + ((2%Axbxc + b~2%C + 2xa*c*C)*x~3

)/3 + (b*Bxcxx~4)/2 + (cx(Axc + 2xb*C)*x~5)/5 + (B*c™2*%x"6)/6 + (c~2*%C*xx~7)

/T + 2%a*bxB*Log[x]
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Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 141, normalized size of antiderivative = 0.95

method result
(%Acz—l—%Cbc)xS—l—(Bac—i—%Bbz)x5+(%Abc—i—%acC—l—%sz’)xﬁ—i—(—2Aab—0a2)z2+(2Aac+Ab2+2abC)x4—AT“2—B%2z+&
norman
3
2,7 2.6 2.5 5 4 3 3 2,3 2.2
default c (’5’723 + Bcﬁ:c + Ac5:c + 201)50z + nga: + 2A%cm + 2C’a3c:c + Cb3:c + BCLC.’L'2 + Bb2m + 2ACLC
. 20,7 2,.6 2.5 5 4 3 3 2.3 2,.2
risch c 0795 + Bcﬁx + Acsz + 2Cb50:t + ngw + 2A%cx + 200::}01' + Cb3z + Bacx2 + Bb2:1: + 2Aac
. 30c2C 104358 229442 A c2284-84Cbc 8 +105bBc 27 4+140 Abc 26 4+140Cac £84+70C 226 +210Bac 254105B b%254+420 Aac =*
parallelrisch 50,3

[In] int ((C*xx~2+B*x+A)* (c*xx~4+b*x~2+a) ~2/x"4,x,method=_RETURNVERBOSE)

[Out] ((1/5%A%xc”~2+2/5%Cxb*c)*x~8+(Bxa*xc+1/2*%Bxb~2) *x~5+(2/3*%Axb*c+2/3*a*xc*xC+1/3%b
~2%C) *x"6+ (—2*Axaxb-C*a~2) *x~ 2+ (2*A*xaxc+Axb~2+2%Cka*xb) *x~4-1/3%A*xa~2-1/2*Bx*
a"2%x+1/6%Bxc”2%x"9+1/7*c”~2*%Cxx~10+1/2*b*B*xc*xx~7) /x~3+2*a*b*B*x1n (x)

Fricas [A] (verification not implemented)

none
Time = 0.26 (sec) , antiderivative size = 145, normalized size of antiderivative = 0.97

(A+ Bz + Cz?) (a4 ba? + cz*)?
por dz
_30Ccz™ + 35 Bc?z? 4 105 Bbex” + 42 (2 Cbe + Ac?)z® + 70 (C0* 4 2 (Ca + Ab)c)z® + 420 Babz? log ()
B 210

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a) 2/x"4,x, algorithm="fricas")

[Out] 1/210%(30%C*xc~2*%x~10 + 35%B*c~2%x~9 + 105%Bxb*c*x~7 + 42%(2%Cxbxc + Axc™2)*
X"8 + 70x(Cxb~2 + 2x(C*a + Axb)*c)*x~6 + 420*B*axbxx~3*log(x) + 105%(B*b~2

+ 2*xBxaxc)*x~5 + 210%(2*C*a*xb + A*xb~2 + 2xAxaxc)*x~4 - 105%B*a”2%x - 70*A*xa

~2 - 210%(Cxa~2 + 2xA*axb)*x~2)/x"3
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Sympy [A] (verification not implemented)

Time = 0.40 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.07

A+ B 2 2 4\2 Bbezt B2z 2,.7
/( + Bz + Cz?) (a + bz? + cz?) 4z = 2Bablog (z) + bex , Bee +ch
Tt 2 6 7
g A_02 N 2Cbc L 2Abc N 2Cac N Cbv?
5 5 3 3 3

2
+ 2 (Bac + %) + z(2Aac + Ab? + 2Cab)

—2Aa® — 3Ba’z + z%(—12Aab — 6Ca?)
* 623

[In] integrate ((Ckx**2+Bkx+A)* (ckx**4+b*x**2+a) **2/x**4 ,X)

[Out] 2*B*axb*log(x) + Bxbxcxx**4/2 + BkCk*2xx**6/6 + CkCk*2xx**7/7 + x**5k (A*xC**
2/5 + 2*%Cxbxc/5) + x**x3%(2*A*b*c/3 + 2kCkaxc/3 + Cxbx*x2/3) + x**2%(Bkaxc +
Bxb**x2/2) + x*x(2k%A*xaxc + Axb**x2 + 2xCxaxb) + (—-2%A*xa**x2 — 3*Bkxa**x2%xx + xX**2
*(—12%A*a*xb - 6xCkxa*x*2))/(6xx**3)

Maxima [A] (verification not implemented)

none
Time = 0.18 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.94

Q

A+ B 2 2 4)? 1 1 1 1
/ (A+ Bz +C2%) (a +ba” + cz) dxr == Cc?x"+ = BPz8+ = Bbex*+= (20bc+ Ac2)335
Tt 7 6 2 5
+ = (CV +2(Ca + Ab)c)z® + 2 Bablog ()
+ = (Bb* + 2 Bac)z® + (2Cab + Ab® + 2 Aac)z
_ 3Bd’z +2Ad® +6(Ca’® +2 Aab)a?
6 23

N W[~

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a) 2/x"4,x, algorithm="maxima")

[Out] 1/7*Cxc”2xx~7 + 1/6%B*c™2*%x"6 + 1/2%Bxbxcxx~4 + 1/5%(2xCxb*c + A*c~2)*x"5 +
1/3%(C*xb~2 + 2x(C*a + Axb)*c)*x~3 + 2*Bkaxbxlog(x) + 1/2%(B*b~2 + 2xB*a*c)
*x~2 + (2%Cxaxb + A*b~2 + 2kA*xaxc)*x — 1/6%(3*%B*a~2xx + 2%xA*a”~2 + 6%(Cxa~2

+ 2%A*axb)*x"2)/x"3
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Giac [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 146, normalized size of antiderivative = 0.98

A+B D(a+ba?+e?) 1 1 2 1
/( + x+Cxi§a+ 2 + cz’) dx:5002x7+6302x6+gC’bcx5+gA02$5

1 1 2
+ 2 Bbez* + 3 Cov’x® + 3 Cacz?®

2 1
+ 3 Abcx® + 3 Bb?z? + Bacz? + 2 Cabx
+ Ab’z + 2 Aacz + 2 Bablog (|z)

_ 3Bd’z +2Ad® +6(Ca’® +2 Aab)a?
6 3

[In] integrate((Cxx~2+B*x+A)*(c*x 4+bxx~2+a)” 2/x"4,x, algorithm="giac")

[Out] 1/7*C*c™2*x"7 + 1/6%B*c™2*xx"6 + 2/5*Cxb*c*x~5 + 1/5%A*c™2xx"5 + 1/2*Bxb*c*x
4 + 1/3*%C*b~2*x"3 + 2/3*Cxaxc*x”3 + 2/3%A*xb*c*x~3 + 1/2*%B*b~2*x”2 + B*axcxk

X"2 + 2*Ckaxbxx + A*b~2xx + 2%A*axcxx + 2*Bxaxbxlog(abs(x)) - 1/6%(3*B*xa~2x

X + 2xA*a~2 + 6%(C*a~2 + 2%A*xaxb)*x"2)/x"3

Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 137, normalized size of antiderivative = 0.92

x? 5 5
22 (Ca® +2Aba) + A2  Bae
73
+z (A +2Cab+2Aac)
4 (C’b2 N 2Acb+ 2Cac>
3 3 3
Bc*z® 4 Cc?z’ N Bz?(b*+2ac)
6 A 7 2
Bbez +2Babln(z)

/(A+Bx+Cx2) (a + bz? + cz*)? e — 25 (A_cz+20bc)

[In] int(((A + Bxx + Cxx"2)*(a + b*x"2 + c*x~4)"2)/x74,x)

[Out] x~5*%((A*c™2)/5 + (2%Cxbxc)/5) - (x"2x(C*a”~2 + 2*xAxa*xb) + (A*a~2)/3 + (B*a~2
*x)/2)/x"3 + x*(A%b~2 + 2xAxaxc + 2*Cxaxb) + x~3*x((Cxb~2)/3 + (2*xAxb*xc)/3 +
(2%Cxaxc)/3) + (B*c™2*%x"6)/6 + (Cxc™2*x"7)/7 + (B*x~2x(2%a*xc + b~2))/2 + (

Bxb*c*x~4)/2 + 2*Bxa*bxlog(x)
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2 2 A\ 2
3.18 f (A+Bz+Cz*) (a+bz*+cz*) du

2
Optimal result . . . . . . . . .. 141
Rubi [A] (verified) . . . . . . . . 41
Mathematica [A] (verified) . . . . . . . . ... L 142
Maple [A] (verified) . . . . . . . . . 143
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ....... 143
Sympy [A] (verification not implemented) . . . ... ... ... ... .. ... .. 143]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... 144
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L 144
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 145

Optimal result

Integrand size = 28, antiderivative size = 148

/ (A + Bz + Cz?) (a + bz? + cz*)’ o @A @B a(24b+aC) _ 2abB
x? © 4xt 328 22 x
1
+ B(b® + 2ac) z + 3 (24bc + (b* + 2ac) C) 2
+ ;bch3 + }Lc(Ac + 2bC)z* + %Bc2w5
+ éc20x6 + (A(b* + 2ac) + 2abC) log(z)

[Out] -1/4%a~2%A/x"4-1/3%a"2%B/x"3-1/2%a*x (2*%A*xb+C*a) /x~2-2*%a*b*B/x+B* (2%a*xc+b~2) *
x+1/2% (2xAxbxc+(2*a*xc+b™2) *C) *x~2+2/3*b*Bxc*x~3+1/4%c*x (Axc+2*Cxb) *x~4+1/5%B
*CT2%x"5+1/6%c”2%xCxx "6+ (A* (2%axc+b™2) +2*a*xb*C) *1n(x)

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 1, Lumber of rules _ ( 35 Ryles used
integrand size

— {1642}
A+ B Cz2 b2 4\2 24 2 .
/( + Bz + wa)cga—i- z? + czt) de — _i? —%+§z2(0(2ac+b2) + 2Abc)
+ log(z) (A(2ac + %) + 2abC) — ‘L(GC;—‘:AI’)
+ Bz (2ac+ b?) — 2a£B + %lcz4(Ac+ 2C)

2 1 1
+ §bch3 + gBCQz‘E’ + 602(7:66
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[In] Int[((A + Bxx + Cxx"2)*(a + b*x~2 + c*x~4)~2)/x"5,x]

[Out] -1/4x(a"2xA)/x"4 - (a~2%B)/(3%x"3) - (a*x(2xAxb + axC))/(2*xx"2) - (2%axb*B)/
x + Bx(b™2 + 2xaxc)*x + ((2xAxbxc + (b2 + 2%a*xc)*C)*x~2)/2 + (2%b*Bxc*x~3)

/3 + (cx(Axc + 2*xb*C)*x"4)/4 + (B*c™2*xx"5)/5 + (c™2*%C*xx"6)/6 + (Ax(b~"2 + 2%

a*xc) + 2¥axbxC)x*Log[x]

Rule 1642

Int[(Pq)*((d_.) + (e_)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rubi steps

2A  a’B 2Ab 2abB  A(b? 42 2ab
integral=/(3(62+2ac)+az5 +ax4 Lo m:“0)+ ‘;2 LAC+ a;)+ abC

+ (24bc + (0> + 2ac) C) z + 2bBex® + c(Ac+ 2bC)z° + Bz + c2C’x5> dz

2 2
_a’A a’B  a(24b+aC) —2a£B+B(b2+2ac)x+%(2Abc+(b2+2a0) C) 22

42x4 33 . 222 ) .
+ §bch3 + ZLC(AC + 2bC)z* + ch2x5 + gcszG + (A(b* + 2ac) + 2abC) log(x)

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 130, normalized size of antiderivative = 0.88

(A+ Bz + Cz?) (a + ba? + cz?)? i — _a*(3A+ 4Bz +6C2?)
" B 1224
N a(—Ab — 2bBzx + cx3(2B + Cx))

x?

+ %x (306°(2B+Cx) +10bcz (6 A+z(4B+3Cx))

+ ?z°(15A + 22(6B + 5Cx)))
+ (A(b* + 2ac) + 2abC) log(z)

[In] Integrate[((A + B*x + Cxx"2)*(a + b*x"2 + c*x~4)~2)/x"5,x]

[Out] -1/12%(a"2*(3%A + 4%Bxx + 6%Cxx"2))/x"4 + (a*x(-(A*b) - 2xb*B*xx + c*x~3*(2*B
+ C*xx)))/x"2 + (x*x(30%b~2%(2%B + C*x) + 10*b*ckxx*x(6%A + x*(4*B + 3*Cxx)) +
c™2xx"3%(15%xA + 2*x*(6%B + 5%C*x))))/60 + (A*x(b~2 + 2*a*c) + 2¥axb*C)=*Logl[

x]
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Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 139, normalized size of antiderivative = 0.94

method result
2 6 2,..5 2,.4 4 3 2,.2
default c0s y B 4 Aeot | Obew | BBer” 4 Apcg? + Cacz® + S22 + 2Bacz + B bz + (2
(%A 02+%Cbc)z8+(—Aab—%C a2)z2+(Abc+acC+%b2C)m6+(2Bac+B b2)m5—AT“2— B §2z+ B Cjzg +6206110 —2Babz3+
norman

e

. 2 6 2.5 2.4 4 3 2.2 —21
risch cCz + Bctx + Ac’z + Cbczx + 2bBcz + AbC$2 + CGC$2 + Cbx + 2Bacx + Bb2$ + =
6 5 4 2 3 2

10c2C z'1°4-12B c?2°+15A c?28+30Chc 8 +40bBc 7 +60Abc 26 +60Cac 6 +30C 6226 +120A In(z)z* ac+60A In(x) x4 b2 +12(
6024

parallelrisch

[In] int ((C*xx~2+B*x+A)* (c*xx~4+b*x~2+a) ~2/x"5,x,method=_RETURNVERBOSE)

[Out] 1/6%c™2%Cxx~6+1/5%Bxc™2%x"5+1/4%Axc~2%x"4+1/2*%Cxbxc*x~4+2/3%b*B*c*x~3+A*b*c
*X " 2+Ckaxcxx"2+1/2%Cxb~2%x " 2+2%Bxaxcxx+B*xb~2xx+ (2% A*a*xc+A*b~2+2xC*axb) *1n (x
)-1/2%a* (2%Axb+C*a) /x~2-2*%a*b*B/x-1/4*%a~2%A/x~4-1/3*a"2*B/x~3

Fricas [A] (verification not implemented)

none
Time = 0.24 (sec) , antiderivative size = 145, normalized size of antiderivative = 0.98

(A+ Bz + Cz?) (a + ba? + cz*)’ p
5
_10Ccz™ 4 12 Bc?z® 4 40 Bbex” 4 15 (2 Cbe + Ac?)z® 4 30 (Cb? + 2 (Ca + Ab)c)z® — 120 Babz® + 60 (
a 60 7

X

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)~2/x"5,x, algorithm="fricas")

[Out] 1/60*(10%Cxc™2%x~10 + 12*B*c~2*%x~9 + 40%Bxbxc*x~7 + 15%(2*%Cxbkc + A*xc~2)*x~
8 + 30*%(Cxb~2 + 2% (C*xa + Axb)*c)*x~6 — 120%Bxa*xb*xx~3 + 60%(B*b~2 + 2%B*axc)
*x~5 + 60%(2xCxa*xb + Axb~2 + 2kA*axc)*x"4xlog(x) - 20%B*a~2*x - 15xA*a”2 -

30%x(C*a~2 + 2xAxaxb)*x~2)/x"4

Sympy [A] (verification not implemented)

Time = 1.32 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.03

]
3 2.5 2,6 5 2
:2Bbc:c +Bcz‘ +C’cw e Ac +C'bc g Abc—l—Cac-i—C— +x(2Bac+Bb2)
3 5 6 4 9 9
—3Aa? — 4Ba*x — 24 Babx?® 2(_12Aab — 2
4 (2Aac + AV + 2Cab) log (z) + 20"~ 4Ba’ f2;4+x( ab — 6Ca?)

/ (A+ Bz + Cz?) (a + ba? + cz?)’ i
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[In] integrate((Ckx**2+Bkx+A)* (c*x**4+b*xx**2+a) **2/x**5,x)

[Out] 2%Bxbkckx**3/3 + Bkckx*2xx**5/5 + Ckcx*2%xx*x*6/6 + x**4*x(A*xc**2/4 + Cxbxc/2)
+ x**%2% (Axb*c + Cxaxc + Cxbx*2/2) + xx(2%Bxaxc + B¥b**2) + (2%A*xakxc + Axbkx
2 + 2%Cxa*b)*log(x) + (-3kAxa**x2 — 4*Bkax*2*x — 24xBkaxb*x**3 + x*k*2%(-12%A

xaxb — 6xCxax*x2))/(12%x**4)
Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 139, normalized size of antiderivative = 0.94

(A+ Bz + Cz?) (a4 ba? + cz?)? p
75

T

1 1 2 1
= 6 Ccczb + R BJz® + 3 Bbez? + 1 (2 Cbe + A02)£I74

+ % (Cv?* 4+ 2 (Ca + Ab)c)z® + (Bb? + 2 Bac)z + (2Cab + Ab? + 2 Aac) log ()

24 Babz® + 4 Ba*z + 3 Aa® + 6 (Ca? + 2 Aab)z?
B 1224

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)~2/x"5,x, algorithm="maxima")

[Out] 1/6%C*c”2%xx"6 + 1/5%Bxc~2*x"5 + 2/3%Bxbkcxx~3 + 1/4%(2xCxb*c + A*c~2)*x"4 +
1/2%(Cxb~2 + 2% (C*xa + Axb)*c)*x~2 + (Bxb~2 + 2xBkaxc)*x + (2*%Cxaxb + Axb~2
+ 2xAxa*xc)*log(x) - 1/12%(24*Bxaxb*x~3 + 4*B*a~2%x + 3%A*a”~2 + 6%(Cxa~2 +

2xA*axb) *x"2) /x4

Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.96

/ (A+ Bz + C2?) (a + bz? + cz*)?

3 dz
x

1 1 1 1 2

=5 Cc’zb + 5 Bz’ + 2 Chez* + 1 Ac’z* + 3

+ Cacz® + Abcz® + Bb’z + 2 Bacz + (2 Cab + Ab* + 2 Aac) log (|z|)
24 Babx® + 4 Ba’z + 3 Aa® + 6 (Ca? + 2 Aab)z?

12 24

Bbez? + % Cb’z?

[In] integrate((C*x~2+B*x+A)*(c*x~4+b*x~2+a)~2/x75,x, algorithm="giac")

[Out] 1/6*%Cxc™2*x~6 + 1/5%B*c™2%x"5 + 1/2%Cxbxc*xx~4 + 1/4*A*c”2%x"4 + 2/3*Bxb*xc*x
~3 + 1/2%Cxb~2%x"2 + Ckaxc*x~2 + Axbxc*x~2 + B*b~2xx + 2xBxaxcxx + (2xCxaxb

+ Axb~2 + 2xAxaxc)*log(abs(x)) - 1/12%(24*B*axb*xx~3 + 4*Bxa~2%x + 3xAxa~2

+ 6% (C*xa~2 + 2xAxaxb)*x"2)/x"4
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Mupad [B] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 134, normalized size of antiderivative = 0.91

A+ Bz + Cz?) (a + bz? + cz*)? A2 Cbe
/( s
3 de=xz"| — + —
T 4 2
22 (% + Aba) + AF + 222 1 2 Baba?
_ =
2
+x2<07b+Acb+C'ac>
2.5
+In(z) (AB®*+2Cab+2Aac) + Bc5x
2Bbczx’

2.6
+C’c6x +Bx(b2+2ac)+T

[In] int(((A + B*x + C*xx"2)*(a + b*x"2 + c*x~4)~2)/x75,x)

[Out] x~4*x((A*c™2)/4 + (Cxbxc)/2) - (x"2x((C*a~2)/2 + A*xa*xb) + (A*xa~2)/4 + (Bxa"2
*x)/3 + 2%B¥axb*x73)/x74 + x"2%x((C¥b~2)/2 + Axbxc + C*xaxc) + log(x)*(A*b~2

+ 2%Axaxc + 2*Cxaxb) + (Bxc™2*x75)/5 + (Cxc™2*x"6)/6 + B*x*x(2*a*xc + b~2) +

(2%Bxbxc*x~3) /3
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(A+B:L'—|—C’x2) (a,+b3[:2—|—cac4)2 du

319 |

6
Optimal result . . . . . . . . . . e 146
Rubi [A] (verified) . . . . . . . . . . 1461
Mathematica [A] (verified) . . . . . . . . ... L Lo 147
Maple [A] (verified) . . . . . . . .. L 148
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ... .... 148
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 148
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... ... .. 149
Giac [A] (verification not implemented) . . . . . . . ... ... ... L. T49]
Mupad [B] (verification not implemented) . . . .. ... ... ... ... ...... 150

Optimal result

Integrand size = 28, antiderivative size = 143

/ (A+ Bz + Cz?) (a + ba? + cz*)? dp — _a*’A  d®B a(2Ab+aC) abB
x® ~ 5z5 4t 33 x?
2
_AlH 2axc) - 200C + (24bc+ (b* +2ac) C) ©

1 1
+ bBex? + gc(Ac + 2bC)z® + ZBc2x4
1
+ gcszS + B(b* + 2ac) log(z)
[Out] -1/5%a"2%A/x"5-1/4%a~2%B/x"4-1/3*a*x(2%A*xb+C*a) /x~3-a*xb*B/x" 2+ (-A* (2*%a*c+b~2

) —2xaxb*xC) /x+ (2% Axb*xc+ (2*%a*xc+b~2) *C) *x+b*Bxc*x~2+1/3*%c* (A*xc+2*%C*b) *x~3+1/4x*
Bxc™2%x"4+1/5%c”2*%Cxx~5+B* (2*xa*c+b~2) *1n(x)

Rubi [A] (verified)

Time = 0.10 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.00,

_ __ 1 number of rules _
number of steps used = 2, number of rules used = 1, integrand size 0.036, Rules used

— {1642}
(A+ Bz + Cz?) (a + ba? + cz*)’ a’A  a’B 0
_ g2 o7 2 24
/ p dx P T g + z(C(2ac + b%) + 2Abc)
_ A(2ac+b*) +2abC  a(aC + 2Ab)
x 33
+ Blog(z) (2ac + b%) — a;)_QB + %cw3(Ac +2bC)

1 1
+ bBcx? + ZBCQ$4 + 3026’335
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[In] Int[((A + Bxx + Cxx"2)*(a + b*x~2 + c*xx~4)"2)/x76,x]

[Out] -1/5*x(a~2*A)/x~5 - (a~2%B)/(4*x~4) - (ax(2*xA*b + a*C))/(3*x~3) - (axbx*B)/x~
2 - (A% (b™2 + 2xa*c) + 2*axb*C)/x + (2xAxbxc + (b~2 + 2*a*xc)*C)*x + b*xBkc*x
~2 + (cx(A*c + 2%b*C)*x~3)/3 + (B*c™2*x4)/4 + (c~2xC*xx~5)/5 + Bx(b~2 + 2*a

xc)*Log [x]
Rule 1642

Int [(Pq ) *((d_.) + (e_.)*x(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rubi steps
‘ b(1+2%)C a’A  a*B  a(2Ab+aC) 2abB
integral = / (2Abc<1 + 5 Ao + 6 + o + o + -3
2 2
+ AW+ 26;2) + 2abC + B(b ;_ 2ac) + 2bBcx + ¢(Ac + 2bC’)x2 + Bca?

+ C2C.’E4> dz

_d’A a’B_ a(2Ab+a0) abB  A(b* + 2ac) + 2abC
5z5 4x41 33 f2 . z
+ bBcx? + gc(Ac + 2bC)z? + ZLBC2$4 + 3020x5 + B(b* + 2ac) log(z)

= + (2Abc+ (b2 +2ac) C’) T

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.99

/ (A+ Bz + Cz?) (a + ba? + cz*)’ g — _d’A  a’B  a(2Ab+aC) abB
0 ~ bx5 4t 33 x?
2
_ArT 2a1;10 - 200C + 2Abcz + (b° + 2ac) Cx
1
+ bBex? + %C(AC +26C) x> + 1B02x4

+ éCQCCLj + B(b* + 2ac) log(z)

[In] Integrate[((A + B*x + Cxx"2)*(a + b*x"2 + c*x~4)"2)/x"6,x]

[Out] -1/5%(a~2*A)/x~5 - (a~2%B)/(4*x~4) - (ax(2*A*b + a*C))/(3*x~3) - (axbx*B)/x~
2 - (A*b™2 + 2%axAxc + 2*axb*C)/x + 2xAxbxckxx + (b2 + 2%axc)*C*xx + b*xBkc*x
“2 + (cx(Axc + 2%bxC)*x"3)/3 + (B*c™2*xx"4)/4 + (c~2*C*x~5)/5 + Bx(b~2 + 2*a

*xc)*Log [x]
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Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 135, normalized size of antiderivative = 0.94

method result

default ¢?0a® | Bcla® | Ace® | 20bca® | Bpog? 4 9 Aber + 2Cacx + C b2z + B(2ac + b?) In (z) — ¢
5 1 3 3

(—2Aac—A b2 —2abC) z*—Bo

2Ca® | Bcla | A’ | 20bea® | Bpeg? 4 9 Aber + 2Cacx + C b2z +

risch : 1 3 3
2 2 2.9 2
(%A cz—l—%Cbc) 8+ (—%Aab—%C a2)x2+ (2Abc+2acC’-|—b20) 64 (—2Aac—A b2 —2abC’) z*+bBcz’— AT" - %-I—BCT“c + <&
norman
x5
. 12¢2C z'10415B c?2° 420 A 228 +40Cbc 28 +60bBc 7 +120 Abc £64+120B In(x)2® ac+60B In(z)2°b%+120Cac 6 +60C b2 26 —12
parallelrisch 005

[In] int ((C*xx~2+B*x+A)* (c*xx~4+b*x~2+a) ~2/x"6,x,method=_RETURNVERBOSE)

[Out] 1/5%c™2%Cxx~5+1/4%Bxc™2%x"4+1/3%A*xc~2%x"3+2/3*Cxbxc*x”~3+B*b*cxx ™ 2+2%A*xb*C*x
+2xCkaxcxx+Cxb~2%x+B* (2*%a*xc+b~2) *1n (x) —a*xb*B/x"2-1/5%a~2*%A/x~5- (2%Axa*xc+A*xb
~2+2xC*axb) /x-1/4*%a~2%B/x~4-1/3*%a* (2xAxb+C*a) /x~3

Fricas [A] (verification not implemented)

none
Time = 0.25 (sec) , antiderivative size = 145, normalized size of antiderivative = 1.01

(A+ Bz + Cz?) (a + ba? + cz*)’ p
7
_12Cc2™ 4 15 Bc?z? 4 60 Bbex” 4 20 (2 Cbe + Ac?)z® 4 60 (Cb? + 2 (Ca + Ab)c)z® + 60 (Bb® + 2 Bac)x
a 60 z°

X

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)~2/x76,x, algorithm="fricas")

[Out] 1/60%(12%Cxc~2%x~10 + 15%B*c”2*x~9 + 60*Bxb*c*x~7 + 20%(2*Cxb*c + A*xc~2)*x~
8 + 60*x(C¥b~2 + 2%(Cxa + Axb)*c)*x"6 + 60%(B*b~2 + 2*B*a*c)*x"5xlog(x) - 60
*Bxaxbxx~3 - 60%(2*%Cxa*xb + A*b~2 + 2kAxa*xc)*x~4 - 15%B*a~2%x - 12%Axa”2 - 2

0% (C*xa~2 + 2*A*xaxb)*x~2)/x"5

Sympy [A] (verification not implemented)

Time = 3.95 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.08

/ (A+ Bz +C2?) (a+ba® + ca)’

p dx
2,4 *z° ’

Btz Cce +x3(AC + 2Cbc) +z(2Abc+2Cac+ CH?)

= Bbcx® + + B(2ac+b*) log (z) + F 3 3

—12Aa® — 15Ba*z — 60Babz® + z*(—120Aac — 60Ab*> — 120Cab) + z*(—40Aab — 20Ca?)
6025
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[In] integrate((Ckx**2+Bkx+A)* (ckx**4+b*x**2+a) **2/x**6,X)

[Out] Bxbkckxx**2 + Bkck*2kx**4/4 + Bx(2%ka*xc + b**2)*log(x) + Ckcx*2*x**x5/5 + x**3
*(Axc**2/3 + 2xCxbkxc/3) + x*x(2kA*b*c + 2xCka*xc + Cxb**2) + (-12xA*xa**2 - 15
*Bka*x*x2xx — 60*Bkaxbxx*k*3 + x**4*x(-120*%A*xaxc - 60*Axb**2 — 120%Ckaxb) + xkx*

2% (-40xA*xa*xb - 20*Cxax*x*2))/(60*x**5)

Maxima [A] (verification not implemented)

none
Time = 0.19 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.97

/ (A + Bz + Cz?) (a + ba? + cz?)’

5 dz
T

1 o5, 1594 2, 1 2\.3

=gC’cz +Zch + Bbcx +§(2Cbc+Ac )x

+ (Cb* + 2 (Ca + Ab)c)z + (B + 2 Bac) log (z)
60 Babz?® + 60 (2 Cab + Ab? + 2 Aac)z* + 15 Ba’z + 12 Aa® + 20 (Ca? + 2 Aab)z?
- 60 z°

[In] integrate((C*x~2+B*x+A)*(c*x~4+b*x~2+a)~2/x"6,x, algorithm="maxima")

[Out] 1/5%C*c”2xx~5 + 1/4%Bxc~2%x"4 + Bxbxc*x~2 + 1/3%(2*%Cxb*c + A*c~2)*x"~3 + (Cx
b~2 + 2x(C*a + A*b)*c)*x + (B*b~2 + 2*Bkakc)*log(x) - 1/60*(60*Bxaxb*x~3 +
60* (2xCxaxb + A*b~2 + 2xAkxaxc)*x"4 + 15%Bxa~2xx + 12%A%*a~2 + 20%(Cxa~2 + 2%

A*axb) *x~2) /x"5

Giac [A] (verification not implemented)

none
Time = 0.30 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.98

/(A—I—Ba:—l—C’x2) (a + ba? + cz?)?
5 dz
x
L vas 1nooa 2 3,1 493 2
=chm +L—chm +§C’bcx —|—§Acx + Bbcz
+ Cb’z + 2 Cacz + 2 Abcz + (B + 2 Bac) log (|])

_ 60 Babz® 4-60 (2 Cab + Ab® + 2 Aac)z* + 15 Ba’z 4 12 Aa® 4- 20 (Ca® + 2 Aab)z”
60 z°

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)~2/x76,x, algorithm="giac")

[Out] 1/5%Cxc”™2*x"5 + 1/4*B*c”2*%x"4 + 2/3*%C*kbkc*x~3 + 1/3*%A*c”2*x"3 + B*b*c*x™2 +
Cxb~2%x + 2*Ckakxckx + 2%A*bkc*x + (Bxb~2 + 2xBxaxc)*log(abs(x)) - 1/60%(60
*xBxaxb*x~3 + 60*(2*%Cxa*xb + A*b~2 + 2xA*axc)*x~4 + 15xB*a~2+x + 12xA*a”~2 + 2

0% (Cxa~2 + 2xAxaxb)*x72)/x"5
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Mupad [B] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.95

26

3 (A02 2C’bc)
= —+

/ (A + Bz + Cz?) (a + ba? + cz?)’ i

3 3

z? (CT“QJF%) +42 4+ 34 (A +2Cab+2Aac) + 22 + Baba?

xrd

Bt 2 .5
+z(CV?*+2Acb+2Cac)+1In(z) (BY®+2Bac) + czt Ccx

B2
4—i—5-|-bc:c

[In] int(((A + Bxx + C*x"2)*(a + b*x"2 + c*x74)"2)/x76,x)

[Out] x"3*x((A*c™2)/3 + (2%Cxbxc)/3) - (x~2*x((C*a~2)/3 + (2*A*axb)/3) + (A*a~2)/5
+ x"4x(Axb~2 + 2xAxaxc + 2*Cxaxb) + (B*a~2*xx)/4 + Bxaxb*xx~3)/x"5 + x*x(C*b~2

+ 2%Axbkc + 2%Ckaxc) + log(x)*(Bxb~2 + 2xBxaxc) + (Bxc™2*xx"4)/4 + (Cxc™2*x
~5)/5 + B¥b*c*x~2
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2 2 A\ 2
3.20 f (A+Bz+Cz*) (a+bz*+cz*) du

7
Optimal result . . . . . . . . .. 1511
Rubi [A] (verified) . . . . . . .. . 1511
Mathematica [A] (verified) . . . . . . . . ... L 152
Maple [A] (verified) . . . . . . . .. 153
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .. .... 153
Sympy [A] (verification not implemented) . . . .. ... ... .. ... ... ... 153l
Maxima [A] (verification not implemented) . . . . . . . . .. ... ... 1541
Giac [A] (verification not implemented) . . . . . . . ... ... Lo L 154
Mupad [B] (verification not implemented) . . .. .. ... ... .. ... ...... 155

Optimal result

Integrand size = 28, antiderivative size = 149

/ (A + Bz + Cz?) (a + ba? + cz?)? i — a’A  a®?B  a(2Ab+aC) 2abB
z’ 626 bz 4 33
A(b? + 2ac) + 2abC  B(b? + 2ac)

Bl 212 B x

1 1
+ 2bBcx + §c(Ac +2bC)2? + chsz

+ lec2Cx4 + (24bc + (b* + 2ac) C) log(z)

[Out] -1/6%a~2%A/x~6-1/5%a"~2xB/x~5-1/4%a* (2*%A*b+C*a) /x~4-2/3%a*xb*B/x~3+1/2x (-A* (2
*axc+b™2) —2xa*xb*C) /x"2-Bx (2*%a*xc+b~2) /x+2*b*Bxc*xx+1/2%c* (Axc+2%Cxb) *x~2+1/3%
Bxc™2%x"3+1/4%c™2%Ckxx "4+ (2%xAxb*c+(2*a*xc+b~2) *C) *1n (x)

Rubi [A] (verified)

Time = 0.09 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 1, Lumber of rules _ 0.036, Rules used
integrand size
— {1642}

(A + Bz + Cz?) (a + bz? + czt)’ dp — a’A  a®?B  A(2ac+ b?) + 2abC
x7 TT 7628 Bas 222
+ log(z) (C(2ac + b*) + 2Abc)
a(aC +2Ab) B(2ac+b*) 2abB
- 4zt a x 323

1 1 1
+ §cx2(Ac +2bC) + 2bBcx + = Bz® + ~*Cx?

3 4
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[In] Int[((A + Bxx + Cxx"2)*(a + b*x~2 + c*xx~4)"2)/x"7,x]
[Out] -1/6%(a"2xA)/x"6 - (a~2%B)/(5xx~5) - (a*x(2xAxb + axC))/(4xx~4) - (2%axb*B)/
(3%x73) - (Ax(Db~2 + 2*axc) + 2*xaxbxC)/(2*%x"2) - (Bx(b~2 + 2*xa*c))/x + 2%xbxB
*cxx + (cx(Axc + 2%bxC)*x"2)/2 + (Bxc™2%x"3)/3 + (c”™2x%C*xx~4)/4 + (2xAxbxc +
(b"2 + 2xaxc)*C)*Log[x]

Rule 1642

Int[(Pq)*((d_.) + (e_)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_.), x_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*Pg*(a + b*x + c*x~2)7p, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && PolyQ[Pq, x] && IGtQ[p, -2]

Rubi steps

A  a*’B 2Ab 2abB  A(b* + 2 2ab
in‘cegral=/(ZbBc—i-a7—I—a6 +a( :—aC’)+ a4 + "+ a§)+ abc

x x x x x

2 2
+ B —Z 2ac) + 24be + (bx +2a0)C + c(Ac + 2bC)x + Bc*x® + c2C’z3) dz
z
__a*A d’B  a(2Ab+aC) 2abB  A(V® +2ac) +2abC  B(b + 2ac)
6z6  52° 4zt 33 22 x

+ 2bBcx + %C(AC +2bC)x* + %Bch‘3 + }1020334 + (24bc + (b* + 2ac) C) log(x)

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 144, normalized size of antiderivative = 0.97

B 2 2 4)2 2B 1
/(A—i— z + Cz?) (a + bz? + cz*) dx=—bT+bc:v(2B+C'x)+Eczx3(43+3cx)

7
A(=b* +?2*)  a*(10A + 3z(4B + 5Cx))
222 602°
_a(3A(b + 2cz”) + 22(2bB + 3bCx + 6Bcz?))
6z
+ (2Abc + (b° + 2ac) C) log(z)

[In] Integrate[((A + B*x + C*x"2)*(a + b*x~2 + c*x74)72)/x77,x]

[Out] -((b~2%B)/x) + bkc*x*(2*B + C*x) + (c”2*x"3*(4*B + 3*C*x))/12 + (A*(-b"2 +
c"2xx74)) /(2*xx72) - (a”2*x(10*A + 3*x*x(4*B + 5%Cxx)))/(60*%x76) — (a*(3*Ax(b

+ 2%c*xx72) + 2%x*(2xb*B + 3*b*Cxx + 6*%B*xc*x"2)))/(6%x74) + (2*A*bxc + (b"2

+ 2xaxc)*C)*Log[x]
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.91

method result

default 0204“”4 + Bc;””s + AC;“”Q + Cbcx? + 2Bbex + (2Abe + 2acC + b2C) In (z) — —QA‘IC““;‘:;“‘?“"C —

norman (3A*+Cbe)a’+(—3 Aab—3C a?)a’+(—Aac—3 A bz—abC)z4+(;62Bac—B b2)g5_Ae® _Ba’s | B | 20310 2Bab.
risch eCe 4 Bew | ACe 4 Chew? + 2Bbex + (_QB“_Bb2)$5+(_‘4“°_%‘4bQ“"’”””t&%H—%A“b'
parallelrisch 15¢2C 2194208 c?2°+30A c?28+60Cbc 2841204 In(z)28bc+120bBc 2" +120C In(z)z®ac+60C ln(z)m6b26 g;gOBac z5—60B 1

[In] int ((C*xx~2+B*x+A)* (c*xx~4+b*x~2+a) ~2/x"7,x,method=_RETURNVERBOSE)

[Out] 1/4%c”2%Cxx"4+1/3%Bxc™2%x"3+1/2%A*xc™2%x~2+C*b*c*x~2+2*B*xb*cxx+ (2% Axb*c+2*Cx*
axc+Cxb~2) *1n(x)-1/2* (2xAxaxc+A*b~2+2xCkxaxb) /x"2-1/6%a"~2*%A/x"6-1/5%a"2*B/x~

5-Bx (2%a*xc+b~2) /x-1/4*ax (2%Axb+C*a) /x~4-2/3*a*xb*B/x~3

Fricas [A] (verification not implemented)

none
Time = 0.28 (sec) , antiderivative size = 145, normalized size of antiderivative = 0.97

(A+ Bz + Cz?) (a4 ba? + cz*)? p
7
_ 15Cc%z™ + 20 Bc?z® 4 120 Bbex” + 30 (2 Cbe + Ac?)z® + 60 (C0* + 2 (Ca + Ab)c)z® log (x) — 40 Baba'
a 60 z°

T

[In] integrate((C*x~2+Bxx+A)*(c*x~4+b*x~2+a)~2/x"7,x, algorithm="fricas")

[Out] 1/60*%(15%Cxc™2%x~10 + 20%B*c™2*%x~9 + 120%Bxb*c*x~7 + 30%(2*Cxbxc + A*xc™2)*x
~8 + 60x(Cxb~2 + 2*%(C*a + Axb)*c)*x"6*log(x) - 40*Bxa*xb*x~3 - 60*(B*b~2 + 2
*Bxaxc)*x~5 - 30%(2%Cxaxb + A*b~2 + 2%Axaxc)*x~4 - 12%Bxa~2%x - 10%A*a~2 -

15%(C*a~2 + 2%A*axb)*x"2)/x"6

Sympy [A] (verification not implemented)

Time = 28.25 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.06

/ (A+ Bz + Cz?) (a + ba? + cz?)’
o dz
2,3 2,4 2
— 2Bbex + 2 S+ Ccf + 22 (ATC + Cbc) + (2A4bc + 2Cac + CP?) log (z)
—10Aa® — 12Ba*z — 40Babz® + 1°(—120Bac — 60Bb?) + z*(—60Aac — 30Ab* — 60Cab) + z2(—30A

605
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[In] integrate ((Ckx**2+Bkx+A)* (ckx**4+b*x**2+a) **2/x**7 ,X)

[Out] 2*B¥b*c*xx + Bkc**2*x*%*3/3 + Ckxckx*2xx*x*4/4 + x*x2%(Axc*x*2/2 + Cxb*c) + (2*Ax
bxc + 2*Cxaxc + Cxbx*2)*log(x) + (-10*%A*ax*2 — 12*Bxax*2xx — 40*Bxa*xbkx**3

+ x**5x (-120%Bxa*xc - 60%B*b**2) + xk*xd*x(-60*xA*xaxc - 30*%A*b**2 - 60*Cxaxb) +
x**2k (-30kA*a*xb - 15xCka*x*2))/(60*x**6)

Maxima [A] (verification not implemented)
nomne

Time = 0.19 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.94

/ (A + Bz + Cz?) (a + ba? + cz?)’ i

x7

= }1 Cc’z + % Bc®z? + 2 Bbex + % (2Cbc+ Ac*)z® + (CV* + 2 (Ca + Ab)c) log ()

40 Babz® + 60 (Bb? + 2 Bac)z® + 30 (2 Cab + Ab® + 2 Aac)z* + 12 Ba*z + 10 Aa® + 15 (Ca? + 2 Aab)z
B 60 2

[In] integrate((C*x~2+Bxx+A)* (c*x~4+b*x~2+a)~2/x"7,x, algorithm="maxima")

[Out] 1/4*C*xc™2*x~4 + 1/3%B*c™2*x"3 + 2*Bxbxckxx + 1/2%(2*xCxb*c + A*xc~2)*x"2 + (Cx
b~2 + 2x(C*a + Axb)*c)*log(x) - 1/60*(40*B*axb*x~3 + 60%(Bxb~2 + 2%Bkaxc)*x

5 + 30*%(2+Cxaxb + A*b~2 + 2xA*xa*c)*x~4 + 12%B*a~2xx + 10*%A*a~2 + 15%(C*xa”2

+ 2xAxaxb)*x~2)/x"6

Giac [A] (verification not implemented)
none

Time = 0.29 (sec) , antiderivative size = 141, normalized size of antiderivative = 0.95

/ (A+ Bz + Cz?) (a + ba? + cz?)? i

7

1 1 1

=7 cc’z* + 3 Bc*z? + Chex® + 3 Ac’z® 4+ 2 Bbez + (Cb* + 2 Cac + 2 Abc) log (|z|)

_ 40 Babz® + 60 (Bb* + 2 Bac)z® + 30 (2 Cab + Ab® + 2 Aac)z* + 12 Ba’z + 10 Aa® + 15 (Ca® + 2 Aab)a

60 z6

[In] integrate((Cxx~2+B*x+A)*(c*x 4+bxx~2+a)~2/x"7,x, algorithm="giac")

[Out] 1/4*Cxc~2xx~4 + 1/3%B*c”2%x"3 + Cxb*cxx~2 + 1/2%A*c”2*%x"2 + 2*Bxb*cxx + (Cx
b~2 + 2*%Cxaxc + 2*Axbxc)*log(abs(x)) - 1/60%(40*%B*axb*xx~3 + 60*(B*xb~2 + 2%B
xaxc)*x”~5 + 30*(2xCka*xb + Axb~2 + 2%Axaxc)*x"4 + 12*xB*a”2*x + 10*A*a~2 + 15
*(Cxa~2 + 2xAxaxb)*x~2)/x”6
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Mupad [B] (verification not implemented)

Time = 7.87 (sec) , antiderivative size = 136, normalized size of antiderivative = 0.91

2
(A+Bx+Cx2)7(a+b:c2+cx4) o — 2 (A—C2—|-C’bc>
z 2
z? (CT"2+A§“)+x5(Bb2+2Bac)+AT“2+x4 (ATI’Q+Cab+Aac>+B‘g2x+2B§’””3
_ p
B2 g3 2 .4
+In(z) (Cb*+2Acb+2Cac)+ c3z +C’c4x

+2Bbezx

[In] int(((A + B*x + C*x"2)*(a + b*x"2 + c*x74)72)/x°7,x)

[Out] x"2*x((A*c~™2)/2 + Cxb*c) - (x"2x((C*xa~2)/4 + (A*axb)/2) + x~5%x(Bxb~2 + 2xBx*a
*c) + (A*a~2)/6 + x~4x((A*xb~2)/2 + Axaxc + Cxaxb) + (B*a~2xx)/5 + (2%Bxaxbx
x73)/3)/x76 + log(x)*(Cxb~2 + 2kAxbxc + 2*%Cxaxc) + (Bxc™2xx"3)/3 + (Cxc™2*x

~4)/4 + 2%Bxbkc*x
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3.91 f 24 (A+Bz+C2?) da

a+bz2+cx?
Optimal result . . . . . . . . . . . . . e 156]
Rubi [A] (verified) . . . . . . . . 157
Mathematica [A] (verified) . . . . . . . . . .. . 160
Maple [C] (verified) . . . . . . . . . . 161l
Fricas [F(-1)] . . . . . o 1611
Sympy [F(-1)] . o o o 16Tl
Maxima [F] . . . . . . 162
Giac [B] (verification not implemented) . . . . . ... ... ... . oL 162
Mupad [B] (verification not implemented) . . . ... ... . ... ... ....... 165

Optimal result

Integrand size = 28, antiderivative size = 339

/ z*(A+ Bz + Cx?)
dx
a + bx? + cxt
_ (Ac—bO)z N Bz? + Cz?
o c2 2c 3c
Ac(b2—2ac) —b(b2—3ac)C \/5\[035
(Abc — 52C + acC — N ) arctan (—b_m)

V265/2/b — /b2 — 4ac

(Abe — 12C + acC 4 220 20280000 arggan (Y20 )

_ Vb2 —4ac Vb+vb2—4ac
V2¢5/24/b + Vb2 — dac
b+2cz?
B(b* — 2ac) arctanh(h) bBlog (a + bz* + cz*)
2¢24/b2% — 4ac 4c?

[Out] (A*c-Cxb)*x/c”2+1/2%B*x"2/c+1/3*C*xx~3/c-1/4*b*B*1n(c*x~4+b*x"2+a)/c"2-1/2*B
* (-2*axc+b~2) *arctanh ((2xc*xx~2+b) / (-4*axc+b~2)~(1/2))/c~2/ (-4*a*xc+b~2) " (1/2
)-1/2*arctan(x*2~(1/2)*c~(1/2) / (b-(-4*a*xc+b~2)~(1/2))~(1/2) ) * (Axb*xc-b~2*C+a

*CxC+ (—A*c* (—2xaxc+b™2) +bx (-3*a*c+b~2) *C) / (-4*a*xc+b~2) " (1/2))/c~(6/2) %2~ (1/

2)/ (b-(-4*axc+b~2)~(1/2))~(1/2)-1/2*arctan(x*2~(1/2)*c~ (1/2) / (b+(-4*a*xc+b~2

)= (1/2)) " (1/2) ) * (A*bxc-b~2xC+axcxC+ (Axc* (-2*a*xc+b~2) -b* (-3*a*xc+b~2) *C) / (-4*
axc+b~2)~(1/2))/c~(5/2)*27(1/2) / (b+(-4*a*xc+b~2)~(1/2))~(1/2)
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Rubi [A] (verified)

Time = 1.05 (sec) , antiderivative size = 339, normalized size of antiderivative = 1.00,

number of steps used = 13, number of rules used = 11, number of rules _ 0.393, Rules
integrand size

used = {1676, 1293, 1180, 211, 12, 1128, 717, 648, 632, 212, 642}

dz

/ z*(A+ Bz + Cz?)
a+ bx? + czt
Ac(b?—2ac)— 2—3ac cx
(— U 2\/b)2_ica£b 59) + acC + Abe + b2(—C)> arctan (ﬁ%)
V265/2/b — /b2 — 4dac
(Ac(b2_2ac)_b0(b2_3ac) + acC + Abc + bz(—C’)) arctan <—‘/§\/Ex )

Vb2 —4ac Vb2 —4actb
V265/2\/\/b? — dac+ b
b+2cz?
- B(b? — 2ac) arctallh<\/2;2_74ac> __ bBlog (a + bz’ + cz?) N z(Ac —bC) N Bz? N Cz?
2¢24/b? — 4ac 4c2 c? 2c 3c

[In] Int[(x"4%x(A + Bxx + Cxx~2))/(a + b*x"2 + c*xx~4),x]

[Out] ((A*xc - b*C)*x)/c”2 + (B*x"2)/(2%c) + (C*x~3)/(3*c) - ((A*bxc - b~2%C
*C — (Axc*(b~2 - 2*axc) - bx(b"2 - 3*a*c)*C)/Sqrt[b~2 - 4*axc])*ArcTan[(Sqr
t[2]*Sqrt [c]*x) /Sqrt[b - Sqrt[b~2 - 4xa*c]]])/(Sqrt[2]*c~(5/2)*Sqrt[b - Sqr
t[b™2 - 4*axc]]) - ((Axbxc - b~2%C + axcxC + (A*c*(b~2 - 2*axc) - b*(b"2 -

3xaxc)*C)/Sqrt [b~"2 - 4*axc])*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt[b + Sqrt[b~2 -
4xaxc]]])/(Sqrt[2]*c~(5/2)*Sqrt[b + Sqrt[b~2 - 4*axc]]) - (Bx(b"2 - 2xaxc)
xArcTanh[(b + 2%c*xx~2)/Sqrt[b~2 - 4*axc]])/(2*c™2xSqrt[b~2 - 4*axc]) - (b*B
xLogla + b*x"2 + c*x"4])/(4%c~2)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (M )*(v_) /; FreeQ[b, x]]

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 Il LtQ[b, 01)

Rule 632

+ a*c
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Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2xc*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - b*xe)/(2*c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2*c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 717

Int[((d_.) + (e_.)*(x_))"(m_)/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol
1 :> Simplex((d + e*x)"(m - 1)/(cx(m - 1))), x] + Dist[1/c, Int[(d + e*x)~(
m - 2)*(Simp[c*d~2 - a*e™2 + e*(2xc*d - bxe)*x, x]/(a + b*x + c*x~2)), x],
x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*a*c, 0] && NeQ[c*d~2 - bx*d*e
+ axe”™2, 0] && NeQ[2*c*d - bxe, 0] && GtQ[m, 1]

Rule 1128

Int[(x_)~(m_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dis
t[1/2, Subst[Int[x~((m - 1)/2)*(a + b*x + c*x~2)7p, x], x, x°2], x] /; Free
Ql{a, b, c, p}, x] && IntegerQ[(m - 1)/2]

Rule 1180

Int[((d)) + (e_)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4*axc, 2]}, Dist[e/2 + (2*c*d - bxe)/(2%q), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2*c*d - bxe)/(2xq), Int[1/(b/2 + q/2
+ c*xx72), x], x]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && Ne

Qlcxd”™2 - axe™2, 0] && PosQ[b~2 - 4x*xaxc]

Rule 1293

Int [C(£_D*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)*x((a_) + (b_.)*(x_)"2 + (c_.)*(
x_)"4)"(p_), x_Symbol] :> Simp[e*f*(f*x)~(m - 1)*((a + b*x"2 + c*x74)"(p +
1)/(c*(m + 4*%p + 3))), x] - Dist[£f72/(cx(m + 4*p + 3)), Int[(f*x)"(m - 2)*(
a + bxx"2 + c*x"4) pxSimp[axex(m - 1) + (bxex(m + 2%p + 1) - cxdx(m + 4xp +
3))*x"2, x], x], x] /; FreeQl{a, b, c, d, e, £, p}, x] && NeQ[b~2 - 4xaxc,
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0] && GtQ[m, 1] && NeQ[m + 4*p + 3, 0] &% IntegerQ[2*p] && (IntegerQlpl ||
IntegerQ[m])

Rule 1676

Int [(Pg )*((d_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_S
ymbol] :> Module[{q = Expon[Pq, x], k}, Int[(d*x) m*Sum[Coeff[Pq, x, 2xk]*x
~(2%k), {k, 0, q/2 + 1}]*(a + b*x"2 + c*xx"4)"p, x] + Dist[1/d, Int[(d*x)~(m
+ 1)*Sum[Coeff [Pq, x, 2xk + 1]*x~(2*k), {k, 0, (q - 1)/2 + 1}]*(a + b*x"2
+ cxx~4)7p, x], x]]1 /; FreeQ[{a, b, ¢, 4, m, p}, x] && PolyQ[Pq, x] && !'Po
1yQ[Pq, x~2]

Rubi steps

5 4 2

a + bx? + cxt a + bx? + cxt

z2(3aC—3(Ac—bC)x?

:C_:B?)+B/ o —dz—f : atbe? +ezt Hdo

3c a + bx? + cxt 3c

Ac —bC Cz?® 1 2
= (Ac )x+ x + —BSubst /x—dﬂv,x,$2

2 3¢ 2 a+ bz + cx?
s f —3a(Ac—bC()];iiz24-(:-cc;22C’+acC’)m2 de
3c?
_ (Ac—-00)z N Bz? N Cx? N BSubst ([ =2 dx, z, 2?)
- c? 2¢ 3c 2¢
Ac(b%2—2ac)—b(b2—3ac)C
B (Abc —b’C + acC — ( \/b)2—4(ac ) > f %—%\/b21—4ac+cx2
2c2
2 Ac(b2—2ac) —b(b2—3ac)C 1
B <Abc —b°C+acC + Vb2 —4ac ) f L +1vb2—dac+tca?
2c2
_ (Ac—-bC)z  Baz? N Cx?
o 2 2¢ 3c
72 _ Ac(b2—2ac)—b(b2—3ac)0> 1 < V2+/cx )
~ (Abc b*C + acC Vb7 —dac tan™ | ===

V265/24/b — /b2 — dac
) Ac(b>—2ac)—b(b2—3ac)C -1 V2 /cx
(Abe — B2C + acC + 2B 08000 ) ot (V2 )
V2¢5/24/b + /b2 — 4ac
(bB)Subst ([ B2, dr, x, 2?) N (B(b? — 2ac)) Subst ([
4c2 4c?

1 2
a+bx+cxr? dx’ Z,T )
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(Ac—bC)x = Bz? N Cx3

c? 2c 3c
2 Ac(b%2—2ac)—b(b?—3ac)C 1 V2+/cx
(Abc —b*C 4+ acC — N ) tan <—b_ W_MC)

V265/2/b — /b2 — dac

(Abc— b2C + acC + Ac(b2—2ac)—b(b2—3ac)0) tan—! ( bﬂ\/&x )

- Vb —dac V6P —dac
V265/2\/b + /b2 — dac
bBlog (a + bz + cz*)  (B(b* — 2ac)) Subst( [ ez dz, 2, b+ 2c2?)
4c? 202
_ (Ac—bC)z  Ba? N Cx3
c? 2c 3c
(Abe = 0 + acC — 22040 a1 (i)

V2c65/24/b — /b2 — 4ac

(Abc— b2C + acC + Ac(b2—2ac)—b(b‘~’—3ac)c) tan—1 ( b\/i\/av )

_ Vb2 —4ac ++v/b2—4ac
V2¢5/24/b 4+ /b2 — 4ac
-1 b+2cx?
B B(b2 — 2&0) tanh <—\/lj_2—7éhac> B bBlog (a + b2 + C:L'4)
2¢24/b? — 4ac 4c?

Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 460, normalized size of antiderivative = 1.36

4 2
/m (A+ Bz +Cxz )dw

a+ bx? + cxt

6v2 (Ac <b2 —2ac—b\/M) + (—b3+3abc+b2 Vb2 —4ac—acV/b? —4ac> C> arctan <

!

121/c(Ac — bC)z + 6 Bc*?x? + 4c32Cx® +

Vb2 —4aC\/b— Vb2 —4ac

[In] Integrate[(x"4*(A + B*xx + C*x72))/(a + b*x"2 + c*x"4),x]

[Out] (12*Sqrt[c]l*(A*c - b*C)*x + 6%B*c”(3/2)*x"2 + 4xc~(3/2)*C*xx~3 + (6*Sqrt[2]*
(Axc*x(b~2 - 2%axc - b*Sqrt[b~2 - 4xaxc]) + (-b~3 + 3*axbxc + b~2*Sqrt[b~2 -
4xa*xc] - a*xc*xSqrt[b~2 - 4*axc])*C)*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrt[b - Sqr
t[b~2 - 4*axc]]])/(Sqrt[b~2 - 4*axc]*Sqrt[b - Sqrt[b~2 - 4*axc]]) + (6%Sqrt
[2] % (- (A*xc*(b~2 - 2%axc + b*Sqrt[b~2 - 4xa*c])) + (b~3 - 3*axbxc + b~2xSqrt
[b°2 - 4xaxc] - a*c*Sqrt[b~2 - 4*a*c])*C)*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt[b
+ Sqrt[b~2 - 4*a*c]]])/(Sqrt[b~2 - 4*axc]*Sqrt[b + Sqrt[b~2 - 4xaxc]]) - (
3xBxSqrt [c]*(-b~2 + 2%a*xc + b*Sqrt[b~2 - 4*axc])*Log[-b + Sqrt[b~2 - 4x*axc]
- 2xcxx"2])/Sqrt[b"2 - 4xa*xc] - (3*B*Sqrt[c]*(b~2 - 2*a*c + bxSqrt[b~2 - 4
xaxc])*Log[b + Sqrt[b~2 - 4*axc] + 2%c*x~2])/Sqrt[b~2 - 4*axc])/(12*xc~(5/2)
)
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Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.12 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.35

method | result

(—bBc_R3 +(—Abc—acC+b? C)_R2 —Bac_R—Aac+abC> In (:1:—_

20_R3 +_Rb

>
22 Az Cha _R=Root0f(c_Z4+_Z2b+a)
R A 52

Q
8

w
+

ol

risch e
(2Ac—C\/ —4ac+b2 —C’b) V2 arc

Bln (zc z2+\/—4ac+b2+b)
+
)

(ZaC\/—4ac+b2—b2 \/—4ac+b2+4abc—b3)

2\/(b+\/1

LeCaB+LBa2c+Acaz—Chz h 2¢c(4ac—b2
default | 2 22— + ( )

[In] int(x"4x(C*x~2+B*x+A)/(c*x~4+b*x~2+a) ,x,method=_ RETURNVERBOSE)

[Out] 1/3*%Cxx~3/c+1/2*B*x~2/c+1/c*A*xx-1/c”2*Cxb*x+1/2/c”2*sum( (-b*B*c*_R~3+(-Axb*
c-Cxa*c+C*b~2)* R™2-Bkaxc*_R-Axaxc+axb*C)/(2*_R"3*c+_R*b)*1n(x-_R), R=Root0

f(_Z 4*c+_Z"2xb+a))

Fricas [F(-1)]

Timed out.
dz = Timed out

/ (A + Bz + Cz?)
a+ bx? + cxt

[In] integrate(x~4*(C*x~2+B*x+A)/(c*x~4+b*x~2+a),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)]

Timed out.
dz = Timed out

/ (A + Bz + Cz?)
a+ bx? + cxt

[In] integrate (x**4* (Ckx**x2+B*x+A)/(c*xx**4+b*x**2+a) ,x)

[Out] Timed out
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Maxima [F]

/ z*(A + Bz + Cz?) / (Cz®+ Bz + A)x?
dr =
a+ bx? + cxt cxt+bx2+a

[In] integrate(x~4x(Cxx~2+B*x+A)/(c*x~4+b*x"2+a),x, algorithm="maxima")

[Out] 1/6%(2*%Ckc*xx~3 + 3*Bxcxx~2 - 6%(C*b - Axc)*x)/c”2 - integrate((Bxbxc*x~3 +
Bxaxcxx — Cxaxb + A*xa*c - (Cxb~2 - (Cxa + Axb)*c)*x"2)/(c*x"4 + b*x"2 + a),
x)/c”2

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 5304 vs. 2(294) = 588.

Time = 1.42 (sec) , antiderivative size = 5304, normalized size of antiderivative = 15.65

4AL B Cz?
/ z(A+ Bz +Ca )dx = Too large to display

a + bx? + cxt

[In] integrate(x~4x(Cxx~2+B*x+A)/(c*x~4+b*x~2+a),x, algorithm="giac")

[Out] -1/4#B*b*log(abs(c*x™4 + b*x"2 + a))/c”2 - 1/8%((2¥b"5xc~3 - 16*a*b~3*c~4 +
32*%a”~2xbxc”5 - sqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(b*xc + sqrt(b™2 - 4x*a*c)*c)*b
“6xc + 8*xsqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4*akc)*c)*a*b~3*c”
2 + 2xsqrt(2)*sqrt(b~2 - 4x*a*xc)*sqrt(b*c + sqrt(b~2 - 4*a*xc)*c)*b~4*xc™2 - 1
6*sqrt (2) *sqrt (b™2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4*axc)*c)*a~2xbxc™3 - 8%s
qrt(2)*sqrt(b~2 - 4*a*c)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*a*b~2xc~3 - sqrt(2
)*sqrt (b2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4xa*c)*c)*b~3%c”3 + 4xsqrt(2)*sqr
t(b~2 - 4xaxc)*sqrt(b*c + sqrt(b™2 - 4xaxc)*c)*axbxc™4 — 2%(b"2 - 4xaxc)*b”
3%c™3 + 8%(b72 - 4xaxc)*axbkc"4)*A*c"2 - (2%xb76%c”2 - 18%axb"4*c”3 + 48%xa”2
*b~2%c”4 - 32*%a"3xc”5 - sqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(bxc + sqrt(b”2 - 4xa
*xC)*C)*b"6 + 9*sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*ax
b~4*c + 2xsqrt(2)*sqrt(b”2 - 4*a*xc)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*b~b*c -
24*sqrt (2) *sqrt(b~2 - 4*axc)*sqrt(bxc + sqrt(b™2 - 4xaxc)*c)*a~2xb~2*c”2 -
10*sqrt (2) *sqrt (b™2 - 4*a*c)*sqrt(b*c + sqrt(b™2 - 4*a*c)*c)*a*xb~3*%c™2 - s
qrt(2) *sqrt(b~2 - 4*axc)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*b~4*xc™2 + 16*sqrt(
2)*sqrt(b”2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4*a*c)*c)*a~3*%c”™3 + 8*sqrt(2)*sq
rt(b™2 - 4*a*c)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*a~2*%bxc~3 + b*xsqrt(2)*sqrt(
b~2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4xaxc)*c)*axb~2+c”3 - 4xsqrt(2)*sqrt(b~2
- 4xaxc)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*a~2xc”4 - 2%(b~2 - 4*axc)*b~4*xc™2
+ 10%(b~2 - 4*axc)*a*xb™2xc”3 - 8*%(b"2 - 4*axc)*a~2xc”4)*Cxc~2 + 2*(sqrt(2)
xsqrt (bxc + sqrt(b”™2 - 4*axc)*c)*a*xb~4*c~3 - 8xsqrt(2)*sqrt(b*c + sqrt(b~2
— 4xaxc)*c)*a~2xb"2*c"4 - 2xsqrt(2)*sqrt(bxc + sqrt(b™2 - 4xa*c)*c)*axb~3*c
~4 - 2%a*b"4xc”4 + 16*sqrt(2)*sqrt(b*c + sqrt(b”2 - 4*a*c)*c)*a~3*%c”5 + 8xs
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qrt (2)*sqrt(bxc + sqrt(b”2 - 4*axc)*c)*a~2xb*xc”™5 + sqrt(2)*sqrt(b*c + sqrt(
b~2 - 4xaxc)*c)*a*xb~2xc”5 + 16%a"2*b~2xc”5 - 4xsqrt(2)*sqrt(bxc + sqrt(b~2
- 4xaxc)*c)*a”2%c”6 - 32%a"3%c”6 + 2x(b72 - 4kaxc)*axb"2xc”4 - 8*%(b"2 - 4xa
*xc)*a~2xc”5)*xA*xabs(c) - 2*x(sqrt(2)*sqrt(b*c + sqrt(b™2 - 4*a*c)*c)*a*xb~5*xc”
2 - 8*sqrt(2)*sqrt(bxc + sqrt(b™2 - 4*a*c)*c)*a~2%b~3xc”3 - 2*sqrt(2)*sqrt(
bxc + sqrt(b™2 - 4*a*c)*c)*axb”~4*c~3 - 2%a*b~5xc”3 + 16*sqrt(2)*sqrt(bxc +
sqrt(b”2 - 4xaxc)*c)*a~3xb*c”™4 + 8xsqrt(2)*sqrt(bxc + sqrt(b”™2 - 4xaxc)*c)x*
a"2¥b”"2*%c”4 + sqrt(2)*sqrt(bxc + sqrt(b™2 - 4xaxc)*c)*axb~3xc”4 + 16%a”2*b”
3%c™4 - 4*sqrt(2)*sqrt(b*c + sqrt(b™2 - 4*akc)*c)*a~2%bkc™5 - 32%a~3%b*c”5
+ 2x(b72 - 4xaxc)*axb~3%c”3 - 8*%(b72 - 4*axc)*a”2xbkc”4)*Ckabs(c) - (2*b~5x*
c™5 - 12*%axb~3%c”6 + 16*%a~2xbxc~7 - sqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(b*c + sq
rt(b"2 - 4*a*c)*c)*b~5*c”™3 + 6xsqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c + sqrt(b”
2 - 4xaxc)*c)*axb~3*%c"4 + 2xsqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c + sqrt(b”2 -
4xaxc)*c)*b~4xc~4 - 8*xsqrt(2)*sqrt(b™2 - 4xa*c)*sqrt(b*c + sqrt(b™2 - 4*ax
c)*c)*a~2xb*xc”5 - 4xsqrt(2)*sqrt(b”2 - 4*axc)*sqrt(b*c + sqrt(b~2 - 4xa*c)*
c)*a*xb~2%c"5 - sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c + sqrt(b”2 - 4*axc)*c)*b”
3%c”5 + 2*sqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4xa*c)*c)*axb*c”6
- 2%x(b72 - 4%axc)*b~3%c”5 + 4% (b2 - 4kaxc)*axbxc"6)*A + (2%¥b"6xc™4 - 14*a
*b~4*c”5 + 24*%a"2xb"2%c”6 - sqrt(2)*sqrt(b”2 - 4*axc)*sqrt(b*c + sqrt(b”2 -
4xa*c)*c)*b~6*%c"2 + Txsqrt(2)*sqrt(b”2 - 4*axc)*sqrt(bxc + sqrt(b™2 - 4*ax
c)*c)*axb~4*c”™3 + 2xsqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c + sqrt(b™2 - 4*axc)x*
c)*b~5*c”™3 - 12%sqrt(2)*sqrt(b™2 - 4xa*c)*sqrt(b*c + sqrt(b~2 - 4*a*c)*c)*a
“2xb~2%c”4 - 6*sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*ax
b~3xc"4 - sqrt(2)*sqrt(b™2 - 4*axc)*sqrt(b*xc + sqrt(b™2 - 4*a*c)*c)*b~4*c™4
+ 3xsqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c + sqrt(b~2 - 4*a*c)*c)*a*xb~2*c~5 -
2x(b~2 - 4xa*xc)*b~4*c”4 + 6x(b~2 - 4*akxc)*axb~2xc”5)*C)*arctan(2*sqrt(1/2)*
x/sqrt ((b*c~7 + sqrt(b~2*c”14 - 4*axc~15))/c"8))/((axb~4*c™4 - 8%a~2%b~2xc~
5 - 2*%axb~3*c”5 + 16%a”3*Cc”6 + 8%a"2%b*c”6 + axb"2xc”6 - 4*a~2*c”7)*c"2) +
1/8%((2xb~5*c~3 - 16%a*b~3*c™4 + 32*%a”~2*b*c”™5 - sqrt(2)*sqrt(b~2 - 4*axc)*s
qrt(bxc - sqrt(b™2 - 4*a*c)*c)*b~5*c + 8*sqrt(2)*sqrt(b™2 - 4*axc)*sqrt(b*c
- sqrt (b2 - 4*axc)*c)*axb~3*%c”2 + 2xsqrt(2)*sqrt(b”2 - 4*axc)*sqrt(bxc -
sqrt(b”2 - 4xaxc)*c)*b~4xc”2 - 16*sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(bxc - sqrt
(b~2 - 4*axc)*c)*a~2xbxc~3 - 8*sqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(b*c - sqrt(b”
2 - 4xaxc)*c)*axb~2+c”3 - sqrt(2)*sqrt(b”2 - 4*a*c)*sqrt(b*c - sqrt(b”2 - 4
*axc)*c)*b~3xc”3 + 4*xsqrt(2)*sqrt(b”2 - 4xa*c)*sqrt(b*c - sqrt(b™2 - 4*a*c)
*c)*axbxc™4 - 2%(b72 - 4xakxc)*b”3xc”3 + 8%(b"2 - 4xakxc)*axbkcT4)*Axc"2 - (2
*b~6%c”2 - 18%axb~4xc”3 + 48%a~2xb"2%c”4 - 32*%a~3*c”5 - sqrt(2)*sqrt(b”2 -
4xaxc)*sqrt(bxc — sqrt(b™2 - 4xa*xc)*c)*b~6 + 9*ksqrt(2)*sqrt(b”™2 - 4*axc)*sq
rt(b*c - sqrt(b~2 - 4*axc)*c)*axb~4xc + 2*sqrt(2)*sqrt(b”™2 - 4xaxc)*sqrt(bx
c - sqrt(b™2 - 4*axc)*c)*b~5bkc - 24*sqrt(2)*sqrt(b™2 - 4xaxc)*sqrt(b*c - sq
rt(b~2 - 4*axc)*c)*a”~2xb~2%c”2 - 10*sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c - sq
rt(b™2 - 4*a*c)*c)*axb~3*%c”2 - sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c - sqrt(b”
2 - 4xaxc)*c)*b~4*xc”2 + 16*sqrt(2)*sqrt(b”™2 - 4xaxc)*sqrt(b*xc - sqrt(b™2 -
4xaxc)*c)*a~3xc”3 + 8xsqrt(2)*sqrt(b”2 - 4xa*c)*sqrt(b*c - sqrt(b™2 - 4*a*c
)*xc)*a~2%b*c”™3 + Bksqrt(2)*sqrt(b~2 - 4xaxc)*sqrt(b*c - sqrt(b™2 - 4xaxc)*c
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) *a*b~2xc~3 - 4*xsqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(bxc - sqrt(b™2 - 4xa*c)*c)*a
“2%c”4 - 2x(b72 - 4¥axc)*b~4xc”2 + 10%(b"2 - 4xaxc)*axb~2%c”3 - 8%(b"2 - 4%
akxc)*a~2xc"4)*C*xc”2 - 2*(sqrt(2)*sqrt(b*c - sqrt(b™2 - 4*a*c)*c)*a*xb~4*c™3
- 8xsqrt(2)*sqrt(b*c - sqrt(b”2 - 4*axc)*c)*a~2xb~2*c"4 - 2xsqrt(2)*sqrt(b*
c - sqrt(b”2 - 4xa*c)*c)*axb"3*c”4 + 2%axb~4*c"4 + 16*sqrt(2)*sqrt(b*c - sq
rt(b™2 - 4xa*c)*c)*a~3*%c”5 + 8xsqrt(2)*sqrt(bxc - sqrt(b”™2 - 4*xaxc)*c)*a”2x
bxc”5 + sqrt(2)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*a*b~2xc”5 - 16%a”~2xb~2xc”5
- 4xsqrt(2)*sqrt(bxc - sqrt(b™2 - 4%a*c)*c)*a~2%c”6 + 32%a~3*%c"6 - 2*x(b~2 -
4xaxc)*axb~2%c™4 + 8x(b~2 - 4*axc)*a~2*xc”5)*Axabs(c) + 2*(sqrt(2)*sqrt(b*c
- sqrt (b2 - 4*axc)*c)*axb~bkc~2 - 8*sqrt(2)*sqrt(b*c - sqrt(b~2 - 4*axc)x*
c)*a~2*%b~3*c”3 - 2*sqrt(2)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*a*b~4*c”3 + 2kax
b~5%c”3 + 16*sqrt(2)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*a~3*bxc~4 + 8*sqrt(2)*
sqrt(b*c - sqrt(b~2 - 4*axc)*c)*a~2*b"2xc~4 + sqrt(2)*sqrt(b*c - sqrt(b”2 -
4xaxc)*c)*axb~3*xc"4 - 16*%a"2xb~3*c"4 - 4xsqrt(2)*sqrt(b*c - sqrt(b”2 - 4*a
*C)*C)*a~2xbkxc™5 + 32%a"3%bxc”5 - 2%(b72 - 4xakc)*axb~3*c”3 + 8x(b72 - 4*ax
c)*a~2*bkxc~4)*C*xabs(c) - (2xb~5%c”5 - 12*%a*b~3*c”6 + 16%a~2*bxc~7 - sqrt(2)
*xsqrt(b~2 - 4*axc)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*b~5xc”3 + 6*sqrt(2)*sqrt
(b~2 - 4x*axc)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*axb~3*xc”4 + 2xsqrt(2)*sqrt(b”
2 - 4xaxc)*sqrt(b*xc - sqrt(b™2 - 4*a*c)*c)*b~4*c™4 - 8xsqrt(2)*sqrt(b”2 - 4
xa*c)*sqrt(b*c - sqrt(b~2 - 4xa*c)*c)*a~2%bxc”™5 - 4*sqrt(2)*sqrt(b~2 - 4xax
c)*sqrt(b*xc - sqrt(b™2 - 4*a*c)*c)*a*xb~2%c™5 - sqrt(2)*sqrt(b~2 - 4*a*c)*sq
rt(b*c - sqrt(b~2 - 4*axc)*c)*b~3*c”5 + 2*xsqrt(2)*sqrt(b”™2 - 4*axc)*sqrt(b*
c - sqrt(b”2 - 4*axc)*c)*a*xb*c™6 - 2%(b~2 - 4*axc)*b~3xc”5 + 4*(b"2 - 4xaxc
)*axbxc~6)*A + (2xb~6xc”4 - 14*a*b”4*c”5 + 24*a"2*b"2*c"6 - sqrt(2)*sqrt(b”
2 - 4xaxc)*sqrt(b*xc - sqrt(b™2 - 4*a*c)*c)*b~6*%c”™2 + Txsqrt(2)*sqrt(b”2 - 4
xa*c)*sqrt(b*c - sqrt(b~2 - 4xa*c)*c)*axb™4*c™3 + 2*sqrt(2)*sqrt(b~2 - 4xa*
c)*sqrt(b*xc - sqrt(b™2 - 4*a*c)*c)*b~5*c™3 - 12%sqrt(2)*sqrt(b™2 - 4*a*c)*s
gqrt(bxc - sqrt(b”™2 - 4xa*c)*c)*a~2+%b~2%c"4 - 6*sqrt(2)*sqrt(b”2 - 4xaxc)*sq
rt(b*c - sqrt(b™2 - 4*axc)*c)*a*b~3*c"4 - sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*
c - sqrt(b™2 - 4*axc)*c)*b~4*c™4 + 3*sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c - s
qrt (b2 - 4xaxc)*c)*axb~2xc”5 - 2x(b~2 - 4*axc)*b”4*c”4 + 6%(b”2 - 4*axc)*a
*b~2%c”5) *C) *arctan (2*sqrt (1/2) *x/sqrt ((b*c~7 - sqrt(b~2xc~14 - 4*a*xc~15))/
c78))/((a*b~4xc™4 - 8%a~2%b~2%c~5 - 2%a*b~3*c”5 + 16%a~3*c”6 + 8*a~2%b*c~6
+ a*b”2xc"6 - 4%a”2xc”T7)*c”2) + 1/6%(2%Cxc”2%x"3 + 3*BkcT2%x"2 - 6*Cxbkckx
+ 6xA*c™2xx)/c”3 + 1/16%((b~7 - 10%axb~b*c - 2xb~6*c + 32%a~2%b~3*c”2 + 12%
axb”™4*c”2 + b75xcT2 - 32*%a"3*b*c”3 - 16*%a"2%b"2xc”3 - 6*axb”3*c”3 + 8*a"2*b
x4 + (b76 - 10*a*b~4xc — 2*%b~5xc + 32%xa”2%b”"2%c”2 + 12%a*b”3*c”2 + b~4*c”
2 - 32*%a"3xc”3 - 16%a”2*xbxc”3 - 6*%axb~2%c”3 + 8xa~2*c”4)*sqrt(b”2 - 4xaxc))
*Bkabs(c) - (b~7*c - 10*axb~5*c~2 - 2*%b~6xc”2 + 32*%a”2%b"3*c”™3 + 12%axb~4*c
"3 + b75%c”3 - 32*%a”"3xbxc”4 - 16*%a"2%b"2%c"4 - 6*axb"3*xc"4 + 8xa~2*b*c”5 +
(b~6*c - 6*a*xb™4xc”2 - 2*¥b~5*c”2 + 8*a"2%b~2*c”3 + 4*a*b~3*c”3 + b"4*c”3 -
2%axb~2%c”4) *sqrt (b2 - 4xaxc))*B)*log(x~2 + 1/2%(b*c”7 + sqrt(b™2xc~14 - 4
*a*xc~15))/c”8)/((axb~4*c - 8*a~2*%b~2%c”2 - 2%axb~3*%c”2 + 16%a”3*c”3 + 8*a”2
*bkc”3 + axb~2%c”3 - 4%a”2xc"4)*c"2*abs(c)) + 1/16%((b~7 - 10*a*xb~5*xc - 2*b
“6*c + 32%a”2*%b"3*%c”2 + 12%axb"4*xc”2 + b75kc”2 - 32*%a~3%bxc”3 - 16*a”2%b"2x
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c"3 - 6*%a*xb”~3xc”3 + 8*a~2*b*xc”4 + (b~6 - 10*a*b~4xc - 2%b”"5xc + 32%xa”2xb~ 2
€2 + 12%a*xb"3*%c”2 + b74xc"2 - 32*%a"3%c”3 - 16*%a"2%bxc”3 - 6*axb"2%c”3 + 8%
a"2*xc”4)*sqrt (b2 - 4*axc))*B*abs(c) - (b~7*c - 10*%a*b~5*c™2 - 2*b~6*c”2 +

32*%a"2%b"3%c”3 + 12*axb~4*c”3 + b"5*c”3 - 32%a"3*b*c”4 - 16*%a”2*%b"2*%c"4 - 6
*axb~3*%c"4 + 8%a~2%bxc”5 + (b~6*c - 6%axb~4*c”2 - 2%b~5*kc”2 + 8%a”~2*%b~2xc”3
+ 4xaxb”3%c”3 + b74*c”3 - 2%a*b”"2*xc~4)*sqrt(b”2 - 4*axc))*B)*log(x"2 + 1/2
*(bxc™7 - sqrt(b™2*%c”14 - 4xaxc~15))/c”8)/((a*b™4xc — 8*a~2xb~2%c”2 - 2xax*b
“3%cT2 + 16%a"3%c”3 + 8*%a”2xb*c”3 + axb~2%c”3 - 4*a”2xc”4)*c"2*abs(c))

Mupad [B] (verification not implemented)

Time = 7.92 (sec) , antiderivative size = 2588, normalized size of antiderivative = 7.63

/ z*(A+ Bz + Cz?)

PRI — dz = Too large to display

[In] int((x"4*(A + Bxx + C*x~2))/(a + b*x~2 + c*x74),x)

[Out] x*(A/c - (C*b)/c"2) + symsum(log((C~3*a~4*c - C~3*xa~3%b~"2 - A*B"2*a"3*c~2 +
A*C™2*%a"2*xb"3 + AT2*%C*a”3*%c”™2 + A"3*xa"2xb*c”2 + A*B72*%a"2*xb"2xc - 2*%A72*Cxk
a~2*%b~2%c - B"2*Cxa~3*b*c)/c”3 - root(128*axb~2*xc"6*xz"4 - 16*%b~4*c"5*z"4 -
256*xa”2*%c”7*z"4 - 256*%Bxa”~2*%b*c"5*%z"3 + 128*Bxaxb”~3*%c"4%z"3 - 16*B*b~5*c”3x%
z"3 - 64xAxCxa*xb~4*xc™2xz"2 + 144xA*xC*a~2xb"2*xc”~3*%z"2 + 8*A*C*xb~6xc*xz"2 + 80
*C72%a"3%bxc"3%z"2 + 32%BT2%a*b"4*cT2%z"2 — 48%AT2%a"2xbkxcT4%z"2 + 28%A"2%*a
*¥b"3x%c"3*%z"2 + 36*%CT2xaxb"5*kc*z"2 - 64xA*xCkxa”"3*%c"4*xz"2 - 100*%C™2%a”2*¥b"3*c”
2%z72 - B6*%BT2*%a"2*%b"2*%c"3%z"2 - 4*%B72*%b " 6*c*kz"2 - 32*%B72*%a"3*xcT4*xz"2 - 4%A
“2x%bThxcT2%z72 - 4%xCT2*%b"7*z"2 + 32*%A*B*C*xa”3xbkc"2*z — 8*xA*B*C*a~2xb"3*c*z
- 20%BxC~2*%a~3*%b"2xc*z + 4*xAT2*xB*a~2%¥b"2xc" 2%z — 16*%B"3*xa"3*b*c"2xz + 4%B~
3*%a"2*%b"3*ckz + 16*%B*xC™2%a~4xc™ 2%z + 4*B*C™2*%a"2%b" 4%z — 16%A~2%xBxa~3%c”3*z
+ 2*%A73*%Ckxa~3xbxc + 4*A*B72*Cka~4*xc - 2xA"2*%C"2*%a"4*c + 2xAxC"3*%a"4%b - A~
2*%B72*%a"3%bkc - BT2xC"2*a"4%b - AT2*xCT2*xa"3*%b"2 - AT4*a"3*%c"2 - BT4xa"4*c -
C™4*xa~5, z, k)*(root(128*a*b~2*c”~6*%z"4 - 16*b~4*c~5*xz"4 - 256*a~2%c”7*xz"4
— 256*B*a”2xbxc"5*z"3 + 128*B*a*b”3*xc"4*z"3 - 16*%Bxb~5*kc”3%z"3 - 64xA*xCkxa*b
T4xcT2%z"2 + 144xA*%C*ka”2%b"2%c"3%z"2 + 8*%A*Ckb " 6*c*kz"2 + 80*%CT2*a”~3*xbxc" 3%z
T2 + 32%B72%a*b"4*kcT2%xz"2 — 48*%AT2%xa"2xb*c"4*%z"2 + 28%A"2%a*b"3*%c"3%xz"2 + 3
6*%C™2*%a*b~5*kc*xz"2 — 64*%xA*xCxa~3xc™4*z"2 — 100*C™2*xa"2xb"3*%c™2*%z"2 - 56*%B " 2*a
T2¥%bT2xc"3%z72 — 4*%xBT2*%bT6xc*xz"2 — 32%B72%a"3%c74*z"2 - 4*%AT2%b"bxcT2%z"2 -
4xC”2%b"7*z"2 + 32xA*BxCka~3xbkxc~ 2%z - 8*A*xBkC*a~2*%b~3*kc*z — 20*B*C~2%a"3*
b™2%cxz + 4*%A72*%B*a"2*%b"2%xc" 2%z — 16*%B"3*%a"3%b*c"2%z + 4%xB"3%a"2%b"3*c*z +
16xB*xC™2*%a"4*c™ 2%z + 4xBxC™2*a"2*%b 4%z - 16*%A"2*%B*a~3*xc~ 3%z + 2*%A~3*%C*xa”~3*Db
*Cc + 4%xAxBT2xCxa~4*c — 2*%A"2xC72*xa"4*c + 2*%A*C~3*xa"4xb - AT2*¥B"2*a”3*b*c -
B"2xC~2*a~4*b - A"2+%C"2%a"3*b"2 - A"4*a~3xc”2 - B"4*a"4*c - C"4*xa”5, z, k)*
((x*(16*%B*a~2xc”5 + 8*Bxb~4*c~3 - 36*Bxa*b”2%c~4))/c”3 - (16*xA*a”2*c”5 - 4x
A*xa*xb~2xc"4 + 4*Cxaxb~3*%c”3 - 16*C*xa~2%b*c~4)/c”3 + (root(128*a*xb~2*xc”~6*z"4
- 16%b74xc™5%z"4 - 256*a”2%c 7T*xz"4 — 256*%B*a”~2*%b*kc~5xz"3 + 128*B*a*b”~3*%c"4
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*¥z73 - 16xBxb~5*c"3%z"3 - 64xA*Cka*xb"4xc™2*%z"2 + 144*%A*C*a~2xb~2*%c"3*%z"2 +
8*%A*C*xb~6*%c*kz"2 + 80*%C™2*%a~3*xbkxc™3%z"2 + 32%B"2%a*b"4*c"2%z"2 - 48*%A"2%a”"2x%
b*xcT4%xz"2 + 28*xAT2%axb"3*%c”3*%z"2 + 36*%CT2*%a*b bxcxz"2 — 64xAxCxa~3*%c"4*z"2
- 100*%C™2*%a"2*xb"3*xc"2*%z"2 - 56*%B"2*a"2*%b"2*%c"3*%z"2 - 4xB"2*%b"6*c*z"2 - 32%B
T2%a"3%cT4xz"2 - 4*%AT2*%b75*kcT2*%z272 - 4xCT2*%b"T7*z272 + 32*%A*B*C*a”~3*bxc 2%z -
8*xAxBxC*ka~2*¥b~3xc*xz — 20*%B*C™2*%a"3*b~2*c*z + 4*%A”"2*%Bxa~2*%b"2*%c"2xz - 16*B~
3*%a”3*%b*c"2%z + 4xB"3%a"2%b"3%c*kz + 16*%B*CT2*%a"4*xc 2%z + 4*B*CT2*%a”"2*%b 4%z
- 16*xA"2xB*xa~3*%c" 3%z + 2%xA"3*xCxa~3xb*c + 4*A*B~2*xCxa~4xc — 2*%A"2*%C"2*%a~4x*c
+ 2%A*C"3*xa"4xb - AT2*%B72*%a”"3*bxc - BT2*xC"2*%a"4*b - AT2xCT2*xa"3*%b"2 - A"4x*a
“3%c”2 - B74*a”4xc - C74*a”5, z, k)*x*(8*b~3*%c~5 - 32*axb*c~6))/c”3) + (8*B
*Cxa~3*%c”3 - 4xA*xB*a~2%b*xc”3)/c”3 + (x*x(2*C"2%b~6 + 2*B"2%b~5xc + 4*A"2%a"2
*¥C™4 + 2%xAT2xb74%c”2 — 4*%CT2%a"3*xc”3 — 4*%A*Cxb~5kc + 18%C72*%a"2xb"2%c”2 - 1
2*%C™2*%a*b"4*kc - 8xAT2xaxb"2*%c”3 - 10*%B"2*a*xb"3*%c”2 + 6%B"2*%a"2%b*c”3 + 20%A
*C*ka*xb~3*%c~2 - 20%A*Cxa~2xb*xc~3))/c~3) + (x*(BxC"2%a~2*b~3 - B~3*a~3*%c"2 +
B~3%a”~2%b~2%c + A~2xB*a~2%b*c~2 + 2%xA*BxCkxa~3%c”2 - 2%BxC"2%a”~3%bxc - 2%A*B
*C*a~2%b~2%c) ) /c”3) *root (128*a*xb~2*%c~6*%z"4 - 16%b~4xc~5xz~4 - 256*a~2*c”T*z
“4 - 256%Bxa”2xb*c”5%z"3 + 128%Bxaxb”3%c"4*z"3 — 16*B*b " 5*%c"3%z"3 - 64*A*xCx
a*xb"4*xc"2*%z72 + 144xAxC*xa”2*%b"2%c"3*%z"2 + 8xA*Cxb~6*c*z"2 + 80*%C™2*a”~3*b*xc”
3%z72 + 32%B72%a*b"4*c"2%z"2 - 48*%AT2*%xa"2xbxcT4*z"2 + 28*%A"2*a* b~ 3*kc"3*%xz"2
+ 36*%C™2%axb~b*xc*z"2 - 64xAxCkxa~3*%c"4*xz"2 - 100*%C™2*%a~2*¥b"3*xc"2*%z"2 - 56%B~
2%a"2*%b"2%c"3*%z"2 - 4xBT2*%b"6*c*z"2 - 32*%B72*%a"3*c"4*xz"2 - 4*%A"2*%b"5*kc"2*xz”
2 - 4%xC72*%b"7*xz"2 + 32*%A*B*C*xa”~3*b*c™ 2%z - 8*A*B*Cxa~2*%b~3*c*z - 20*%BxC~2*a
“3%b"2%ckz + 4xAT2%B*a”"2%b"2%c"2%z - 16*%B73*%a"3%bkxcT2%z + 4*%B73*%a"2*%xb"3*kc*xz
+ 16*%B*xC™2*%a"4*c™ 2%z + 4xBxC™2*%a"2*¥b 4%z - 16*%A"2*%B*a~3*c"3*xz + 2*%A"3*C*xa”
3*b*c + 4*%A*B"2xCxa~4xc — 2%A2*%C"2*%a"4xc + 2*xA*C”3*%a"4*b - A~2xB"2xa~3*b*c

- B72*%C72*%a"4*b - A"2xC"2*a"3*%b"2 - AT4xa"3xc”2 - B"4*a"4*c - C"4xa”"h, z,
k), k, 1, 4) + (Bxx"2)/(2*c) + (C*xx~3)/(3*c)
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3.99 f 23 (A+Bz+Cz?) da

a+bzi+cx?
Optimal result . . . . . . . . . . . e 167
Rubi [A] (verified) . . . . . . . . . . 168
Mathematica [A] (verified) . . . . . . . . . .. L Ival
Maple [C] (verified) . . . . . . . . . . Il
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... ..... 172
Sympy [F(-1)] . . o o 172
Maxima [F] . . . . . . 172
Giac [B] (verification not implemented) . . . . . ... ... ... Lo L. 172
Mupad [B] (verification not implemented) . . . . ... .. ... .. ... ....... Ive!

Optimal result

Integrand size = 28, antiderivative size = 278

b2—2ac \/i\fcac
/ 73(A+ Bz + Cz?) 4o = B7 N Cz® B<b - m) arctan (m)

a + bz? + cz? c 2c V2e3/2/b — /b2 — dac

2—2ac cx
B <b + bﬁﬁf 4ac> arctan ( ﬁf/\zg—ﬁ)

V263/2/b+ /B — dac
(Abe — ¥C + 2acC) axctanh (4327 )
2c2v/b? — 4ac
. (Ac — bC)log (a + bz? + cz*)
4c?

_|_

[Out] B*x/c+1/2%Cxx~2/c+1/4% (A*xc—C*b) *1n(c*xx"4+b*x"2+a)/c”2+1/2* (Axb*c+2*C*a*xc—Cx
b~2) *arctanh ((2*c*x~2+b) / (-4*a*c+b~2) " (1/2))/c"2/ (-4*a*xc+b~2) " (1/2)-1/2*B*a
rctan(x*x2~(1/2)*c~(1/2) / (b-(-4*axc+b~2)~(1/2))~(1/2) ) *(b+(2*a*c-b"2) / (-4*a*
c+b™2)"(1/2))/c~(3/2)*%2~(1/2) / (b-(-4*axc+b~2) ~(1/2))~(1/2)-1/2*B*arctan (x*2
~(1/2)*c”(1/2) / (b+(-4*a*c+b~2) " (1/2) )~ (1/2) ) * (b+(-2*a*xc+b~2) / (-4*a*xc+b~2) ~(
1/2))/c”(3/2)*27(1/2) / (b+(-4*a*xc+b~2)~(1/2))~(1/2)
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Rubi [A] (verified)

Time = 0.29 (sec) , antiderivative size = 278, normalized size of antiderivative = 1.00,

number of steps used = 12, number of rules used = 11, number of rules _ 0.393, Rules
integrand size

used = {1676, 1265, 787, 648, 632, 212, 642, 12, 1136, 1180, 211}

a+b2?+czt 2c2/b% — 4ac
N (Ac —bC) log (a + bx? + cxz*)
4c?
B(b — b2 ) arctan <M>

/ #3(A + Bz + Ca?) ; (2acC + Abc + v*(—C)) arctanh(\%f—_cizzJ

Vb2—dac Vb—vb2—4ac
V2c3/2+/b — /b2 — dac

B( b2 —2ac b) arctan <M> Br Cz2

Vb2—dac Vb2 —4ac+b

_+_
V2c3/24/ /b2 — dac + b c 2c

[In] Int[(x"3*%(A + Bxx + C*x72))/(a + b*x"2 + c*x74),x]

[Out] (B*x)/c + (Cxx~2)/(2%c) - (Bx(b - (b"2 - 2%ax*c)/Sqrt[b~2 - 4*axc])*ArcTan[(
Sqrt [2]*Sqrt [c]*x)/Sqrt[b - Sqrt[b~2 - 4xaxc]]])/(Sqrt[2]*c~(3/2)*Sqrt[b -
Sqrt[b"2 - 4xa*c]]) - (Bx(b + (b~2 - 2*axc)/Sqrt[b~2 - 4*a*c])*ArcTan[(Sqrt
[2]*Sqrt [c]*x)/Sqrt[b + Sqrt[b~2 - 4*axc]]])/(Sqrt[2]*c~(3/2)*Sqrt[b + Sqrt

[b°2 - 4xaxc]]) + ((Axbxc - b~2*%C + 2%a*c*C)*ArcTanh[(b + 2*c*x72)/Sqrt[b~2

- 4xaxc]])/(2xc™2*Sqrt [b"2 - 4xa*xc]) + ((A*c - bxC)*Logla + b*x"2 + c*x~4]

)/ (4%c~2)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
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x] && NeQ[b~2 - 4x*axc, 0]

Rule 642

Int[((d)) + (e_)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*d - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 787

Int [(((d_.) + (e_.)*x(x_))*((f_) + (g_)*(x_)))/((a_.) + (b_.)*x(x_) + (c_.)*
(x_)"2), x_Symbol] :> Simpl[e*g*(x/c), x] + Dist[1/c, Int[(cxd*xf - a*xexg + (
ckexf + ckxd*g - bxexg)*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e
, T, g}, x] & NeQ[b~2 - 4x*axc, 0]

Rule 1136

Int [((d_.)*(x_))"(m_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol]
:> Simp[d~3*(d*x) " (m - 3)*((a + bxx"2 + c*x"4)"(p + 1)/(c*x(m + 4%p + 1))),
x] - Dist[d"4/(cx(m + 4*p + 1)), Int[(d*x)"(m - 4)*Simp[a*(m - 3) + b*(m +
2%p - 1)*x72, x]*(a + b*x"2 + c*x~4)7p, x], x] /; FreeQ[{a, b, c, d, p}, x

] && NeQ[b~2 - 4*axc, 0] && GtQ[m, 3] && NeQ[m + 4*p + 1, 0] && IntegerQ[2*

p] && (IntegerQlp] || IntegerQ[m])

Rule 1180

Int[((d)) + (e_)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b~2 - 4*axc, 2]}, Dist[e/2 + (2*c*d - bxe)/(2%q), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2*c*d - bxe)/(2xq), Int[1/(b/2 + q/2
+ c*xx72), x], x]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlcxd™2 - axe™2, 0] && PosQ[b~2 - 4x*xaxc]

Rule 1265

Int[(x_)~"(m_.)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)~4)~(p_.), x_Symbol] :> Dist[1/2, Subst[Int[x~((m - 1)/2)*(d + e*x)~gx(a +
b*x + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, c, d, e, p, q}, x] && Inte
gerQ[(m - 1)/2]
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Rule 1676

Int[(Pg )*((d_.)*(x))~(m_.)*((a_) + (b_.)*(x)"2 + (c_.)*(x_)"4)~(p_), x_S
ymbol] :> Module[{q = Expon[Pq, x], k}, Int[(d*x) m*Sum[Coeff[Pq, x, 2xk]*x
~(2%k), {k, 0, q/2 + 1}]*(a + b*x"2 + c*x"4)"p, x] + Dist[1/d, Int[(d*x)"(m
+ 1)*Sum[Coeff [Pq, x, 2xk + 1]*x~(2xk), {k, 0, (q - 1)/2 + 1}]*(a + b*x"2
+ cxx74)7p, x], x]]1 /; FreeQ[{a, b, c, d, m, p}, x] && PolyQ[Pq, x] && !Po
1yQ[Pq, x~2]

Rubi steps

4 3 2
integral = / B—xda:-l— / de

a + bx? + cxt a + bx? + cxt

1 z(A + Cx) 2 / zt
= “Subst( [ ==Y g Bl —% 4
2Su ° </a+bx+cx2 x,m,x)+ a4+ bx? + cxt T

Bz Cz? Subs;ﬁ(f%(lm,x,ﬁ) Bf _atba®
_|_

_ 2% a+bmz+cx4

c 2c 2c c

b2—2ac 1

_ & i C.’L‘Q _ <B (b - \/b2—4ac>> f %—%\/b2—4ac+cw2 dzx

c 2c 2c

2_ ac
(B (b + jbz—LAMC)) il g+%\/b21_4ac+cxz (Ac —bC Subst(f f;;%ffmz dx,x,T )
B 2¢ 4c2
B (Abc — b*C + 2acC) Subst ([ arrerer 4T, T, T ?)
4c2

_ _b—2ac -1 V2 2ac -1 V2 /cx
_ &-p Oz - B (b /7172_4&6) tan < — b2_4ac> - B <b + \/b27> tan (—F b2_4ac)
¢ 2c V2e3/2/b — /b2 — dac V2¢3/2+/b -I— Vb2 — dac

(Ac —bC)log (a + bzx® + cx ) (Abc — b?C + 2acC) Subst ( [ o5 dz, z,b + 2cz?)

4ac 2
4c2 2c2
b%—2ac -1 V2y/cx
_ Bz 4 Cz® _ B<b B W) tan (\/b—\/b2—4ac>
c 2c V/2c3/2 — /b2 — 4dac
b“—2ac -1 \/i\fcz 2 b+2cx
B B(b + \/b27> tan (m) N (AbC —b C + 2&00) tanh™ (m>

V2¢3/24/b + /b2 — 4ac 2¢2\/b% — 4ac
(Ac—bC)log(a+bx + cxt)

4c2?
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Mathematica [A] (verified)

Time = 0.26 (sec) , antiderivative size = 377, normalized size of antiderivative = 1.36

/ 23(A + Bz + Ca?)
dz
a+ bz? + czt
2v2B+/c( —b?+2ac+bVb2—4ac arctan<m) 2v2B+/c(b%—2ac+bvb2—4ac arctaﬂ(%)
4Bcx + 2¢Cx? — ( ) ST ( ) Vo ae)
_ Vb2 —4ac\/b—/b?>—4ac Vb2 —4ac\/b+v/b?—4ac

[In] Integrate[(x"3*(A + Bxx + Cxx72))/(a + b*x"2 + c*x74),x]

[Out] (4#B*c*x + 2%c*xCxx~2 - (2*%Sqrt[2]*B*Sqrt[c]l*(-b~2 + 2%a*c + b*Sqrt[b~2 - 4%
axc])*ArcTan[(Sqrt [2]*Sqrt [c]*x) /Sqrt[b - Sqrt[b~2 - 4*a*c]]])/(Sqrt[b~2 -
4xa*xc]*Sqrt[b - Sqrt[b~2 - 4xaxc]]) - (2+Sqrt[2]*BxSqrt[c]*(b~2 - 2*a*c + b
*xSqrt [b~2 - 4*axc])*ArcTan[(Sqrt[2]*Sqrt[c]l#*x)/Sqrt[b + Sqrt[b~2 - 4*a*xc]l]]

)/ (Sqrt[b~2 - 4*axc]*Sqrt[b + Sqrt[b~2 - 4*axc]]) + ((A*c*(-b + Sqrt[b~2 -
4xaxc]) + (b~2 - 2xaxc - bxSqrt[b~2 - 4*a*c])*C)*Log[-b + Sqrt[b~2 - 4xaxc]

- 2%c*x72])/Sqrt[b~2 - 4*xaxc] - ((-(Axcx(b + Sqrt[b~2 - 4xaxc])) + (b"2 -

2%axc + b*Sqrt[b~2 - 4xa*xc])*C)*Logl[b + Sqrt[b~2 - 4*a*xc] + 2%cxx~2])/Sqrt[

b~2 - 4xaxc])/(4xc~2)

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.10 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.31

method | result

(_RS(Ac_cz])_bB_R?_c@_R_Ba) n(+—_R)

> 3
isch C 22 Bz _R=Root0f(c_Z4+_Zzb+a) e R+ R»
T1SC. % + = + 2%
(—2Ba0\/ —4a
(—Abcx/ —4ac+b2+4Aa Py b2c—2C\/ —4ac+b2 ac+C/ —4ac+b2 b2—4Cabc+C b3) ln(20 12-4—\/ —4ac+b2+b) 4
4c

1 2

5Cz“+Bzx

2
default - Ga—t?)

[In] int(x"3*%(Cxx~2+B*x+A)/(c*x~4+b*x~2+a) ,x,method=_RETURNVERBOSE)

[Out] 1/2*Cxx~2/c+B*x/c+1/2/c*sum((_R™3*(A*c-C*b)-b*B*_R~2-Cxa*_R-Bxa)/(2%_R™3*c+
_R*b)*1n(x-_R), R=Root0f (_Z~4*c+_Z~2%b+a))
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Fricas [C] (verification not implemented)
Result contains complex when optimal does not.
Time = 61.66 (sec) , antiderivative size = 1329593, normalized size of antiderivative =

4782.71
dx = Too large to display

/ z3(A + Bz + Cz?)
a + bx? + cxt
[In] integrate(x~3*(C*x~2+B*x+A)/(c*x~4+b*x"2+a),x, algorithm="fricas")

[Out] Too large to include

Sympy [F(-1)]
Timed out.
dr = Timed out

/ z3(A + Bz + Cz?)
a+ bx? + cxt

[In] integrate(x**3* (Cxx**2+B*x+A)/(cxx**4+b*x**2+a) ,X)

[Out] Timed out

Maxima [F]

z3(A + Bz + Cz?) (Cz? + Bz + A)z?
dz = dz
a+ bx? + crt cxt + b2+ a

[In] integrate(x~3%(C*x~2+B*x+A)/(c*x~4+b*x~2+a),x, algorithm="maxima")

[Out] 1/2%(C*x~2 + 2#B*x)/c + integrate(-(Bxb*x~2 + (C*¥b - Axc)*x~3 + Ckaxx + Bxa
)/ (c*x~4 + b*x"2 + a), x)/c

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 3519 vs. 2(232) = 464.

Time = 1.32 (sec) , antiderivative size = 3519, normalized size of antiderivative = 12.66

dxz = Too large to display

/ z3(A+ Bz + Cz?)
a + bx? + cxt

[In] integrate(x~3*(C*x~2+B*x+A)/(c*x~4+b*x~2+a),x, algorithm="giac")

[Out] -1/4%(Cxb - A*c)*log(abs(c*x”™4 + b*x"2 + a))/c”2 + 1/2x(Ckc*x~2 + 2*B*c*x)/
c”2 + 1/8%((2¥b"5xc”2 - 16%a*b~3*c”3 + 32%a~2*b*c"4 - sqrt(2)*sqrt(b~2 - 4%
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axc)*sqrt (b*c + sqrt(b~2 - 4*axc)*c)*b~5 + 8*sqrt(2)*sqrt(b~2 - 4*axc)*sqrt
(bxc + sqrt(b”™2 - 4xa*c)*c)*axb~3*c + 2xsqrt(2)*sqrt(b~2 - 4*a*c)*sqrt(b*c
+ sqrt(b™2 - 4xaxc)*c)*b~4xc - 16*sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c + sqrt
(b™2 - 4x*axc)*c)*a~2¥bxc”2 - 8*sqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(b*c + sqrt(b”
2 - 4*axc)*c)*a*b~2*%c”2 - sqrt(2)*sqrt(b~2 - 4*a*xc)*sqrt(b*c + sqrt(b”2 - 4
*xaxc)*c)*b~3xc”2 + 4*xsqrt(2)*sqrt(b”2 - 4xa*c)*sqrt(b*c + sqrt(b™2 - 4*a*c)
*xc)*axbkc™3 - 2%x(b72 - 4¥axc)*b~3xc”2 + 8%(b"2 - 4*axc)*axb*c~3)*Bxc"2 - 2%
(sqrt(2)*sqrt(b*xc + sqrt(b”™2 - 4*a*c)*c)*a*b™4*c”2 - 8*sqrt(2)*sqrt(b*c + s
qrt(b~2 - 4*axc)*c)*a~2xb~2%c”3 - 2xsqrt(2)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)
*axb~3%c”3 - 2*%axb~4*xc”3 + 16*sqrt(2)*sqrt(b*c + sqrt(b~2 - 4xaxc)*c)*a~3*c
~4 + 8*sqrt(2)*sqrt(b*c + sqrt(b™2 - 4*akc)*c)*a~2*%bxc”4 + sqrt(2)*sqrt(bxc
+ sqrt(b~2 - 4*axc)*c)*a*b"2xc”4 + 16%a”2*%b"2xc"4 - 4*xsqrt(2)*sqrt(b*c + s
qrt(b~2 - 4*axc)*c)*a~2xc”5 - 32xa~3%c”5 + 2x(b~2 - 4*axc)*a*xb"2xc”3 - 8*(b
72 - 4xaxc)*a”2xc”4)*Bkabs(c) - (2%b75*c™4 - 12%axb~3*c”5 + 16%a"2xb*c”6 -
sqrt (2)*sqrt(b™2 - 4xa*c)*sqrt(b*c + sqrt(b~2 - 4xa*c)*c)*b~5*xc”2 + 6xsqrt(
2)*sqrt(b”2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4*a*c)*c)*axb~3*%c~3 + 2*sqrt(2)*
sqrt(b”2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4xa*c)*c)*b~4*c~3 - 8xsqrt(2)*sqrt(
b~2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4xaxc)*c)*a~2xb*xc™4 - 4xsqrt(2)*sqrt(b”2
- 4xaxc)*sqrt(b*xc + sqrt(b~2 - 4*a*xc)*c)*a*b~2*xc™4 - sqrt(2)*sqrt(b”2 - 4x
axc)*sqrt(bxc + sqrt(b™2 - 4*axc)*c)*b~3xc”4 + 2*sqrt(2)*sqrt(b~2 - 4xa*c)*
sqrt(b*c + sqrt(b~2 - 4*axc)*c)*a*xb*c™5 — 2%(b~2 - 4*axc)*b~3*xc”4 + 4x(b~2
- 4xaxc)*axb*c”5)*B) *arctan (2*sqrt (1/2) *x/sqrt ((b*c~5 + sqrt(b~2*c~10 - 4*a
*c"11))/c”6))/((a*b™4*c™3 - 8*a~2xb~2%c~4 - 2%a*b~3xc”4 + 16%a”3%c”5 + 8*a”
2%bxc”5 + a*b~2%c”5 - 4*a”~2xc”"6)*c"2) + 1/8x((2%¥b~5*c”2 - 16*a*b~3*c”3 + 32
*a~2%b*c™4 - sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*b~5
+ 8*sqrt(2)*sqrt(b~2 - 4xa*xc)*sqrt(b*c - sqrt(b™2 - 4*axc)*c)*a*b~3*c + 2%*s
qrt(2)*sqrt(b~2 - 4*a*c)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*b~4*xc - 16*sqrt(2)
*xsqrt(b~2 - 4*axc)*sqrt(b*c - sqrt(b™2 - 4*axc)*c)*a~2xbxc”2 - 8*sqrt(2)*sq
rt(b"2 - 4xa*c)*sqrt(b*c - sqrt(b™2 - 4*a*c)*c)*a*b™2*c”2 - sqrt(2)*sqrt(b”
2 - 4xaxc)*sqrt(b*xc - sqrt(b™2 - 4*a*c)*c)*b~3*c”2 + 4xsqrt(2)*sqrt(b”2 - 4
xa*xc)*sqrt(b*c - sqrt(b~2 - 4xa*c)*c)*axb*c™3 - 2x(b~2 - 4*a*xc)*b~3*%c”2 + 8
* (D72 - 4xa*c)*a*xbkxc”3)*Bxc”2 - 2*(sqrt(2)*sqrt(bxc - sqrt(b”™2 - 4xaxc)*c)x*
axb~4xc”2 - 8xsqrt(2)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*a~2xb~2%c~3 - 2xsqrt(
2)*sqrt (b*c - sqrt(b~2 - 4xaxc)*c)*axb~3*c”3 + 2*%axb~4*c”3 + 16xsqrt(2)*sqr
t(bxc - sqrt(b™2 - 4xa*c)*c)*a~3*%c"4 + 8xsqrt(2)*sqrt(bxc - sqrt(b™2 - 4xax
c)*c)*a~2xbxc~4 + sqrt(2)*sqrt(b*c - sqrt(b”2 - 4*a*c)*c)*axb™2xc”4 - 16%a”
2¥b~2xc”4 - 4xsqrt(2)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*a~2xc”5 + 32%a~3%c”5
- 2%(b72 - 4*xaxc)*a*xb”2xc”3 + 8%(b”2 - 4*axc)*a~2%c"4)*Bxabs(c) - (2¥xb~5*c”
4 - 12xaxb~3%c”5 + 16*%a~2*b*c”6 - sqrt(2)*sqrt(b~2 - 4*a*c)*sqrt(b*c - sqrt
(b™2 - 4*axc)*c)*b~5*xc™2 + 6*sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*xc - sqrt(b~2
- 4xa*xc)*c)*a*xb~3xc”3 + 2*sqrt(2)*sqrt(b~2 - 4*a*xc)*sqrt(b*c - sqrt(b”2 - 4
*xaxc)*c)*b~4xc~3 - 8*xsqrt(2)*sqrt(b”2 - 4xa*c)*sqrt(b*c - sqrt(b™2 - 4*a*c)
*xC)*a~2xb*xc”™4 - 4xsqrt(2)*sqrt(b”2 - 4*axc)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)
*xaxb~2*%c"4 - sqrt(2)*sqrt(b~2 - 4*a*c)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*b~3%
c™4 + 2xsqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*a*xbxc™5 -
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2% (b~2 - 4xaxc)*b~3*%c”4 + 4x(b"2 - 4*axc)*axbxc~5)*B)*arctan(2*sqrt(1/2)*x
/sqrt ((bxc~5 - sqrt(b™2*c~10 - 4xa*xc~11))/c”6))/((a*b”4*c~3 - 8*a~2*b~2xc~4
- 2%axb~3%c”4 + 16%a~3xc”5 + 8*%a"2%b*c”5 + axb”2%c”5 - 4%a”"2%c"6)*c”2) - 1
/16%x((b~6*c — 8*axb~4*c™2 - 2%b~5*c”2 + 16%a~2%b~2%c”3 + 8*a*b~3*xc”3 + b"4x
c™3 - 4xaxb”2xc”4 - (b~5kc - 8*%axb~3xc”2 - 2*b~4*c”2 + 16%a~2%bxc”3 + 8*axb
“2%c”3 + b"3xc”3 - 4*xaxbxc”4)*sqrt(b~2 - 4xaxc))*A*abs(c) - (b"7 - 10*axb~5
*C — 2x%b76%c + 32%a"2%b"3%c”2 + 12%a*xb"4*c”2 + b"bxc"2 - 32%a"3*%bxc”3 - 16%
a"2*%b”2%c”3 - 6%a*b”"3*%c”3 + 8*%a"2*b*c”™4 + (b"6 - 10%a*b~4*c - 2%b~5*c + 32%
a"2xb"2%c"2 + 12%a*b”"3%c”2 + bT4*cT2 - 32*%a"3*c”3 - 16%a"2%b*c”3 - 6*axb”2%
c”3 + 8%a"2+c"4)*sqrt(b”2 - 4xaxc))*Cxabs(c) - (b~6xc”2 - 8*axb~4*c”3 - 2*b
“5%c”3 + 16*%a~2*%b"2%c”4 + 8*axb”"3*xc”4 + bT4xc”4 - 4*axb”2%c”5 + (b"5*c”2 -
4xaxb~3%c™3 - 2%b74*c”3 + b~3%c"4)*sqrt(b"2 - 4xaxc))*A + (b"7xc - 10*a*xb”5
*CT2 - 2%b76%c”2 + 32%a”"2%b"3*%c”3 + 12%a*b”"4xc”3 + b~5*kc”3 - 32%xa"3*b*c"4 -

16*%a~2*%b"2*%c”™4 - 6*a*b”3*%c”4 + 8%a~2*b*c”5 + (b"6%c - 6*%axb"4*c”2 - 2*%b”5x*
C™2 + 8%a”2%b”2%c”3 + 4*axb~3*%c”3 + b74xc”3 - 2*%axb~2*c”4)*sqrt(b”2 - 4*xaxc
))*C)*xLlog(x~2 + 1/2%(b*c™5 + sqrt(b™2*c~10 - 4*axc~11))/c™6)/((axb~4*c - 8%
a”"2xb"2%cT2 - 2%axb"3%c”2 + 16*%a”3*%c”3 + 8xa"2%bxc”3 + axb"2%c”3 - 4*xa"2%c”
4)*c"2xabs(c)) - 1/16%((b~6*c - 8*axb~4*c”™2 - 2%b~5*c”2 + 16%a~2%b~2*c”3 +
8xa*b~3*xc”~3 + b~4xc”3 - 4*axb”2xc”4 + (b~bxc - 8*%a*b~3*%c"2 - 2xb”"4x*c”2 + 16
*a~2xbxc"3 + 8*axb~2*c~3 + b~3*c"3 - 4*axbkc”4)*sqrt(b"2 - 4*axc))*A*abs(c)
- (b77 - 10*ax*b~5*c - 2*b~6xc + 32%a”2%b"3*xc”2 + 12%a*b"4*c”2 + b"5*c”2 -
32*%a~3%b*c”3 - 16%a”2xb"2*c~3 - 6*a*b~3*c”3 + 8*xa~2*bxc"4 - (b"6 - 10*a*b~4
*Cc — 2%b7b%c + 32%a"2%b"2%c”2 + 12%a*xb"3*%c”2 + bT4*xc"2 - 32%a"3%c”3 - 16%*a”
2¥b*c™3 - 6*a*b”2*c”3 + 8%a~2*c”4)*sqrt(b”2 - 4xaxc))*Cxabs(c) + (b~6xc”2 -
8xaxb~4*xc"3 - 2xb"5*c”3 + 16*%a"2%b"2%c”4 + 8*a*b"3*%c”4 + b"4*xc"4 - 4xa*xb”2
xc™5 + (b75*c”2 - 4xa*b~3%c”3 - 2%xb74*c”3 + b~3*kc"4)*sqrt(b~2 - 4xa*xc))*A -

(b~7*c - 10%axb~5*c™2 - 2%b~6xc”2 + 32%a”2xb~3*c”3 + 12xa*b~4*c”3 + b~5*c”
3 - 32%a”3xb*c”4 - 16*a~2*b"2%c”"4 - 6*a*xb"3xc”4 + 8*a~2*bxc”5 - (b~6*c - 6%
axb~4xc”2 - 2xb~5*xc”2 + 8%a"2%b”2%c”3 + 4*a*b"3*c”3 + b"4*xc”3 - 2*axb~2xc”4
)*¥sqrt (b2 - 4xaxc))*C)*log(x~2 + 1/2%(b*c”5 - sqrt(b~2*c~10 - 4*a*xc”11))/c
~6)/((a*b™4*c - 8*a"2%b~2*c”2 - 2xa*b”3%c”2 + 16*a”~3%c”3 + 8*a"2xbxc”~3 + ax
b~2%c~3 - 4%a”~2xc”4)*c"2*abs(c))

Mupad [B] (verification not implemented)

Time = 8.37 (sec) , antiderivative size = 2696, normalized size of antiderivative = 9.70

dx = Too large to display

/ z3(A+ Bx + Cz?)
a + bx? + cxt

[In] int((x"3*%(A + B*x + C*x"2))/(a + b*x"2 + c*x74),x)

[Out] symsum(log((B~3*a~2%b*c - BxC~2%a”3%c + A~2*B*a~2xc~2 + B*C"2%a"2*%b~2 - 2xA
*BxCxa~2%b*xc)/c”2 — root(128%axb~2%c~5xz"4 — 16%b~4xc"4*xz~4 - 256%a~2*%c~ 6%z
~4 - 256xC*a”~2xb*c"4%z"3 + 128%C*axb”3*%c~3*%z"3 - 128%A*axb"2*%c"4*%z"3 - 16*C
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*¥b"bxcT2*%z"3 + 16%A*xb"4*xc”"3%z"3 + 2b66*A*a"2xc"5*%z"3 + 160*%A*C*a~2xb*xc”~3*%z"2
— T2%xAxCxaxb™3*%c™2%z"2 + 8*xAxCxb"5*c*z"2 — 48%B"2*%a " 2%b*c~3*xz"2 + 28%xB~2*a
*¥b"3*kcT2%z72 + 40*%AT2*%xaxb"2xc"3%z72 + 32%CT2*a*b"4*kc*kz"2 - 56*%CT2*%a"2*xb"2%c
T2%z272 - 4xBT2xb"bkc*z72 - 32*%CT2*%a"3*%c"3%z"2 - 4*%AT2*%b"4*kcT2*%xz72 - 96*%AT2x%
a~2*%c"4%z72 - 4xCT2xbT6%z72 + 4*%BT2*Cxa"2xb"2*c*z - 32xAT2*Cka”2%b*kc 2%z +
12%xA*C™2*%a"2xb"2%c*z + 16*%AxB~2*%a~2%¥b*xc™ 2%z + 8*%A"2*xCka*b~3xcxz — 4*A*B"2xa
*¥b"3*kckz — 4xAxCT2%a*b"4*z — 4xA"3xaxb"2*%c"2%z — 16*%B72*%Cka”~3*%c 2%z + 16%Ax
C™2*%a"3*%c 2%z - 16*%C~3*%a"3*xbxcxz + 4*%C"3*%a”"2*%b 3%z + 16*%A~3*%a"2xc™ 3%z + 2*A
“3*%C*ka~2*xbxc + 4*%A*B72*%C*ka~3*%c - 2xAT2*%C"2*a"3*%c + 2*xAxC"3*%a"3*%b - AT2*B72x%
a~2xbkc — BT2xCT2*%a"3%b - AT2%CT2%a"2*xb"2 - AT4*xa"2%c"2 - BT4*xa"3*%c - CT4x*a
4, z, k)*(root(128*a*xb~2xc~5xz~4 - 16%b~4%xc~4*xz"4 - 256%a~2*%c”6xz"4 - 256%
C*xa”2%b*c™4*z"3 + 128%C*xa*b”3*%c”"3*%z"3 - 128%A*a*xb™2*%c"4*z"3 - 16*Cxb~5*kc™2x%
z"3 + 16*%A*b"4*c"3*%xz"3 + 256%A*a”2*%c 5*xz"3 + 160*%A*C*a”2%b*xc~3*%z"2 - 72*%xA*C
*axb~3%xc"2%z"2 + 8xA*xCxb~5xc*xz~2 - 48%B~2%a”2%b*xc”"3%z"2 + 28%B~2%axb~3*c~2x%
z72 + 40*%A72*%a*xb"2*xc"3*xz"2 + 32xCT2xaxb"4*c*z"2 - 56*%CT2*%a"2*%b"2*xc"2%xz"2 -
4%B~2*b"bxcxz"2 — 32xCT2*%a"3*%Cc”3*%z272 - 4*%xAT2xbT4*xcT2%z72 - 96*%AT2*%a"2%c 4%z
T2 - 4xCT2xbT6%z"2 + 4*%B72*%Cka~2xb"2%c*z — 32%AT2%Cka”2%bkc"2%z + 12%A*CT2x%
a"2¥%b"2%c*kz + 16*%A*B72*%a"2xbxcT2xz + 8*%AT2*%Ckaxb~3kxckxz — 4*xA*B72*a*xb”~3*c*xz
- 4xA*%C™2*%a*xb"4*xz — 4xA"3*a*b"2*%c 2%z - 16*%B72*C*xa~3*xc"2xz + 16*xAxC™2*a”3*c
“2%z - 16x%C"3*a"3%b*cxz + 4*%C"3%a"2*%b" 3%z + 16%A"3*%a”"2*%c" 3%z + 2*%A"3*%Cxa”2x*
b*c + 4xAxB72*%C*a~3xc - 2*%A72xC"2*%a"3*c + 2*%xA*C”3*%a"3*%b - AT2xB~2*a”2¥b*c -
B 2xC~2*xa~3%b - A~2%C"2%a"2%b"2 - A"4*xa~2xc~2 - B"4*a"3*c - C"4*a"4, z, k)
*((x*x(16*%C*a~2xc™4 - 8*Axb~3*%c”3 + 8*xCxb~4*c™2 + 32xAxa*b*c™4 — 36*Ckaxb~2x*
c~3))/c”2 - (16xB*a"2%c~4 - 4*B*a*xb~2*xc~3)/c”2 + (root(128*a*xb~2xc~5%z"4 -
16xb"4*c"4*%z"4 - 256*a~2*xc”6*%z"4 - 256*C*a~2*xbxc™4*xz"3 + 128*C*a*xb~3*xc~3xz~
3 - 128*A*axb”2*xc"4*z"3 - 16*%Cxb~5*kc™2*%z"3 + 16*xA*xb~4*c™3%z"3 + 256%Axa”~2*c
“Bxz"3 + 160*%A*Cxa”~2*%b*c™3%z"2 — 72*xA*Cka*xb~3*xc™2*%z"2 + B*A*C*b~bxcxz"2 - 4
8*%B72*%a"2*%b*kc"3%xz"2 + 28*%B"2*axb"3%c"2*%z"2 + 40*%A"2*%a*xb"2%c"3*xz"2 + 32*%xCT2x%
a*xb"4*c*z"2 — 56*%CT2*%a"2%xb"2*xcT2%z"2 — 4*%B72*%b"5kc*xz"2 — 32%xCT2*xa"3%c"3%z"2
= 4*xA72%b74*cT2%272 - 96*%AT2*%xa"2xCcT4%xz"2 — 4*%CT2*xbT6*xz"2 + 4*%BT2*%C*a”~2*%b”2
*c*kz — 32%A72*%C*ka " 2*%xbxc”2xz + 12*xAxCT2xa"2*%b"2%c*z + 16*%A*B72*%a"2*%bxc"2*xz +
8*%A"2xCka*b~3*xcxz — 4*%A*B"2xa*xb”~3%cxz - 4*%A*CT2xaxb"4*z — 4xA”3*ka*b"2xcT2x*
z — 16*%B72*%C*a~3*%c 2%z + 16*%A*xC™2*xa~3*%c™ 2%z — 16*%C~3*a"3*b*c*z + 4xC~3%a~2%
b~ 3%z + 16*%A"3*xa"2%c" 3%z + 2*%A"3*Ckxa~2xbxc + 4*A*B72*Ckxa~3*xc - 2%A"2*%C"2*a”
3*%c + 2*%A*C"3*%a"3xb - AT2*%B72*%a"2*%bkc - BT2xC"2*a"3*%b - AT2xCT2*xa"2%b"2 - A
“4xa~2%c”2 - B~4%a~3%c - C"4*a"4, z, k)*x*x(8%b~3%xc~4 - 32*axbxc~5))/c"2) +
(8*xA*B*a~2*xc~3 - 4*B*Cxa”~2*b*c™2)/c”2 + (x*(2*xC~2*b~5 + 2xB~2*b~4*c + 2*xA~2
*¥b"3*%c”2 + 4xB72%a"2%c”3 — 4*%xAxCxb"4*c — 8*kA*Ckxa~2%c~3 - 10*%A"2*xaxbxc”3 - 1
0*%C~2xaxb~3*c - 8*xB~2*a*b~2*xc”2 + 6*C 2xa”~2%b*c™2 + 20%A*C*a*xb~2xc~2))/c~2)
- (x%(C™3*%a"3*c - C~3*a"2*%b~2 + A*C~2*a*b”~3 + A~3*axb*xc”2 - A*B"2*a"2*c"2
+ A"2xC*xa”~2xc”2 + A*B~2%axb~2kc - 2xA~2%Cxa*b~2%c - B~2xCxa~2xb*c))/c”2)*ro
ot (128*a*xb~2%c~5xz"4 - 16%b~4*xc" 4%z~ 4 - 256%a~2*%c"6*z"4 - 256%Cxa~2%bxc 4x*z
~3 + 128*C*a*b”3xc~3*%z"3 - 128*A*a*b”2xc"4*z"3 - 16*%Cxb~5*kc™2%z"3 + 16*xAxb~
4xc”3*%z"3 + 256*%A*a”2*%c”5*%z"3 + 160*xA*xC*xa”2%b*c™3*%z"2 - T2*xA*Ckaxb~3kxc™2%z”
2 + 8*%A*C*xb~5kc*xz"2 - 48*%B"2*xa"2xb*c”3*%z72 + 28*%B"2*a*b"3*%c"2*xz"2 + 40*%A"2x%
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axb~2xc"3*%z"2 + 32%xC72%axb"4xc*xz"2 - 56%CT2%a"2%b"2xc"2%z"2 - 4xB72%b"5*c*z
T2 - 32%CT2%a”3*%cT3%z72 - 4xAT2x%b74*cT2%z72 - 96%AT2%xa"2%c"4*z"2 - 4*CT2%b”
6*%z"2 + 4xB72*Cxa~2%b"2xc*z - 32%AT2xCkxa”2%bxc”2%z + 12%A*C"2%a~2%b"2xc*z +

16*%A*B~2%a"2%bxc™2%z + 8*%A"2%Cka*xb~3*c*kz - 4*A*xB"2%a*xb~3*ckz - 4*%AxC"2*ax*b
“4xz - 4x%A"3xaxb"2xc”2%z - 16%B72*Cxa~3*%c”2*z + 16%xA*xCT2*a"3xc”" 2%z - 16*C”3
*a~3xbkxc*z + 4xC73%a”"2%b" 3%z + 16*%A"3%a"2%c"3*z + 2xA"3*C*a"2xbxc + 4*AxB"2
*C*xa~3*%c - 2%xAT2xC72xa"3%c + 2*%A*CT3*a"3*%b - AT2xB72%xa"2xbxc - BT2*CT2%a"3%
b - AT2*C"2%a"2*%b"2 - A"4*a"2xc”2 - B"4*a"3xc - C"4*a~4, z, k), k, 1, 4) +
(Cxx~2)/(2*c) + (B*x)/c
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3.93 2?(A+Bz+Cz?) d

’ f a+bzi+cx?

Optimal result . . . . . . . . . . . e e
Rubi [A] (verified) . . . . . . . . v
Mathematica [A] (verified) . . . . . . . . . .. L [181]
Maple [C] (verified) . . . . . . . . . . 1811
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... ..... 182
Sympy [F(-1)] . . o o 182
Maxima [F] . . . . . . 182
Giac [B] (verification not implemented) . . . . . ... ... ... Lo L. 182
Mupad [B] (verification not implemented) . . .. ... ... ... ... ....... 185

Optimal result

Integrand size = 28, antiderivative size = 270

Cx (Ac —bC — M—_Qac)o> arctan (M)

/ z?(A+ Bz + Cz?) io= G Vb —4ac Vo—Vb?—dac
a+ bx? + cx* c V2¢3/21/b — /b2 — 4ac
_ Abe—b?C+2acC &)
N (Ac bC + e ) arctan ( A
V2¢3/27/b + /b2 — dac
b+2cz?
bBarctanh(\/;;Tcw> . Blog (a + ba? + cat)
2¢\/ b2 — 4ac 4c

[Out] C*xx/c+1/4*Bx1n(c*x"4+b*xx"2+a)/c+1/2*xb*Bxarctanh ((2*c*x~2+b)/(-4*a*c+b~2)~ (1
/2))/c/(-4xaxc+b~2)~(1/2)+1/2*arctan(x*2~(1/2)*c~(1/2) / (b-(-4*a*xc+b~2) ~(1/2

)) " (1/2) ) * (A*c-Cxb+ (—A*xb*c+(-2*a*c+b~2) *C) / (-4*a*c+b~2)~(1/2)) /c~(3/2)*2~ (1

/2)/ (b-(-4*axc+b~2)~(1/2))~(1/2)+1/2*arctan(x*2~(1/2)*c~ (1/2) / (b+(-4*a*xc+b™
2)7(1/2))"(1/2) ) * (A*xc-C*b+ (Axbxc+2*C*axc—-Cxb~2) / (-4*a*xc+b~2)~(1/2))/c~(3/2)
*27(1/2) / (b+(-4*a*xc+b~2)~(1/2))~(1/2)

Rubi [A] (verified)

Time = 0.55 (sec) , antiderivative size = 270, normalized size of antiderivative = 1.00,

number of rules _ 0.357, Rules
integrand size

number of steps used = 11, number of rules used = 10,
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used = {1676, 1293, 1180, 211, 12, 1128, 648, 632, 212, 642}

_ Abc—C(b2—2ac) _ V2 /cx
/xz(A + Bz + Cz?) o ( —p T Ac bC’> arctan (—ﬁm)

a+ bz? + czt B V2e3/24/b — /b2 — 4ac
2acC+Abc+b%(—C) . _ V2ex
N ( N + Ac bC) arctan < NV s )
V2c3/2\//b? — dac+ b
b+2ca?
N bBarctanh(\/;;_;m) N Blog (a + ba® + czt) . Ca
2cvV/ b2 — 4dac 4c c

[In] Int[(x"2%(A + Bxx + C*x~2))/(a + b*x"2 + c*xx~4),x]

[Out] (C*xx)/c + ((A*c - b*C - (A*b*c - (b~2 - 2%a*c)*C)/Sqrt[b~2 - 4*axc])*ArcTan
[(Sqrt[2]*Sqrt [c]l*x) /Sqrt[b - Sqrt[b~2 - 4xa*c]]])/(Sqrt[2]*c~(3/2)*Sqrt[b

- Sqrt[b~2 - 4xaxc]]) + ((A*c - b*C + (A*b*c - b~2*%C + 2*a*c*C)/Sqrt[b~2 -
4xaxc])*ArcTan[(Sqrt [2] #Sqrt [c]*x)/Sqrt[b + Sqrt[b~2 - 4*axc]]])/(Sqrt[2]*c
~(8/2)*Sqrt[b + Sqrt[b~2 - 4*axc]]) + (b*BxArcTanh[(b + 2%c*x~2)/Sqrt[b~2 -
4xaxc]])/(2xcxSqrt[b~2 - 4*axc]) + (BxLogla + b*x"2 + c*x~4])/(4*c)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x]]

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh([Rt[-b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d) + (e_)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
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e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*d - bxe)/(2xc), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, 4, e}, x] && NeQ
[2%cxd - b*e, 0] && NeQ[b~2 - 4*axc, 0] && !NiceSqrtQ[b~2 - 4xaxc]

Rule 1128

Int[(x_)~(m_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dis
t[1/2, Subst[Int[x~((m - 1)/2)*(a + b*x + c*x~2)7p, x], x, x~2], x] /; Free
Ql{a, b, c, p}, x] && IntegerQ[(m - 1)/2]

Rule 1180

Int [((d_) + (e_.)*(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b"2 - 4xa*c, 2]}, Dist[e/2 + (2*c*d - bxe)/(2*%q), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2*c*d - bxe)/(2xq), Int[1/(b/2 + q/2
+ c*x~2), x], x1] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && Ne

Qlcxd™2 - axe”2, 0] && PosQ[b~2 - 4xaxc]

Rule 1293

Int [CCE£_D*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)*x((a_) + (b_.)*(x_)"2 + (c_.)*(
x_)"4)"(p_), x_Symbol] :> Simp[e*f*(f*x)~(m - 1)*((a + b*x"2 + c*x74)"(p +
1)/(cx(m + 4%p + 3))), x] - Dist[£f72/(cx(m + 4xp + 3)), Int[(f*xx)"(m - 2)*(
a + bxx"2 + c*x"4) pxSimp[axex(m - 1) + (bxex(m + 2%p + 1) - cxdx(m + 4xp +
3))*x~2, x1, x], x] /; FreeQ[{a, b, c, d, e, f, p}, x] && NeQ[b~2 - 4*axc,
0] && GtQ[m, 1] && NeQ[m + 4*p + 3, 0] &% IntegerQ[2*p] && (IntegerQ[pl ||
IntegerQ[m])

Rule 1676

Int[(Pq ) *((d_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p ), x_S
ymbol] :> Module[{q = Expon[Pq, x], k}, Int[(d*x) m*Sum[Coeff[Pq, x, 2xk]*x
~(2xk), {k, 0, g/2 + 1}]*(a + b*x"2 + c*x~4)"p, x] + Dist[1/d, Int[(d*x)~(m
+ 1)*Sum[Coeff [Pq, x, 2%k + 1]*x~(2xk), {k, 0, (q - 1)/2 + 1}]*(a + b*x"2
+ c*xx"4)7p, x], x]] /; FreeQ[{a, b, c, d, m, p}, x] && PolyQ[Pq, x] && !Po

1yQ[Pq, x~2]

Rubi steps

Bz3 z?(A+ Cz?)
integral = [ ——————d ————d
wtegra /a+bx2—|—c:v4 x+/a—|—bx2—|—cx4 v
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aC Ac+bC)z?
= %+B —:L'3 r — f :j'bﬂ:_cz“) dx
c a + bx? + cxt c
Cz 1 T
= — BS bst — _dz,x,2?
+gboubs (/a+bm+cm2 zxm)

1
vb2—4ac ) f %—%\/bQ —4ac+cx? dx
2c

Abc— (b2—2ac)C 1
(~Ac+b0 — el [ o da

( Ac + bC - Abe=b2C-+2acC

2c
(AC _ bC _ Abc—b2C+2acC> tan_l ( \/ﬁfcz >
_Cz Vb —tac V=V
¢ V2c3/24/b — /b2 — dac
N Abc— (b 2ac) > ( V2/cx )
(Ac Ot i )\ Vnviim

_.|_
V2c3/24/b 4+ /b2 — 4ac

N BSubst ([ 2L dg, x,2%)  (bB)Subst( [ i dr, 7, 2%)

4c 4c
Abc—b2C+2acC -1 V2y/cx
_Cz (Ae—bC - W) tan ()
¢ V2e3/2/b — /b2 — dac
. Abc— (b —2ac)C > ( V2 /cx )
(Ac bC + Y tan~ T

+

V2c3/24/b 4+ Vb2 — 4ac

. Blog (a + bz? + cz*) N (bB)Subst( [ =gz dz, 2, b + 2c2?)

4c 2c
Abc—b2C+2acC -1 V2y/cz
:@_’_(Ac—bC’——m )tan (m>
¢ V2¢3/2/b — /b2 — 4dac
. Abc—(b2 2ac)C > 1 ( V2+/cx )
N (Ac bC + i tan~ N

V2¢3/24/b + /b2 — dac

b4-2cx
bB tanh™ («/%) N Blog (a + bx? + cz*)

2cvV/b? — 4ac 4c

+
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Mathematica [A] (verified)

Time = 0.24 (sec) , antiderivative size = 360, normalized size of antiderivative = 1.33

dz

/ z?(A + Bz + Cz?)
a+ bx? + cx?

22 (Ac (b—\/ b2 —4ac) + (—b2+2ac+b\/ b2 —4110) C) arctan (\/5\/517> 2\/5(—Ac (b+\/ b2 —4ac) + (b2 —2ac+bvb%—4ac
4\/60.'1} _ Vb—vb2 —4ac _
_ \/b2—4at:\/b—\/bz—4ac \/b2—4acx/b+\/b2—4

4¢3/?

[In] Integrate[(x"2*%(A + Bxx + Cxx72))/(a + b*x"2 + c*x74),x]

[Out] (4#Sqrt[cl*Cxx - (2*Sqrt[2]*(Axcx(b - Sqrt[b~2 - 4xaxc]) + (-b~2 + 2*axc +
b*Sqrt [b~2 - 4*axc])*C)*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt[b - Sqrt[b~2 - 4*ax
c]1]1)/(Sqrt[b~2 - 4xa*xc]*Sqrt[b - Sqrt[b~2 - 4xa*cl]) - (2*Sqrt[2]*(-(A*xcx(
b + Sqrt[b”2 - 4xaxc])) + (b~2 - 2*axc + b*Sqrt[b~2 - 4xa*c])*C)*ArcTan[(Sq
rt[2]*Sqrt [c]*x)/Sqrt[b + Sqrt[b~2 - 4*axc]]])/(Sqrt[b~2 - 4*xaxc]*Sqrt[b +
Sqrt[b~2 - 4xaxc]]) + (BxSqrt[c]*(-b + Sqrt[b~2 - 4xaxc])*Log[-b + Sqrt[b~2

- 4xaxc] - 2xc*x72])/Sqrt[b~2 - 4*axc] + (B*Sqrt[c]*(b + Sqrt[b~2 - 4*axc]
)xLog[b + Sqrt[b~2 - 4*axc] + 2xc*xx"2])/Sqrt[b~2 - 4*axc])/(4xc~(3/2))

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.10 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.26

method | result

(BC_R3+_R2(AC—Cb)—Ca> ln(z—_R)
c _R:RootOf(c%Z4+_Zzb+a) 2C_R3+_Rb
risch £ 4

c 2c

(2Ac—C’\/ —4ac+b2—Cb) /2 arctan %
1/ (b+\/ 74ac+b2)c

2\/(b+ \/—4ac+b2)c

default % — Se(dac—b?) +

n CE2 —4ac )
) Bln(2 +\£47M2+b)+ (b /—da

<62 —4ac+bv —4ac+b?

[In] int(x"2*(Cxx~2+B*x+A)/(c*x~4+b*x~2+a) ,x,method=_RETURNVERBOSE)

[Out] C*x/c+1/2/c*sum((Bxc*_R~3+_R~2*(A*c-C*b)-C*a)/(2*x_R~3*c+_Rxb)*1n(x-_R),_R=R
o0ot0f (_Z"4xc+_Z"2%b+a))
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Fricas [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 57.38 (sec) , antiderivative size = 861800, normalized size of antiderivative =
3191.85

dx = Too large to display

/ z2(A+ Bz + Cz?)
a + bx? + cxt

[In] integrate(x~2x(C*x~2+B*x+A)/(c*x~4+b*x"2+a),x, algorithm="fricas")

[Out] Too large to include

Sympy [F(-1)]

Timed out.

dz = Timed out

/ z2(A + Bz + Cz?)
a+ bx? + cxt

[In] integrate(x**2% (Cxx**2+B*xx+A)/(cxx**4+b*x**2+a) ,X)

[Out] Timed out

Maxima [F]

z?(A + Bz + Cz?) (Cz? + Bz + A)z?
dz = dz
a+ bx? + crt cxt + b2+ a

[In] integrate(x~2%(C*x~2+B*x+A)/(c*x~4+b*x~2+a),x, algorithm="maxima")
[Out] C*x/c + integrate((Bxc*x~3 - (Cxb - Axc)*x"2 - C#a)/(c*x"4 + b*x"2 + a), x)
/c

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 3843 vs. 2(227) = 454.

Time = 1.47 (sec) , antiderivative size = 3843, normalized size of antiderivative = 14.23

dxz = Too large to display

/ z?(A+ Bz + Cz?)
a + bx? + cxt

[In] integrate(x~2%(C*x~2+B*x+A)/(c*x~4+b*x~2+a),x, algorithm="giac")

[Out] C*x/c + 1/4*B*log(abs(c*x™4 + b*x"2 + a))/c + 1/8x((2*¥b"4*c~3 - 16*a*b~2%c~
4 + 32%xa~2%c”5 - sqrt(2)*sqrt(b”2 - 4xa*c)*sqrt(b*c + sqrt(b™2 - 4*a*c)*c)x*
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b~4*c + 8xsqrt(2)*sqrt(b”2 - 4*a*xc)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*a*b~2%c
"2 + 2*sqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4xa*c)*c)*b~3*c”2 -
16*sqrt (2) *sqrt(b”2 - 4*axc)*sqrt(b*c + sqrt(b~2 - 4xaxc)*c)*a~2xc”3 - 8%sq
rt(2)*sqrt(b”2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4xa*c)*c)*axb*xc™3 - sqrt(2)*s
qrt(b~2 - 4xaxc)*sqrt(b*c + sqrt(b~2 - 4xa*c)*c)*b~2*%c~3 + 4xsqrt(2)*sqrt(b
~2 - 4xaxc)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*axc™4 - 2%(b~2 - 4*axc)*b~2xc”3
+ 8x(b72 - 4%axc)*axc”4)*Axc™2 - (2%b75xc”2 - 16%a*b~3%c”3 + 32%a"2%bxc”4
- sqrt(2)*sqrt(b~2 - 4xaxc)*sqrt(b*c + sqrt(b™2 - 4xaxc)*c)*b~5 + 8xsqrt(2)
*sqrt(b~2 - 4*axc)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*a*b~3xc + 2*sqrt(2)*sqrt
(b™2 - 4*axc)*sqrt(b*c + sqrt(b”2 - 4*axc)*c)*b”~4xc - 16*sqrt(2)*sqrt(b~2 -
4xaxc)*sqrt(bxc + sqrt(b”™2 - 4xaxc)*c)*a~2xb*c™2 - 8xsqrt(2)*sqrt(b”2 - 4%
axc)*sqrt (b*c + sqrt(b~2 - 4*axc)*c)*a*xb~2xc”2 - sqrt(2)*sqrt(b”™2 - 4xa*c)x*
sqrt(b*c + sqrt(b~2 - 4*a*c)*c)*b~3*c™2 + 4*sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(
bxc + sqrt(b™2 - 4xaxc)*c)*axb*c™3 - 2x(b72 - 4*axc)*b"3*c”2 + 8%(b"2 - 4*a
*xC) *a*xbxc”3) *Ckxc~2 - 2*(sqrt(2)*sqrt(b*c + sqrt(b~2 - 4x*a*c)*c)*axb~4*xc™2 -
8xsqrt (2) *sqrt (b*c + sqrt(b~2 - 4*axc)*c)*a~2xb~2%c~3 - 2xsqrt(2)*sqrt(b*c
+ sqrt(b~2 - 4*axc)*c)*a*b~3*c”3 - 2*%axb~4xc”3 + 16*sqrt(2)*sqrt(b*c + sqr
t(b~2 - 4*axc)*c)*a~3*c”4 + 8*sqrt(2)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*a~2*b
*c~4 + sqrt(2)*sqrt(b*c + sqrt(b™2 - 4*akc)*c)*a*b~2%c™4 + 16%xa~2%b"2%c™4 -
4xsqrt (2) *sqrt(bxc + sqrt(b”2 - 4*a*c)*c)*a”2%c”5 - 32%a~3*%c™5 + 2%(b~2 -
4xaxc)*a*xb”2xc”3 - 8%(b~2 - 4*axc)*a~2%c"4)*Cxabs(c) - (2¥b~4*c~5 - 8*a*xb~2
*C~6 — sqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4xa*c)*c)*b~4*c”3 +
4xsqrt (2) *sqrt(b™2 - 4*a*xc)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*a*b™2xc™4 + 2*s
qrt(2)*sqrt (b2 - 4*a*c)*sqrt(b*c + sqrt(b™2 - 4*a*xc)*c)*b~3*c"4 - sqrt(2)*
sqrt(b~2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4xa*c)*c)*b~2*xc”™5 - 2x(b~2 - 4*a*c)
*b~2%c"B5)*A + (2%b”5*c”4 - 12%a*b~3*c”5 + 16*%a~2*b*c”6 - sqrt(2)*sqrt(b”2 -
4xaxc)*sqrt(bxc + sqrt(b”™2 - 4xa*c)*c)*b~5*xc”2 + 6xsqrt(2)*sqrt(b™2 - 4*ax
c)*sqrt(b*xc + sqrt(b™2 - 4*a*c)*c)*a*xb~3*%c"3 + 2*sqrt(2)*sqrt(b™2 - 4*axc)x*
sqrt(bxc + sqrt(b™2 - 4xaxc)*c)*b~4xc~3 - 8xsqrt(2)*sqrt(b”™2 - 4*a*c)*sqrt(
b*c + sqrt(b~2 - 4xa*c)*c)*a~2*bxc”4 - 4*sqrt(2)*sqrt(b”2 - 4xa*c)*sqrt(b*c
+ sqrt(b~2 - 4xa*c)*c)*axb™2xc”4 - sqrt(2)*sqrt(b”2 - 4*axc)*sqrt(bxc + sq
rt(b™2 - 4*a*c)*c)*b~3*%c”™4 + 2xsqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c + sqrt(b”
2 - 4%axc)*c)*axbxc™b - 2%(b72 - 4¥axc)*b"3xc™4 + 4% (b"2 - 4xaxc)*axbkxc”5)*
C)*arctan(2*sqrt(1/2)*x/sqrt ((b*c~3 + sqrt(b~2*c™6 - 4*a*xc~7))/c”4))/((a*b”
4%xc”3 - 8*a”2%b"2xc"4 - 2*a*b"3*c"4 + 16*%a"3*c”5 + 8*a"2xbxc”5 + axb"2*xc”5
- 4%a”2xc”B6)*c"2) - 1/8%((2%xb~4*c~3 - 16%a*b~2*c”4 + 32*%a~2*c”5 - sqrt(2)*s
qrt(b~2 - 4*axc)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*b~4xc + 8*sqrt(2)*sqrt(b~2
- 4xaxc)*sqrt(bxc - sqrt(b”™2 - 4xa*c)*c)*axb~2*c”™2 + 2xsqrt(2)*sqrt(b~2 -
4xaxc)*sqrt(bxc - sqrt(b™2 - 4xa*c)*c)*b~3%c”™2 - 16*sqrt(2)*sqrt(b”™2 - 4xax
c)*sqrt(b*c - sqrt(b™2 - 4*akc)*c)*a~2*c”™3 - 8*sqrt(2)*sqrt(b~2 - 4*a*c)*sq
rt(b*c - sqrt(b~2 - 4*axc)*c)*axbxc™3 - sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c
- sqrt(b™2 - 4*a*c)*c)*b~2*c”3 + 4*sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c - sqr
t(b72 - 4xaxc)*c)*axc™4 - 2%(b72 - 4xakxc)*b”2xc”3 + 8%(b72 - 4xaxc)*axc™4)x*
Axc™2 - (2%b75*c™2 - 16%axb~3%c”3 + 32*a"2xb*c”4 - sqrt(2)*sqrt(b”2 - 4*a*c
)*xsqrt(b*c - sqrt(b~2 - 4xaxc)*c)*b~5 + 8xsqrt(2)*sqrt(b™2 - 4xaxc)*sqrt(b*
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c - sqrt(b”2 - 4*axc)*c)*a*xb”~3*kc + 2*sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c - s
qrt(b~2 - 4*axc)*c)*b~4*xc - 16xsqrt(2)*sqrt(b~2 - 4*a*c)*sqrt(b*c - sqrt(b”
2 - 4*akxc)*c)*a~2*b*c”2 - 8*sqrt(2)*sqrt(b”2 - 4*axc)*sqrt(b*c - sqrt(b~2 -
4xa*c)*c)*axb"2xc”2 - sqrt(2)*sqrt(b”2 - 4*axc)*sqrt(bxc - sqrt(b”2 - 4*ax
c)*c)*b"3*c”2 + 4xsqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)
*xaxb*xc”™3 - 2x(b72 - 4*a*xc)*b~3*%c”2 + 8*(b~2 - 4*axc)*axbxc~3)*C*xc”"2 + 2x(sq
rt(2)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*a*b~4xc~2 - 8*sqrt(2)*sqrt(b*c - sqrt
(b™2 - 4*axc)*c)*a~2¥b"2xc”™3 - 2*sqrt(2)*sqrt(bxc - sqrt(b™2 - 4xaxc)*c)*ax
b~3%c”3 + 2xa*xb~4*c”3 + 16*sqrt(2)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*a~3xc~4
+ 8*sqrt(2)*sqrt(bxc - sqrt(b”™2 - 4*axc)*c)*a~2xb*c”4 + sqrt(2)*sqrt(bxc -
sqrt(b”2 - 4xaxc)*c)*axb~2%c”4 - 16*%a~2xb"2%c”4 - 4xsqrt(2)*sqrt(bxc - sqrt
(b2 - 4xaxc)*c)*a~2%c”5 + 32*a~3*c”5 - 2x(b72 - 4*axc)*a*b”2xc”3 + 8%(b"2
- 4xaxc)*a~2+c”4)*C*abs(c) - (2¥b"4xc~5 - 8*axb~2*c”6 - sqrt(2)*sqrt(b”2 -
4xaxc)*sqrt(bxc - sqrt(b”™2 - 4xaxc)*c)*b~4*c”3 + 4xsqrt(2)*sqrt(b™2 - 4*axc
)*sqrt(b*c - sqrt(b~2 - 4x*a*c)*c)*axb™2xc”4 + 2*sqrt(2)*sqrt(b~2 - 4x*a*c)*s
qrt(bxc - sqrt(b™2 - 4xa*c)*c)*b~3*c™4 - sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c
- sqrt(b”2 - 4*a*xc)*c)*b~2*%c™5 - 2%(b~2 - 4*axc)*b"2xc”5)*A + (2xb~5*c"4 -
12%xaxb~3%c”5 + 16*%a~2xb*c”6 - sqrt(2)*sqrt(b™2 - 4xa*c)*sqrt(b*c - sqrt(b”
2 - 4xaxc)*c)*b~5*xc”2 + 6xsqrt(2)*sqrt(b”2 - 4*akxc)*sqrt(b*c - sqrt(b”2 - 4
*xa*c)*c)*axb~3%c”3 + 2*sqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(b*c - sqrt(b™2 - 4xax
c)*c)*b~4*c”3 - 8xsqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)
*a"2%b*c™4 - 4xsqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*ax
b~2%c”4 - sqrt(2)*sqrt(b”2 - 4*a*c)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*b~3*c™4
+ 2xsqrt(2)*sqrt(b~2 - 4xaxc)*sqrt(bxc - sqrt(b™2 - 4*a*c)*c)*axb*xc™5 - 2%
(b™2 - 4*axc)*b~3xc™4 + 4*%(b~2 - 4xaxc)*axb*c”5)*C)*arctan(2*sqrt(1/2)*x/sq
rt((bxc™3 - sqrt(b~2%c~6 - 4xaxc~7))/c”4))/((axb~4*c”3 - 8*a~2*b"2%c"4 - 2%
a*b~3xc”4 + 16%a”3%c”5 + 8*a~2xbkc”5 + axb"2%c”5 - 4*%a”2%c”6)*c”2) - 1/16%(
(b™6 - 8%axb~4*c - 2xb~5kc + 16*%a~2%b"2xc”2 + 8*axb~3*c”2 + b4*xc”2 - 4*axb
“2%c”3 + (b75 - 8*a*b~3*kc - 2%b~4dkc + 16%a"2*b*c”2 + 8*axb"2*c”2 + b"3*c”"2
- 4xaxb*c”3)*sqrt (b2 - 4xaxc))*B*abs(c) - (b~6xc - 8%axb~4*c”2 - 2xb~5*c”2
+ 16%a”2xb"2%c~3 + 8*a*b~3*%c”3 + b~4*c”3 - 4xa*b"2xc”4 + (b”5xc - 4xa*xb”~3*
C€”2 - 2xb74*c”2 + b~3%c”3)*sqrt(b”2 - 4xaxc))*B)*log(x~2 + 1/2%(b*c”™3 + sqr
t(b72%c™6 - 4*axc”7))/c”4)/((a*xb™4 - 8*a~2xb~2%c - 2%a*b~3*c + 16%a~3*c”2 +
8%a~2xbxc”2 + axb"2%c”2 - 4*xa~2%c”3)*c"2*abs(c)) - 1/16x((b”6 - 8*xaxb~4xc
- 2xb"5*c + 16*%a"2*xb”"2%c”2 + 8*a*b~3*%c”2 + b74*c"2 - 4*a*xb”2%c”3 + (b5 - 8
*a*¥b~3%c - 2%b"4xc + 16%a”2%b*c”2 + 8*%axb"2xc”2 + b~3*c”2 - 4*axb*c”3)*sqrt
(b2 - 4xaxc))*Bxabs(c) - (b76%c - 8xaxb~4*c™2 - 2*%b~5xc”2 + 16%a”2%b"2%c”3
+ 8%axb~3*%c”3 + b74*c"3 - 4xa*xb"2%c”4 + (b"bxc - 4xa*b~3*%c”2 - 2xb~4*c"2 +
b~3%c”3) *sqrt (b2 - 4xaxc))*B)*log(x~2 + 1/2%(b*c”3 - sqrt(b~2*c”6 - 4xaxc
“7))/c”4)/((a*b™4 - 8%a"2xb"2xc - 2%a*b~3*c + 16%a”3*c”2 + 8*ka~2*bxc"2 + ax
b~2xc™2 - 4*a”2%c”~3)*c"2*abs(c))
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Mupad [B] (verification not implemented)

Time = 8.51 (sec) , antiderivative size = 1890, normalized size of antiderivative = 7.00

/ 2*(A + Bz + C1?)

ot ba? + et dz = Too large to display

[In] int((x"2*%(A + Bxx + C*x72))/(a + b*x~2 + c*x74),x)

[Out] symsum(log(- root(128*a*b~2*c~4*z"4 - 16xb~4xc~3*z"4 - 256%a~2xc"5*z"4 - 12
8*B*a*b"2*%c"3*xz"3 + 16*B*b"4*xc"2xz"3 + 256*B*a"2*xc 4*xz"3 - 48xAxCxaxb~2*c”2
*¥z72 + 8*%A*C*b"4xc*xz"2 — 48*%C™2*%a”"2*%b*c™2*%z"2 + 40*xB~2*a*b”2xc"2*%z"2 + 28%*C
“2%axb"3kc*kz"2 + 16x%AT2*xa*xb*cT3*%z"2 + 64*%A*C*a”2xc"3*%z72 — 4xBT2*%b"4xcxz”2
— 96*xB72%a"2%Cc"3%z72 — 4*%AT2xDb"3%cT2%z"2 — 4*%CT2*%xb"5%xz"2 + 8*A*B*Ckaxb~2%cx*
Zz + 16%BxC”2%a"~2xbxcxz — 32*%A*BxCxa~2%c~2xz — 4*B*C~2*xaxb~3*z - 4*B~3*a*b™2
xcxz + 16%B~3%a~2%c”2%z + 4xA*B"2+Cxa~2xc + 2%A~3xCxaxbkxc - A~2xB~2*axb*c -
2xAT2xC"2%a"2xc + 2%AxC"3*%a”"2%b — BT2*C"2*a"2xb - AT2xC"2*a*xb”"2 - BT4*a"2*
c - A"4xaxc™2 - CT4xa~3, z, k)*x((8*BxCxa~2%c~2 - 4xAxBxaxbxc~2)/c - root(12
8*a*b"2%c"4*z"4 - 16*%b"4*kc"3*xz"4 — 256%a”2%c 5*z"4 - 128%B*a*b”"2%c"3*%z"3 +
16xBxb"4*c™2%2"3 + 256*xB*xa”2%c"4%z"3 — 48%A*Cka*xb~2%c"2*xz"2 + 8*A*C*b " 4*c*z
T2 - 48*%C72*%a"2*%b*xc"2*xz"2 + 40*%BT2xaxb"2*%cT2*%z"2 + 28*%C"2*a*xb"3xcxz"2 + 16%
A" 2xaxb*xc”3*%z"2 + 64xAxCka”~2*%c"3%xz72 — 4*%BT2*xb74*c*z"2 - 96*xBT2*a”"2*%c"3%z"2
- 4xA724%b"3%cT2%z"2 — 4xCT2*%b"5%z"2 + 8*A*BxCxaxb”~2*%c*z + 16*xBxC”~2%a”2xb*c
*z — 32%A*B*C*a”~2%c”™ 2%z - 4xB*xC"2%a*b”" 3%z - 4xB~3*xaxb”2%c*z + 16*%B"3*a”2%c”
2%z + 4*%xA*xB72*xCxa~2xc + 2*%A"3*%Cka*xbkc - AT2x%B"2%a*b*c — 2%xA"2xCT2*xa"2%c + 2
*A*C"3*%a"2xb — BT2*%C72*%a"2*%b - AT2xC"2*a*b”2 - B74*a"2xc - AT4*a*c”2 - C74x
a~3, z, k)*((16xCxa~2*c~3 - 4*xCkxa*b~2*xc"2)/c + (x*(8*B*b~3*c~2 - 32*B*axb*c
~3))/c - (root(128*axb~2xc~4*z~4 - 16*%b~4*c”~3*z"4 - 256%a~2*%c~5*%z"4 - 128%B
*¥a*xb"2%c"3%z"3 + 16%Bxb"4xc"2%z"3 + 256*%Bka~2%xc"4%xz"3 — 48xAxCkxaxb"2*c"2*z”
2 + 8*%A*Ckxb~4*kcxz"2 — 48*%xC™2*xa~2xb*c™2*%z"2 + 40*%B"2*a*xb~2*%c"2xz"2 + 28*xC"2x%
a*b”3*c*z"2 + 16*%A"2*ka*xbkxc 3*xz"2 + 64*xAxCxa~2*%c”3*%z72 - 4*xB72*xb"4*xcxz"2 - 9
6*%B~2%a”~2%Cc"3%z"2 — 4%A"2%b"3%c”2%z"2 - 4xC”2%b"5%z"2 + 8*%A*BxCxaxb~2%c*z +
16*xB*C~2*%a"2xb*xc*kz — 32%A*BxCxa”~2*%c™ 2%z - 4*B*C™2*xaxb~ 3%z — 4xB~3*a*b~2*cx*
Z + 16*%B73%a"2*%c" 2%z + 4*%xA*BT2*%Cxa”~2%c + 2%A"3*Cka*b*c - AT2*B"2xaxbkxc - 2%
A™2xC™2%a"2xc + 2%A*C"3*%a"2*%b - BT2xC"2*a"2%b — A"2*xC"2*xaxb”2 — B74*a"2%c -
A~4xaxc™2 - C"4xa”~3, z, k)*x*x(8*b~3*%c”3 - 32*a*b*c~4))/c) + (x*x(2xC"2*%b~4
- 4xA72%a*xc”3 + 2xB72xb"3%c + 2*%AT2*b72xcT2 + 4*%CT2*%a"2%c”2 - 4xAxCxb~3*c -
10%B~2*a*xbxc™2 — 8*C~2%axb”~2*c + 12xA*Cxaxb*c~2))/c) - (A"3*a*xc™2 - C~3*a”
2xb + A*C™2xaxb”™2 + A*C™2xa”~2%c — B72xCka~2%c + A*B"2*axbxc - 2*%A”2xCxaxb*c
)/c - (xx(B"3*axb*c + A"2xBka*c™2 + BxC"2*a*b~2 — B*C"2%a~2xc — 2*A*BxCxaxb
*xc))/c)*root (128*axb~2xc~4*xz~4 - 16%b~4*c”3%z"4 - 256*%a~2xc~5*xz~4 - 128+%B*a
*¥b"2%c"3%z"3 + 16*B*xb"4*xcT2xz"3 + 256*B*a"2%xc 4*xz"3 - 48xAxCxaxb"2*c"2*z"2
+ 8xAxCkxb~4*c*xz"2 - 48%xC™2*%a"2xbxc™2*%z"2 + 40%B"2*xa*xb”~2*%c"2xz"2 + 28*%C"2*ax
b~ 3%c*z"2 + 16*xA"2%a*xbxc”3*%z72 + 64*%A*xCxa”~2*%c”3%z"2 - 4*%B"2xb"4*c*kz"2 - 96%
B™2*%a"2%c"3%z"2 — 4*%A"2%b"3*%c"2%xz"2 - 4%CT2*%b"5%z"2 + 8xAxBxCxa*xb"2*c*z + 1
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6xBxC~2%a " 2xbxcxz — 32*%A*B*Cxa~2%c 2%z — 4xB*C™2*axb~ 3%z — 4*B~3*xa*xb " 2*c*xz
+ 16%B~3%a"2%c" 2%z + 4xAxB"2*C*a”2%c + 2*xA~3xCkxaxb*c — A"2*B"2*axbxc — 2%A~
2*%C72*%a"2*%c + 2xAxC™3*%a"2%b - B72*xC"2*xa"2xb - AT2*%C"2*a*xb”2 - BT4*xa"2%c - A
“4*a*xc”2 - C"4*a~3, z, k), k, 1, 4) + (C*x)/c
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A+B 2
3.24 [ AtBuce) g

a+bx“+cz
Optimal result . . . . . . . . . . . e [187]
Rubi [A] (verified) . . . . . . . . 187
Mathematica [A] (verified) . . . . . . . . . ... 190
Maple [C] (verified) . . . . . . . . . .. 1901
Fricas [C] (verification not implemented) . . . . . . . ... ... ... .. ... ... 1971
Sympy [F(-1)] . . o o 19Tl
Maxima [F] . . . . . . 192
Giac [B] (verification not implemented) . . . . . ... ... ... Lo L. 192
Mupad [B] (verification not implemented) . . .. ... ... ... ... ....... 193

Optimal result

Integrand size = 26, antiderivative size = 223

V2./cx
/ a:(A + Bz + sz) i B+\/b— v/b? — 4acarctan (Wﬁ)

a+bz?t+ext T V24/cV/b? — 4dac
\/f V2y/cx
B b+ v/b? — 4acarctan <m>
V2/cV/b? — dac
~ (2Ac — bC)arctanh(%) . C'log (a + bz? + cz?)
2¢\/ b2 — 4ac 4c

[Out] 1/4*C*1n(c*x~4+b*x~2+a)/c-1/2*(2xA*xc-Cxb)*arctanh ((2*c*x~2+b) /(-4*a*c+b~2)"
(1/2))/c/ (m4*a*c+b~2) " (1/2)-1/2*Bxarctan (x*2~ (1/2) *c~ (1/2) / (b-(-4*a*xc+b~2) "~
(1/2))7(1/2) ) *(b-(-4*a*xc+b~2)~(1/2))~(1/2)*2~(1/2) /c~(1/2) / (-4*a*c+b~2) ~(1/
2)+1/2xBxarctan (x*2~(1/2)*c~(1/2) / (b+(-4*a*xc+b~2)~(1/2)) ~(1/2) ) * (b+(-4*a*c+
b~2)~(1/2))~(1/2)*2~(1/2) /c~(1/2) / (-4*a*xc+b~2)~(1/2)

Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 223, normalized size of antiderivative = 1.00,

number of steps used = 10, number of rules used = 9, umber of rules _ 346, Rules used
integrand size
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= {1676, 1261, 648, 632, 212, 642, 12, 1144, 211}

2(A + Bz + Cz?) o (2Ac— bC)arctanh(chzac)
/ a + bx? + cxt = 2¢cV/b? — 4ac
B\/ b — v/b? — 4dacarctan (%)
V2/cV/b? — 4dac
B+\/V/b? — 4ac + barctan ‘C‘/E“’
+ (\/ VbZ—4ac+b )
V2:/cV/b? — 4dac
Clog (a + bz* + cz*)
+
4c

[In] Int[(x*(A + B*x + C*x"2))/(a + b*x"2 + c*x74),x]

[Out] -((B*Sqrt[b - Sqrt[b~2 - 4*a*xc]]*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt[b - Sqrt([b
~2 - 4xaxc]]])/(Sqrt[2]*Sqrt[c]*Sqrt[b~2 - 4*a*c])) + (B*Sqrt[b + Sqrt[b~2
- 4xaxc]]*ArcTan[(Sqrt [2]*Sqrt [c]*x)/Sqrt[b + Sqrt[b~2 - 4xaxc]]1])/(Sqrt[2]
*Sqrt [c] *Sqrt[b™2 - 4*a*xc]) - ((2*%A*c - b*C)*ArcTanh[(b + 2*c*xx~2)/Sqrt[b~2

- 4xaxc]])/(2xcxSqrt[b~2 - 4*axc]) + (CxLogla + b*x"2 + c*x~4])/(4*c)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 211

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 212

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]1))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*axc - x~2, x], x], x, b + 2*cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 642

Int[((d)) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log[RemoveContent [a + b*x + c*x~2, x]1/b), x] /; FreeQ[{a, b, c, d,
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e}, x] && EqQ[2*c*d - bxe, 0]

Rule 648

Int[((d_.) + (e_.)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*%c*d - b*e)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*xd - b*e, 0] && NeQ[b~2 - 4xa*c, 0] && !NiceSqrtQ[b~2 - 4*axc]

Rule 1144

Int [((A_)*(x_))"(m_ )/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :> Wi
th[{q = Rt[b™2 - 4xaxc, 2]}, Dist[(d"2/2)*(b/q + 1), Int[(d*x)"(m - 2)/(b/2
+ q/2 + c*x”2), x], x] - Dist[(d~2/2)*(b/q - 1), Int[(d*x)"(m - 2)/(b/2 -
q/2 + c*x~2), x], x]] /; FreeQ[{a, b, c, d}, x] && NeQ[b~2 - 4*a*xc, 0] && G

eQ[m, 2]

Rule 1261

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
p_.), x_Symbol] :> Dist[1/2, Subst[Int[(d + e*x) q*(a + b*x + c*x~2)7p, x],
x, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x]

Rule 1676

Int[(Pq ) *((d_.)*(x_)) " (m_.)*((a ) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p.), x_S
ymbol] :> Module[{q = Expon[Pq, x], k}, Int[(d*x) m*Sum[Coeff[Pq, x, 2xk]*x
~(2xk), {k, 0, g/2 + 1}]1*(a + b*x"2 + c*x~4)"p, x] + Dist[1/d, Int[(d*x)~(m
+ 1)*Sum[Coeff [Pq, x, 2%k + 1]*x~(2xk), {k, 0, (q - 1)/2 + 1}]*(a + b*x"2
+ c*xx"4)7p, x], x]] /; FreeQ[{a, b, c, d, m, p}, x] && PolyQ[Pq, x] && !Po
1yQ[Pq, x~2]

Rubi steps

Bz? z(A+ Cz?)
int l= | ——d ——d
tegtra /a+bx2+ca:4 x+/a+bx2+c:c4 o

1 A+Cx z2
= —Subst ——d 2 B | ——d
ki </a+bx+cx2 x,x,x)—l— /a+bx2—|—cac4 v

5080 ) v
2 b2 — 4ac b 1b? — dac+ cz?

1 b 1

+ (Bl 1+ ———= / dz
2( ( \/b2—4ac)) b+ 1V — dac + ca?

N CSubst ([ 222 gz, , 2?) N (24c — bC)Subst ([

a-+bz+cx?
4c 4c

1 2
a-+bx+czr? dx’ Z,T )
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_ -1 (__V2/ex 7 -1 M)
v/ b2 — 4actan (m) BvVb+ v/b? — 4actan (m

=- +
V2:/cV/b? — 4ac V2:/cV/b? — 4ac
N Clog (a+ bz® +cx ) (2Ac — bC)Subst (f Py aZ 4ac —dzr,r,b+ 20z2)
4c 2c
— /2 = -1 (__V2/exr 2 _ -1 V2y/cx
_ b2 — 4actan ( =y b2_4ac> N B+\/b+ vb? — 4actan <—F 62_4ac>
V2,/cV/b? — dac V24/cV/b? — 4dac
(2Ac — bC) tanh™ <5LCZ'M> s C'log (a + ba? + cz)
2cv/ b2 — 4ac 4c

Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 240, normalized size of antiderivative = 1.08

/ z(A + Bz + Cz?)
dz
a+ bx? + cxt

_2\/_ Bfmarctan( JWJL)HW By/evb+ Vb2 — 4“&1”0‘3&“(%)*(2’4

4c

[In] Integrate[(x*x(A + Bxx + Cxx72))/(a + b*x~2 + c*x74),x]

[Out] (-2*Sqrt[2]*B*Sqrt[c]l*Sqrt[b - Sqrt[b~2 - 4*a*xc]]*ArcTan[(Sqrt[2]*Sqrt[c]*x
)/Sqrtb - Sqrt[b~2 - 4xa*xc]]] + 2xSqrt[2]*B*Sqrt[c]l*Sqrt[b + Sqrt[b~2 - 4%
axc]]*ArcTan[(Sqrt [2] *Sqrt [c]*x) /Sqrt[b + Sqrt[b~2 - 4xa*c]]] + (2%A*c + (-

b + Sqrt[b”™2 - 4*a*c])*C)*Log[-b + Sqrt[b~2 - 4*axc] - 2%c*x"2] - (2xAxc -

(b + Sqrt[b~2 - 4xaxc])*C)*Log[b + Sqrt[b~2 - 4*axc] + 2xc*xx~2])/(4*c*Sqrt[

b~2 - 4xaxc])

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.07 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.23



191

method | result

(C_R3+B_R2+A_R> m(a—_R) )

> 3
. (_R:Rootof (c_Z4+_Zzb+a) QC_R +_Rb
risch 5
(—Bb\/ —4ac+b2 +4Bac—B b2) V2 arctan %
(2Ac —4ac+b2 —C\/—4ac+b2 b+4acC—b20) In (26 22 +V —4uc+b2+b) " \/ (b+ \% —4ac+b2 ) c ’
4c \/
2 (b+\/ —4ac+b2)c

default | 4c (@)

[In] int(x*(C*x~2+B*x+A)/(c*x"4+b*x"2+a) ,x,method=_RETURNVERBOSE)
[Out] 1/2*sum((C*_R~3+B*_R~2+Ax_R)/(2*%_R"3*c+_R*b)*1n(x-_R),_R=Root0f (_Z~4*c+_Z"2
*b+a))

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.
Time = 13.96 (sec) , antiderivative size = 845032, normalized size of antiderivative =

3789.38

A+B 2

[In] integrate(x*(Ckx~2+B*x+A)/(c*x~4+b*x~2+a),x, algorithm="fricas")

[Out] Too large to include

Sympy [F(-1)]
Timed out.
dz = Timed out

/ z(A + Bz + Cz?)

a+bx? + cxt

[In] integrate(x* (Ckx**2+B*x+A)/(ckx**4+b*x**2+a) ,x)

[Out] Timed out
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Maxima [F]

/ z(A+ Bz + Cz?) / (Cx? + Bz + A)x
dr = dz
a+ bx? + cxt cxt+bx2+a

[In] integrate(x*(Ckx~2+B*x+A)/(c*x~4+b*x~2+a),x, algorithm="maxima")

[Out] integrate((C*x~2 + B*x + A)*x/(c*x"4 + b*x"2 + a), x)

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 2368 vs. 2(179) = 358.

Time = 1.46 (sec) , antiderivative size = 2368, normalized size of antiderivative = 10.62

2
/ 2(A+ Bz + Cz?) dx = Too large to display

a+ bx? + cxt

[In] integrate(x*(Ckx~2+B*x+A)/(c*x~4+b*x~2+a),x, algorithm="giac")

[Out] 1/4xCxlog(abs(c*x”™4 + b*x"2 + a))/c + 1/8x((2%b~4*c™2 - 16%a*b~2%c™3 + 32%a
~2%c”4 - sqrt(2)*sqrt(b~2 - 4xaxc)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*b~4 + 8x
sqrt (2) *sqrt(b~2 - 4*axc)*sqrt(b*c + sqrt(b”2 - 4*axc)*c)*axb~2xc + 2*sqrt(
2)*sqrt(b”2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4xa*c)*c)*b~3*c - 16*sqrt(2)*sqr
t(b"2 - 4xaxc)*sqrt(b*c + sqrt(b™2 - 4xaxc)*c)*a~2xc”2 - 8xsqrt(2)*sqrt(b~2
- 4xaxc)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*a*bxc”2 - sqrt(2)*sqrt(b”2 - 4*ax
c)*sqrt(b*xc + sqrt(b™2 - 4xa*c)*c)*b~2*c”™2 + 4xsqrt(2)*sqrt(b™2 - 4*axc)*sq
rt(b*c + sqrt(b~2 - 4*axc)*c)*a*xc™3 - 2%(b~2 - 4*axc)*b~2xc”2 + 8x(b"2 - 4x
axc)*axc~3)*Bxc"2 - (2%b74*c"4 - 8*a*b"2xc”5 - sqrt(2)*sqrt(b”2 - 4xaxc)*sq
rt(bxc + sqrt(b™2 - 4*axc)*c)*b"4*xc™2 + 4*xsqrt(2)*sqrt(b”™2 - 4xaxc)*sqrt(bx
c + sqrt(b™2 - 4*axc)*c)*a*xb~2xc”3 + 2*sqrt(2)*sqrt(b”2 - 4*axc)*sqrt(bxc +
sqrt(b™2 - 4*axc)*c)*b~3*%c™3 - sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(b*c + sqrt(b
"2 - 4xakxc)*c)*b”"2%c"4 - 2% (b~2 - 4*axc)*b~2xc~4)*B)*arctan(2xsqrt(1/2)*x/s
qrt ((b*c + sqrt(b~2*c™2 - 4xa*c~3))/c”2))/((axb™4*c™2 - 8*a~2%b~2%c~3 - 2*a
*¥b"3%xc”™3 + 16%a~3xc”™4 + 8*a~2%b*c"4 + a*b”2%xc”4 - 4%a~2%c"5)*c”2) - 1/8%((2
*b~4*c”2 - 16%axb~2%c”3 + 32*%a"2xc”4 - sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(bxc -
sqrt(b~2 - 4xa*xc)*c)*b~4 + 8*sqrt(2)*sqrt(b~2 - 4xa*c)*sqrt(b*c - sqrt(b~2
- 4xaxc)*c)*axb~2xc + 2xsqrt(2)*sqrt(b”2 - 4xa*c)*sqrt(b*c - sqrt(b”2 - 4%
axc)*c)*b~3*%c - 16*sqrt(2)*sqrt(b™2 - 4*a*c)*sqrt(b*c - sqrt(b~2 - 4*a*c)*c
)*¥a~2%c”2 - 8*sqrt(2)*sqrt(b~2 - 4xaxc)*sqrt(bxc - sqrt(b”™2 - 4xaxc)*c)*axb
*Cc"2 - sqrt(2)*sqrt(b”2 - 4*axc)*sqrt(b*c - sqrt(b™2 - 4xa*c)*c)*b™2*c"2 +
4xsqrt (2) *sqrt (b™2 - 4xaxc)*sqrt(bxc - sqrt(b™2 - 4*a*xc)*c)*a*xc”™3 - 2% (b2
- 4x¥axc)*b~2xc”2 + 8x(b~2 - 4kaxc)*a*xc”3)*Bxc”2 - (2%b~4*c”4 - 8*a*xb~2xc”5
- sqrt(2)*sqrt (b2 - 4xa*c)*sqrt(b*c - sqrt(b™2 - 4*a*c)*c)*b~4*c™2 + 4xsqr
t(2)*sqrt(b~2 - 4*a*xc)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*a*b™2xc~3 + 2*sqrt(2
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)*sqrt (b2 - 4xaxc)*sqrt(bxc - sqrt(b™2 - 4*a*c)*c)*b~3*%c”™3 - sqrt(2)*sqrt(
b~2 - 4xaxc)*sqrt(bxc - sqrt(b™2 - 4*xaxc)*c)*b~2xc”4 - 2x(b"2 - 4xaxc)*b~2%
c~4)*B)*arctan(2+sqrt (1/2) *x/sqrt ((bxc - sqrt(b~2*c~2 - 4*a*xc~3))/c~2))/((a
*b"4*c”2 - 8*%a"2%b"2%c”3 - 2*a*b~3*c”3 + 16%a”3xc”4 + 8xa"2xbxc”4 + axb~2xc
"4 - 4xa”2xc”5)*c”2) + 1/16%(2%(b~5%c - 8%axb~3xc”2 - 2xb~4xc”2 + 16%a”2*b*
c™3 + 8*a*xb”"2xc”3 + b"3xc”3 - 4*axb*c”4 - (bT4xc - 8*a*b~2*c"2 - 2xb~3*c”2
+ 16*%a”2xc~3 + 8*axbxc”3 + b~2xc”3 - 4xaxc”4)*sqrt(b~2 - 4*axc))*A*abs(c) -
(b™6 - 8*axb~4*c - 2*¥b~5*kc + 16%a”2xb"2xc”2 + 8*axb~3*c”2 + b"4*c"2 - 4*ax
b"2%c"3 + (b~5 - 8*axb~3xc - 2xb~4xc + 16%a”2xb*c~2 + 8xa*b~2*xc”2 + b~ 3*c”2
- 4xaxb*c”3)*sqrt(b~2 - 4*a*c))*Cxabs(c) - 2%(b~5xc™2 - 8*axb~3*c”3 - 2%b~
4xc”3 + 16%a”2xb*c”4 + 8xa*b~2%c”4 + b"3*c”4 - 4xaxb*c”5 + (bT4*c”2 - 4*axb
“2%c”3 - 2*b~3%c”3 + b~2xc"4)*sqrt(b”2 - 4xaxc))*A + (b"6%c - 8*a*b"4*xc”2 -
2xb~5*c"2 + 16*%a”2*b"2*c”3 + 8*a*b~3*c”3 + b"4xc”3 - 4*axb"2xc”4 + (b~5*c
- 4xaxb~3%c”2 - 2%b"4*c”2 + b~3%c”3)*sqrt(b”2 - 4xaxc))*C)*log(x~2 + 1/2%(b
*c + sqrt(b™2xc”2 - 4xaxc”3))/c”2)/((axb™4 - 8xa~2%b~2%c - 2%a*b~3xc + 16%a
T3%CcT2 + 8*%a"2%b*c”2 + axb”2*c”2 - 4%a”2%c”"3)*c"2*abs(c)) + 1/16%(2x(b~5*c
- 8%a*b”"3%c”2 - 2%b74*xc”2 + 16*%a”2%bxc”3 + 8*axb"2%c”3 + b"3*%c”3 - 4xaxbxc”
4 + (b"4xc - 8xa*b~2+c”2 - 2xb~3*c”2 + 16*a”2*c”3 + 8*a*bxc”™3 + b"2xc”3 - 4
*xaxc~4)*sqrt(b~2 - 4*axc))*A*abs(c) - (b™6 - 8*a*b~4*xc - 2%b~5*xc + 16%a~2x*b
T2%c”2 + 8*%a*b”"3%c”2 + bT4xc”2 - 4*axb”"2xc”3 - (b~5 - 8*axb~3%c - 2%b~4*c +
16*%a~2xb*c™2 + 8%a*xb~2%c”2 + b~3%c”"2 - 4*a*xb*xc”3)*sqrt(b~2 - 4*a*c))*Cxabs
(c) + 2%(b"5*c™2 - 8*a*b~3%c™3 - 2*%b~4*c”3 + 16%a~2xbxc”4 + 8*axb~2*c”4 + b
"3%c”4 - 4xaxb*xc”5 + (b74*c”2 - 4*a*xb"2xc”3 - 2*b~3%c”3 + b~2xc~4)*sqrt(b~2
- 4*a*xc))*A - (b"6%c - 8*axb~4*xc”2 - 2%b"5*c”2 + 16%a”2xb"2xc”3 + 8xaxb~3x
Cc”3 + b74x%c”3 - 4xa*b~2*%c”4 - (b"b*c - 4*axb”"3xc”2 - 2*%b~4*c”2 + b~3*%Cc”3)*s
qrt(b~2 - 4*axc))*C)*log(x~2 + 1/2*(bxc - sqrt(b~2xc™2 - 4*axc~3))/c"2)/((a
*b~4 - 8*a"2%b"2%kc - 2%axb"3*c + 16*a”3*c”2 + 8%a"2%bxc"2 + axb"2*c”2 - 4x*a
~2%c”3)*c"2*abs(c))

Mupad [B] (verification not implemented)

Time = 8.37 (sec) , antiderivative size = 5594, normalized size of antiderivative = 25.09

dxz = Too large to display

/ (A + Bz + Cz?)
a + bx? + cxt

[In] int((x*(A + B*x + C*x"2))/(a + b*x~2 + c*x74),x)

[Out] symsum(log(A~3%c~2%x - B~3%a*xc - BxC~2*a*b - 8*root(128*a*xb~2xc~3*z"4
b~4*c™2xz"4 - 256%a"2*%c"4*xz"4 - 128*Ckxaxb~2%c”2xz"3 + 256*%Cxa”2%c”3%z"3 + 1
6xC*¥b~4*c*xz"3 + 32%A*Cka*bxc™2%xz"2 - 8%A*C*¥b~3*c*xz"2 + 40*%C™2%axb™2%c*xz"2 +
16%B~2*a*xb*c™2%z"2 - 4*B"2%b"3%c*xz"2 - 32%AT2%a*xc”3*z"2 - 96%CT2%a"2*c" 2%z
T2 + 8*%AT2%b72%cT2%z"2 — 4%CT2%b"4%z"2 - 16%A*CT2kaxbxcxz — 4*AT2*Ckb"2%c*z
+ 16%A"2xCxaxc™ 2%z + 4*A*B~2%b~2%c*z — 16%xA*xB"2%a*c™ 2%z + 16*%C"3*a”2%c*xz -
4xC™3*a*xb"2%z + 4*%A*C™2xb" 3%z + 4*xA*xB"2*%Cxa*xc — 2%A"2xC"2*a*xc + 2%A~3*Cxbx*

- 16%
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c + 2%A*C"3%axb — B72xC"2*a*xb - A"2xB"2xbkc - B"4*ak*c - AT2*CT2*%b"2 - CT4*a
"2 - A”4%c”2, z, k) “"3*%b"3*xc”2*%x - C"3*axbkxx + A*C 2xb”"2*x - 2*xC"2*root (128%
axb"2kc"3%z"4 - 16%b74kc T 2%z"4 - 256%a"2xc 4*z"4 - 128*%Cka*b”2xc"2*xz"3 + 25
6xCxa~2*%c"3%z"3 + 16*Cxb~4*cxz"3 + 32*%A*Ckaxbxc™2*%z"2 — 8xA*Cxb~3xc*xz"2 + 4
0xC™2%a*b™2*%cxz"2 + 16*%B™2*axbxc™2%z"2 — 4xB72*%b"3%c*xz"2 - 32*%A"2*axc”3*%xz"2
- 96*%C™2%a"2kc"2%z"2 + 8%AT2¥%Db72*%CcT2%z"2 — 4*%CT2%b"4*%xz"2 - 16%AxCT2kaxb*c*
Z — 4xA7T2%Cxb"2xc*kz + 16*%A™2*%Ckxakc™ 2%z + 4*%AxB™2x¥D"2%c*xz — 16%A*B™2%axc” 2%z
+ 16*%C73%a"2%c*z — 4*xC~3*a*b™ 2%z + 4*%A*CT2xb" 3%z + 4*xAxB~2*%Cka*xc - 2*%A"2*C
“2%akxc + 2xAT3x%Cxb*c + 2%A*C"3*xaxb - B72*%C"2*a*b - AT2xB"2xb*c - B 4*akxc -
A"2xC72%xb"2 - C™4*a~2 - A”4*c”2, z, k)*b~3*x + 32*root(128*ax*b”~2%c~3*z"4 -
16*%b~4*c™2%z"4 — 256%a~2%c"4*z"4 — 128*Ckxa*b~2*%c™2%z"3 + 256*Cxa”~2xc”~ 3%z~ 3
+ 16%C*b~4*c*xz~3 + 32*%A*Cka*bxc™2%xz"2 — 8%A*C*¥b~3*c*xz"2 + 40*%C™2*a*xb~2*c*xz"~
2 + 16%B"2%axb*c™2*%z"2 — 4*%B72xb73xc*kz"2 - 32%AT2%akc”3%xz"2 - 96*%CT2*a"2*c”
2%z72 + 8*%AT2xbT2*%cT2%z"2 - 4*%CT2%bT4*%xz"2 - 16*%A*CT2*xakxbkckz — 4xAT2*%Cxb"2x%
cxz + 16*xA"2xCxa*xc™ 2%z + 4*xA*xB™2*xb"2%c*z — 16*xA*B™2*a*c™ 2%z + 16*%C~3*a " 2*cx*
Z - 4%C”3%axb” 2%z + 4*%A*xC™2%b" 3%z + 4xA*BT2*%Cxakxc — 2*%A"2%C"2%axc + 2%xA~3%C
¥bxc + 2*%AxC”"3%axb - B72xC"2xaxb - AT2xB"2xbk*c - BT4*axc - AT2%C"2xb"2 - C”
4%xa~2 - A~4xc™2, z, k)" 3*axbxc”~3*x - 4xAxroot(128*axb~2%c"3*%z"4 - 16%b~4xc”
2xz"4 - 256%a"2%xc"4*z"4 - 128*Cka*xb™2xc”"2%z"3 + 2b56*%C*a~2xc~3*%z"3 + 16*Cxb~
4xcxz"3 + 32xA*Ckaxbxc™2*%z"2 — 8xA*xCxb~3*%cxz"2 + 40*%C~2*axb™2%c*z"2 + 16%B~
2%a*bxCc"2%z72 - 4*%B72%b"3%c*z72 - 32%AT2%a*c”3*%z"2 - 96xCT2xa"2%c"2%z"2 + 8
*¥AT2%bT2%CcT2%z"2 — 4xCT2x%b74%z"2 — 16*%A*CT2%axbkckxz — 4*%AT2xCkb"2%c*xz + 16%
A"2%Cxaxc™ 2%z + 4%AxB™2x¥b"2%c*xz — 16%A*B"2%axc 2%z + 16xC”~3%a”"2%c*kz - 4%C”3
*a*xb"2%z + 4xAxCT2*%b" 3%z + 4*xA*xBT2xCxa*xc — 2%A"2*xC"2*xaxc + 2%A"3*%Ckb*c + 2x%
A*C™3xaxb - B™2xC"2*a*b — AT2*xB"2%¥b*c - B 4*a*c - AT2xC"2%b"2 - C74*a"2 - A
“4xc”2, z, k) “2*b"2%xc"2*x - 8*A*Bxroot (128*axb”"2%c"3*z"4 - 16*%b"4*c"2*%z"4 -
256*a”~2*%c"4*z"4 — 128*Cxa*b~2*%c”2*%z"3 + 256*%Cxa”~2%c”~3%z"3 + 16*C*¥b~4*c*xz"3
+ 32xA*Cxaxbxc™2%z"2 — 8*%AxCxb~3*kc*z"2 + 40*%C~2*xa*b~2*c*xz"2 + 16*B~2*ax*b*c
T2%z72 - 4%BT2%b73%c*kz"2 — 32%AT2%akc " 3%z"2 - 96%CT2*%a"2*%cT2%xz"2 + 8*%AT2%xb”
2xCcT2%z"2 — 4xCT2*%b"4%z"2 - 16%xA*C"2*axbxcxz — 4*AT2xCkb~2%c*z + 16*%A"2*Cxkxa
*CcT2%z + 4xAxBT2¥b"2*c*z - 16*%A*B"2*%a*xc”2xz + 16*C"3*xa"2xcxz - 4*C”3*a*xb”2x
Z + 4xAxC"2*%b" 3%z + 4*%A*B"2xCxakxc — 2xA"2xC"2*axc + 2*%A”"3*%Cxbxc + 2*%A*C"3*a
*b — BT2*%C"2%axb — AT2*%B"2%b*c — B74*axc — AT2xCT2%b"2 - CT4*xa”"2 - AT4*xc"2,
Z, k)*axc™2 + A*B"2xb*c*x + A*C2%akxckx — 2%xA~2*Cxb*c*x - B~ 2%Ckxakxckx + 2%
AxBxCxaxc + 16xAxroot (128*a*b™2*%c”~3*%z"4 - 16*xb~4*c~2%z"4 - 256%a"2%c " 4*xz"4
- 128%C*xaxb™2%c~ 2%z~ 3 + 256%C*xa~2*%c”3%xz"3 + 16*Cxb~4*xc*z~3 + 32xA*xCxaxb*c™2
*¥z72 — B8%A*Cxb~3kc*z"2 + 40%C™2%a*b"2%c*z"2 + 16*%B"2%a*bkc™2%xz"2 - 4%B~2x%b”
3xc*z"2 — 32%xAT2xa*xc”3*%z"2 — 96%CT2*a"2%CcT2%z"2 + B*kAT2%xb"2xcT2%z"2 - 4%(C”2
*¥b74%z72 — 16%A*C™2%axbkxc*z — 4xA"2xCkb~2%c*z + 16%A™2*%Cxa*xc™ 2%z + 4*AxB~2x%
b™2xcxz — 16*xA*xB™2xa*xc™ 2%z + 16*%C™3*a"2%c*z - 4*xC™3*xaxb™ 2%z + 4*xA*xC™2*xb" 3%z
+ 4%Ax¥B"2%Ckxa*c — 2xA"2x%C"2%akxc + 2*¥A"3*%Cxbxc + 2%A*xC~3xaxb - B~2*C~2*a*b
- A"2%B"2%b*c - BT4xaxc - AT2+%C"2*%b"2 - CT4*xa~2 - A~4xc"2, z, k) "2*akxc 3*x
+ 2%A"2xroot (128*a*xb~2%c”3%z"4 - 16*%b~4*c™2*xz"4 - 256*a”~2kc”4%z~4 - 128%C*a
*¥b72%CcT2%z"3 + 256*%Cxa”~2x%c”3%z"3 + 16*%Cxb"4*cxz"3 + 32%AxCkaxbkc™2*%xz"2 - 8%
A*C*xb~3*%c*xz"2 + 40%C™2*axb™2*c*z"2 + 16*%B"2%a*b*c™2*%z"2 - 4xB"2%b"3*c*z"2 -
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32xA"2%axc"3*z72 - 96%CT2*a"2xc”2%z"2 + 8xAT2*%bT2%c”2%z"2 - 4xCT2*b"4%z"2

- 16%A*C”™2xa*bkcxz - 4xA"2*%Cxb~2*ckz + 16%xA~2*Ckaxc™ 2%z + 4*AxB~2+¥b"2xc*z -
16*%A*B~2%a*c™ 2%z + 16%C~3*a~2*c*kz - 4*C~3*a*b™ 2%z + 4xA*C~2xb"3*z + 4*AxB~
2%Cxa*xc — 2%A"2xC"2*a*xc + 2*A~3*Ckbxc + 2xA*xC~3*axb — B~2*%C”~2*xa*xb — A~2+%B~2
xb*xc - B~4dkaxc - AT2xCT2xb"2 - C"4*a"2 - A”4*xc”2, z, k)*bxc"2*x + 4%B~2*roo
t (128*a*xb”~2*%c"3%z"4 — 16*%b~4*c"2*xz"4 - 256*a”~2%c” 4%z~ 4 - 128*C*axb~2xc” 2%z~
3 + 256*%C*xa~2*%c”3%z"3 + 16*Cxb~4*c*xz~3 + 32xA*Ckaxb*c~2*xz"2 — 8*A*Cxb~3*c*z
"2 + 40%C”2*xa*b”2xc*z"2 + 16*BT2xa*bkc”2%z"2 - 4*BT2%b"3*%c*xz"2 - 32*%A”2xax*c
“3%z72 - 96%CT2%a"2%Cc”2*%z"2 + 8*xAT2*%bT2%c”2%z"2 - 4xCT2*%b"4%z"2 - 16*%A*CT2*
axbkcxz — 4*%A"2*xC*xb~2%cxz + 16*xA~2xCkaxc™ 2%z + 4*xA*B"2*%b"2%c*z - 16*%A*B~2%a
*Cc"2xz + 16%C73*a~2%c*z — 4*%C”3*xa*xb”~2xz + 4*xA*xC"2%b"3%z + 4*xA*B"2xCkaxc - 2
*A"2xC"2%axc + 2%kA"3*Ckbxc + 2xA*C~3*%axb - BT2*%C~2xaxb — A~2*%B"2xb*c - B~4x*
axc — AT2*xC"2%b"2 - C"4*a~2 - A”4x*xc”2, z, k)*a*c 2xx - 2*%B"2xroot(128*a*xb~2
*C”"3%xz"4 - 16%b74*xc"2%z"4 - 256*%a~2%c"4xz"4 - 128*Cxaxb”~2xc"2*%z"3 + 256*C*a
T2%C73%z73 + 16*%Cxb~4*c*xz"3 + 32xA*Ckaxb*c”2xz"2 — 8*A*Cxb~3*c*xz"2 + 40%C"2
*axb"2xc*kz"2 + 16*%B"2*xaxbkc”"2*%z"2 - 4*%BT2x%b"3*%c*kz"2 - 32*%A"2*xa*xc”3*%z"2 - 96
*C72%xa~2*%CcT2%272 + 8*%AT2xb"2*%CcT2%z72 - 4*%CT2xb"4*z"2 - 16*xA*C”2xaxb*cxz - 4
*A"2xC*xb~2xc*xz + 16%A"2*xCxa*c”2xz + 4xA*B~2*xb~2%ckz - 16*xAxB~2*axc”2*z + 16
*C~3*xa~2%c*xz - 4*C"3*a*b" 2%z + 4xA*C"2xb"3*z + 4*AxB"2+Ckaxc - 2xA"2*xC"2xa*
c + 2%A"3xCxbxc + 2*%A*C~3*axb - B"2xC~2xa*xb - A"2xB~2xb*c - B"4xa*c - AT2*C
“2%b"2 - CT4*a”2 - AT4xc”2, z, k)*b"2*ckx + 8*Ckxroot(128*axb~2*xc~3*z"4 - 16
*b"4xc"2%z"4 - 256*%a”2*%c"4*z"4 - 128*Cxa*b"2xc"2*z"3 + 2656*C*a~2xc"3*z"3 +

16*%C*b~4*xc*z"3 + 32kA*Cka*xbxc™2*z"2 - 8xA*xC*b~3*c*z"2 + 40*C™2*a*b~2*c*z"2
+ 16#B~2*xa*b*c”2%z"2 — 4*%B72xb"3*kc*xz"2 - 32*%A"2xa*c”3*xz"2 - 96*C"2*xa~2*c 2%
Z72 + 8%xA"24%b72%c"2*%z"2 - 4*xCT2%b"4%z"2 - 16*%A*C"2*axbxc*z — 4*A”2*xCxb~2*cx*
z + 16*%A72xCxa*xc™ 2%z + 4*%xA*B™2x¥b"2xc*kz — 16*%A*B"2%a*xc™ 2%z + 16*%C~3*xa”~2*c*z

- 4xC"3*axb" 2%z + 4*%A*CT2*¥b" 3%z + 4*xA*B"2*kCxaxc — 2%A2xC"2*a*xc + 2*%A~3*C*b
*c + 2*%A*C”3*xa*xb - B"2*C"2*a*b - AT2*B"2%bkc - B"4xaxc - AT2+%CT2xb"2 - CT4x*
a2 - AT4xc”2, z, k)“2%b"3xcxx - 32%Cxroot(128*a*xb~2xc”"3*z"4 - 16%b~4*c 2%z
4 - 256*a”2x%c"4*z"4 - 128*C*axb~2*%c”2xz"3 + 256*%C*xa~2*%c~3%z"3 + 16*Cxb~4*c
*z"3 + 32*%AxCkxa*bxc™2*%z"2 - 8*A*xC*b~3*c*z"2 + 40*%C™2xa*b™2xc*z"2 + 16*%B"2*a
*¥b*CT2%272 — 4*%B72xb"3*kc*xz"2 - 32*%A72xaxc”3*%z"2 - 96*%CT2*%xa"2*%c"2xz"2 + 8*A~
2%bT2%c”2%x272 — 4%CT2*b"4%z"2 - 16%AxC"2*axb*ckz — 4*AT2xC*¥b~2xc*z + 16*%A”2
*Ckakxc™ 2%z + 4xA*B"2*%b"2%c*kz - 16*%A*B"2*%axc™2xz + 16*xC~3*%a"2%c*z — 4*C~3*ax
b~2%z + 4*%A*CT2+%b" 3%z + 4xAxB~2*Cxa*xc — 2*%A"2xC~2*a*xc + 2*A~3*Ckbxc + 2xA*C
“3xa*xb - BT2*C"2%a*xb - AT2*B"2*b*c - B74*axc - AT2xCT2%b"2 - CT4*xa”"2 - AT4x
c”2, z, k) 2xaxbxc”2*x + 4xBxCkroot (128*a*b~2*c~3*z"4 - 16%b~4*xc"2*z"4 - 25
6*a~2%c”"4xz"4 - 128*C*axb~2*kc"2%z"3 + 256*Cxa~2%c~3%z"3 + 16*Cxb~4*cxz~3 +
32xA*C*a*xbxc™2*%z"2 - 8xA*xC*xb~3*c*z”2 + 40*C™2*a*b™2*c*z"2 + 16*xB~2*axb*xc”2x*
Zz72 - 4xB72+b73%c*z”2 — 32*%AT2%a*c”3%z72 - 96*%CT2xa"2*%cT2%z72 + 8*%AT2xb"2*c
T2%xz72 - 4xCT2%b74%z"2 - 16xA*CT2*axbkckz - 4xAT2xCkb~2%c*z + 16%A"2*Cxa*xc”
2xz + 4*%A*¥B72xb"2%c*z — 16%AxB"2*a*xc”2xz + 16*xC~3*%a”"2%cxz — 4*C"3xaxb™2*z +
4xA*xC"2%b"3%z + 4*xA*B"2*Ckaxc - 2%xA"2+%C"2xa*c + 2%A~3*Cxb*c + 2*¥A*C~3*a*b
- B72%C"2*xaxb — AT2%B"2xb*c - BT4*akc - AT2xC"2*b"2 - C74*a"2 - A"4%c”2, z,
k) *axbxc - 8*A*C*root (128*a*b”~2*c~3*z"4 - 16%b~4*c"2%z"4 - 256%a”2xc"4*xz"4
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- 128*C*axb~2*%c™2xz"3 + 256*%C*xa~2*%c”3*xz"3 + 16*Ckb~4*c*z~3 + 32xA*Ckaxb*xc™
2%z"2 - 8xA*xC*b~3xc*z"2 + 40*C™2*a*b"2*c*z"2 + 16*xB"2*axbxc”2*z"2 - 4xB~2+%b
“3xc*zT2 - 32%xAT2xa*xc”3*%z"2 - 96%CT2*a"2*%CcT2*%z72 + B*kAT2%xb"2xc"2%xz"2 - 4xC”
2xb"4*xz"2 - 16*%AxC”2xaxb*cxz — 4*%A"2*Cxb~2%c*xz + 16%A~2xCkaxc”™2xz + 4*xA*B~2
*b72xc*xz — 16*%A*B"2xa*c”2xz + 16%C"3*%a~2%c*z — 4*C"3xa*b"2xz + 4xA*xC”2xb~3*
Zz + 4%AxB"2*Ckaxc - 2xA"2*C"2xa*c + 2*¥A"3xCxb*c + 2*%A*xC"3*a*xb - B~2xC"2*ax*b

- A"2xB"2%b*c - B"4*a*c - AT2xC"2%b"2 - C74*a"2 - AT4*xc"2, z, k)*akc 2*x +

10%C~2*root (128*a*b~2*xc"3*%z"4 - 16%b~4*c™ 2%z~ 4 - 256%a~2xc"4*z"4 - 128*Cx*a
*¥b72%cT2%z"3 + 2656*%Cxa”~2x%c”"3%z"3 + 16*C*xb~4*c*xz”3 + 32*%AxCkaxbkc™2*xz"2 - 8
AxCkxb~3*c*z"2 + 40*C™2xa*b~2*c*z"2 + 16*B~2%a*bxc”2*%z"2 - 4%B"2*%b"3*c*xz"2 -

32xA"2%axc"3*%z72 - 96%xCT2*a"2xCc”2%z"2 + 8*xAT2*%bT2%c”2%z"2 - 4xCT2*b"4%z"2
- 16%A*C™2xa*bkcxz - 4xA"2*%Cxb~2*ckz + 16%xA~2*Ckaxc™ 2%z + 4*AxB~2+¥b"2xc*z -
16*%A*B~2%a*c™ 2%z + 16%C~3*a~2*ckz - 4*C"3*a*b™ 2%z + 4xA*C™2xb"3*z + 4*AxB~
2xCkaxc — 2*%A"2xC"2xa*c + 2xA"3*%Ckb*c + 2xA*C"3*axb - B~2*%C"2*axb - A"2%B~2
*b*c - B~4dkaxc - AT2xC"2xb"2 - C"4*a”2 - A~4*c”2, z, k)*axbxc*x)*root(128*a
*b72%c"3%z"4 - 16%b"4xc"2%z"4 - 256*%a”2%c”"4%z"4 - 128*Ckaxb”~2%c”2%z"3 + 256
*C*a~2%c”~3*z"3 + 16*%C*b~4xc*z~3 + 32%kA*xCka*xbxc™2*z"2 - 8*xAxC*¥b~3xc*z"2 + 40
*C”™2xa*xb”~2xc*xz"2 + 16*%B"2xa*bkc”2%z"2 — 4*%B72xb"3kc*xz"2 - 32*%AT2xa*xc”3*xz"2
- 96*%C™2%a"2xc"2*xz"2 + 8*%AT2%b72*%CcT2*z"2 - 4*xCT2xb"4*xz"2 - 16*%AxC”2xaxb*c*xz

- 4%A"2%Cxb"2xckz + 16*%A"2*%Ckaxc™2xz + 4*A*B~2*¥b"2%cxz — 16xA*B"2*a*xc”~ 2%z
+ 16*%C~3%a"2*xc*z — 4*xC~3*a*b™2xz + 4*%A*C™2xb" 3%z + 4xAxB~2*Ckaxc - 2*%A~2xC”
2%axc + 2xA"3*Cxbxc + 2xA*C~3*xaxb - B"2*C"2xa*b — A"2*B~2xb*c - B"4*axc - A
“2xC"2*%b"2 - CT4*a"2 - A~4xc”2, z, k), k, 1, 4)
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3.25 f A+Bz+Cxz? dr

a+bx?+cz?
Optimal result . . . . . . . . . . . e 197
Rubi [A] (verified) . . . . . . . . 197
Mathematica [A] (verified) . . . . . . . . . ... 199
Maple [C] (verified) . . . . . . . . . . 200
Fricas [C] (verification not implemented) . . . . . . . ... ... ... .. ...... 2001
Sympy [F(-1)] . . o o 201]
Maxima [F] . . . . . . o 201]
Giac [B] (verification not implemented) . . . . . . . .. ... ... L. 201]
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ....... 202

Optimal result

Integrand size = 25, antiderivative size = 211

2Ac—bC V2\/cx
/ A+Br+C® (C+ 22 ) avetan (220 )

a + bx? + cxt V2+/e\/b — VB2 — dac
(C — 2%:22) arctan ( —ﬁf{;ﬁ:@) Barctanh< LQC“” )
V24/c\/b + /b2 — dac b — 4ac

[Out] -B*arctanh((2*c*x~2+b)/(-4*a*xc+b~2)~(1/2))/(-4*axc+b~2)~(1/2)+1/2*arctan(x*
27(1/2)*c”(1/2) / (b= (=4*a*xc+b~2) ~(1/2))~(1/2) ) * (C+(2*A*xc-C*b) / (4*a*c+b~2) ~(
1/2))*%2°(1/2)/c”(1/2) / (b-(-4*a*xc+b~2) ~(1/2))~(1/2)+1/2*arctan (x*2~(1/2) *c~ (

1/2) / (b+(-4*a*xc+b~2)~(1/2))~(1/2) ) * (C+(-2xA*c+Cxb) / (-4*a*c+b~2) ~(1/2))*2~ (1
/2)/c”(1/2) / (b+(-4*a*xc+b~2)~(1/2))~(1/2)

Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 211, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 7 number of rules _ 0.280, Rules used

' integrand size
= {1687, 1180, 211, 12, 1121, 632, 212}

2Ac—bC V2 /cx
/A+Bx+Cac2 b <\/z;27 +C> arctan (m)
a + bx? + cxt \/_\/E b— /b2 — 4ac
(C’ — 3‘%) arctan (%) ~ Barctanh(%)
V2/c\/ Vb2 — dac+ b b? —4ac

[In] Int[(A + Bxx + Cxx"2)/(a + b*x"2 + c*x~4),x]
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[Out] ((C + (2%Axc - b*C)/Sqrt[b~2 - 4*axc])*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt[b -
Sqrt[b"2 - 4xa*c]]])/(Sqrt[2]*Sqrt[c]*Sqrt[b - Sqrt[b~2 - 4xa*c]]) + ((C -
(2xAxc - b*C)/Sqrt[b~2 - 4*axc])*ArcTan[(Sqrt[2]*Sqrt[c]*x)/Sqrt[b + Sqrt[b

~2 - 4xaxc]]])/(Sqrt[2]*Sqrt[c]*Sqrt[b + Sqrt[b~2 - 4xaxc]]) - (BxArcTanh[(

b + 2%c*x72)/Sqrt[b~2 - 4*axc]])/Sqrt[b~2 - 4*axc]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist([a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 211

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

Rule 212

Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 632

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4%a*c - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4x*axc, 0]

Rule 1121

Int[(x_)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_.), x_Symbol] :> Dist[1/2,
Subst [Int[(a + b*x + c*x~2)7p, x], x, x~2], x] /; FreeQ[{a, b, c, p}, x]

Rule 1180

Int[((d) + (e_.)*x(x_)"2)/((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rt[b"2 - 4xa*c, 2]}, Dist[e/2 + (2*c*d - bxe)/(2*xq), Int[1/(b/2
- q/2 + c*x72), x], x] + Dist[e/2 - (2*c*d - bxe)/(2xq), Int[1/(b/2 + q/2
+ ¢c*xx72), x], x]] /; FreeQ[{a, b, ¢, d, e}, x] && NeQ[b~2 - 4*axc, 0] && Ne
Qlcxd”™2 - axe™2, 0] && PosQ[b~2 - 4x*axc]

Rule 1687

Int[(Pg )*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> Modulel[{q
= Expon[Pq, x], k}, Int[Sum[Coeff[Pq, x, 2xk]*x~(2xk), {k, 0, q/2}]*(a + b
*x"2 + c*x"4)7p, x] + Int[x*Sum[Coeff[Pq, x, 2xk + 1]*x~(2*k), {k, 0, (q -
1)/2}]1*(a + b*x~2 + c*x"4)"p, x]] /; FreeQ[{a, b, c, p}, x] & PolyQ[Pq, x]
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& !'PolyQ[Pq, x~2]

Rubi steps

2
integral=/Ld +/ A+ Co

a + bx? + cxt v a + bx? + cx?

—B/ z dx+1(c_2Ac—bC>/ 1 d
o a + bx? + cxt 2 Vb2 — 4ac §+%\/b2—4ac+ca:2

+1<C+2Ac—bC>/ 1 Iz

2 Vb2 — dac b 1Vb? —dac + ca?

(C’ 4 M) tan~—! ( V2ycx > (C _ 2Ac—bC> tan—! ( V2y/ex >
Vvb2—4ac \/17—7 Vb2 —4ac Vb2 —4ac \/IH-\/TT&C

= +

V2y/cV/'b — /b2 — dac V2y/cVb+ Vb2 — dac

+ 1BSubst /;dx,z,ﬁ
2 a + bx + cx?

2Ac—bC -1 V2 _ 24Ac-bC -1 V2y/ex
_ <C+ m)taﬂ (m) N (C W> tan <¢b+— w»—4>

V2y/eV'b — Vb2 — dac V2y/evVb+ Vb2 — dac

1
- B _— 2c?
Subst(/ R p— dz,z,b+ 2cx )
2Ac—bC -1 V2
_ (C’ + T 4ac> tan ( Py b2—4ac>
V2y/cV/'b — Vb2 — dac

2Ac—bC -1 V2y/cx -1 ( b+2cz?
(0 30 tan ) (22L) Brann ()

V24/c\/b+ /b2 — dac Vb? — dac

Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 234, normalized size of antiderivative = 1.11

/ A+ Bz + Cz?
a + bz? + czt
c+(— —4ac arctan | ——Y2Vez —2Ac —4ac arctan | ——Y2Yex
S o e e = I Sd i i €17 == S (b4 VB2
\ﬁ\/b—\/b2—4ac \/E\/b+\/b2—4ac g

2v/b? — 4ac

[In] Integrate[(A + B*x + C*x"2)/(a + b*x"2 + c*x74),x]

[Out] ((Sqrt[2]*(2xA*xc + (-b + Sqrt[b~2 - 4xaxc])*C)*ArcTan[(Sqrt[2]*Sqrt[c]*x)/S
qrt[b - Sqrt[b~2 - 4xaxc]]])/(Sqrtlcl*Sqrt[b - Sqrt[b~2 - 4xaxc]]) + (Sqrtl
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2] % (-2xAxc + (b + Sqrt[b~2 - 4xaxc])*C)*ArcTan[(Sqrt[2]*Sqrt[c]l*x)/Sqrt[b +

Sqrt[b™2 - 4xa*c]]])/(Sqrtlcl*Sqrt[b + Sqrt[b~2 - 4*a*xc]]) + BxLog[-b + Sq
rt[b™2 - 4xaxc] - 2*%c*x~2] - BxLog[b + Sqrt[b™2 - 4*axc] + 2*c*x~2])/(2*Sqr
t[b~2 - 4x*axc])

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.05 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.23

method | result

(C_R2+B_R+A) In (z—_R)
>
. __R=RootOf (c_Z4+_ZZb+a) 2C_R3+_Rb
risch 5
(ZAC—C\/ —4ac+b2—Cb) V2 arctan ((‘:Z\/i)
Bln(2c z2+\/ —4ac+b2+b) b+ _4‘10+b2 c Bln(—2c :1:2-
—dac+b? + Y —dactb? | T
V—dacti® 2 2\/(b+\/—4ac+b2) c Vdactt?
default | 4c 1ot —

[In] int((C*xx~2+B*x+A)/(c*x~4+b*x~2+a) ,x,method=_RETURNVERBOSE)

[Out] 1/2*sum((C*_R~2+B*_R+A)/(2*_R"3*c+_R*b)*1n(x-_R), R=Root0f (_Z~ 4*c+_Z"2+b+a)
)

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 29.86 (sec) , antiderivative size = 578003, normalized size of antiderivative =
2739.35

dx = Too large to display

/A+Bx+C’x2
a + bx? + cxt

[In] integrate((Cxx~2+B*x+A)/(c*x 4+bxx"2+a),x, algorithm="fricas")

[Out] Too large to include
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Sympy [F(-1)]
Timed out.

dz = Timed out

/A—I—B:p+0x2
a+bx? + cxt

[In] integrate((Ckx**2+B*x+A)/ (c*x**4+b*x**2+a) ,x)

[Out] Timed out

Maxima [F]

dz

/A+Bx+0$2dw_/0x2+3x+A
a + bx? + cxt o cxt+bx?2+a

[In] integrate((C*x~2+Bxx+A)/(c*x"4+b*x~2+a),x, algorithm="maxima")

[Out] integrate((C*x~2 + B*x + A)/(c*x"4 + b*x"2 + a), x)

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1714 vs. 2(171) = 342.

Time = 1.29 (sec) , antiderivative size = 1714, normalized size of antiderivative = 8.12

dx = Too large to display

/A+Bx+C’a:2
a+ bx? + cxt

[In] integrate((C*x~2+Bxx+A)/(c*x"4+b*x~2+a),x, algorithm="giac")

[Out] -1/2%(b"2%c™2 - 4*a*xc™3 - 2*%b*c™3 + c"4)*sqrt(b”2 - 4*axc)*Bxlog(x™2 + 1/2%
(b - sqrt(b™2 - 4xaxc))/c)/((b™4 - 8*a*b~2*c - 2*%b"3*c + 16*a~2xc~2 + 8*ax*b
*C"2 + b72%c”2 - 4*axc”3)*c”2) + 1/4%((sqrt(2)*sqrt(b*c + sqrt(b~2 - 4*a*c)
*xC)*b~4 - 8*sqrt(2)*sqrt(b*c + sqrt(b~2 - 4*a*c)*c)*a*b~2xc - 2*sqrt(2)*sqr
t(bxc + sqrt(b™2 - 4xa*c)*c)*b~3%c - 2xb~4*c + 16*sqrt(2)*sqrt(b*c + sqrt(b
T2 - 4xakxc)*c)*a”~2%c”2 + 8*sqrt(2)*sqrt(b*c + sqrt(b”2 - 4kakc)*c)*axbkxc”2
+ sqrt(2)*sqrt(b*c + sqrt(b™2 - 4*a*xc)*c)*b~2%xc”2 + 16%a*b~2%c”2 + 2xb~3*c~
2 - 4xsqrt(2)*sqrt(bxc + sqrt(b”™2 - 4xa*c)*c)*axc™3 - 32*%a”~2%c”3 - 8*axbxc”
3 - sqrt(2)*sqrt(b~2 - 4*a*c)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*b~3 + 4xsqrt(
2)*sqrt(b”2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4xa*c)*c)*axb*c + 2xsqrt(2)*sqrt
(b~2 - 4*axc)*sqrt(b*c + sqrt(b™2 - 4*axc)*c)*b~2xc - sqrt(2)*sqrt(b~2 - 4x
axc)*sqrt(bxc + sqrt(b”™2 - 4*axc)*c)*b*c™2 + 2*(b~2 - 4*axc)*b~2xc - 8x(b~2
- 4xaxc)*axc™2 - 2x(b72 - 4kaxc)*bkcT2)*A - 2% (2%xaxb"2%c”2 - 8*%a"2%c”3 - s
qrt(2)*sqrt(b~2 - 4*a*c)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*a*b™2 + 4*sqrt(2)*
sqrt(b”2 - 4xaxc)*sqrt(bxc + sqrt(b™2 - 4xa*c)*c)*a~2*c + 2xsqrt(2)*sqrt(b”



202

2 - 4xaxc)x*sqrt(b*xc + sqrt(b™2 - 4*a*c)*c)*a*xb*c - sqrt(2)*sqrt(b™2 - 4*a*c
)*sqrt(b*c + sqrt(b~2 - 4*axc)*c)*a*c™2 - 2%(b~2 - 4*axc)*axc~2)*C)*arctan(
2xsqrt(1/2)*x/sqrt((b + sqrt(b~2 - 4*axc))/c))/((a*b™4 - 8*%a~2*%b~2*c - 2*ax*
b73%c + 16%a~3%c”2 + 8%a"2%b*c”2 + axb"2%c"2 - 4%a~2xc”3)*abs(c)) + 1/4%((s
qrt(2) *sqrt(b*xc - sqrt(b~2 - 4xa*c)*c)*b~4 - 8xsqrt(2)*sqrt(b*c - sqrt(b~2

- 4xaxc)*c)*axb~2xc - 2xsqrt(2)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*b~3*%c + 2%b
“4xc + 16*sqrt(2)*sqrt(bxc - sqrt(b™2 - 4xa*c)*c)*a~2+c”2 + 8xsqrt(2)*sqrt(
bxc - sqrt(b™2 - 4xa*c)*c)*axb*c”2 + sqrt(2)*sqrt(b*c - sqrt(b™2 - 4*axc)x*c
)*¥b~2%c"2 - 16%axb”2%c”2 + 2%b~3*%c”2 - 4*sqrt(2)*sqrt(b*c - sqrt(b”2 - 4*ax
c)*c)*axc™3 + 32xa”2xc”3 - 8*axb*c”3 - sqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(b*c -
sqrt(b”2 - 4xaxc)*c)*b~3 + 4*sqrt(2)*sqrt(b”2 - 4*axc)*sqrt(bxc - sqrt(b~2
- 4xaxc)*c)*axbxc + 2*sqrt(2)*sqrt(b”™2 - 4xaxc)*sqrt(bxc - sqrt(b™2 - 4xa*
c)*c)*b~2%c - sqrt(2)*sqrt(b”™2 - 4xaxc)*sqrt(b*xc - sqrt(b™2 - 4*a*c)*c)*bxc
72 - 2x(b72 - 4x*axc)*b"2%c + 8% (b72 - 4xaxc)*axc™2 - 2%(b72 - 4xaxc)*b*c”2)
*A - 2x(2%a*b”2%c”2 - 8%a"2xc”3 - sqrt(2)*sqrt(b”2 - 4*a*c)*sqrt(b*c - sqrt
(b™2 - 4*axc)*c)*a*b~2 + 4*sqrt(2)*sqrt(b~2 - 4*axc)*sqrt(bxc - sqrt(b”2 -

4xaxc)*c)*a~2xc + 2xsqrt(2)*sqrt(b”2 - 4xaxc)*sqrt(bxc - sqrt(b™2 - 4xa*c)x*
c)*axb*c - sqrt(2)*sqrt(b”2 - 4*a*c)*sqrt(b*c - sqrt(b~2 - 4*axc)*c)*a*xc™2

- 2x(b”2 - 4xaxc)*a*xc”2)*C)*arctan(2*sqrt(1/2)*x/sqrt((b - sqrt(b™2 - 4*a*c
))/c))/((a*b™4 - 8*a~2%b™2%c - 2%a*b~3%c + 16%a”3*c™2 + 8*a~2xb*xc”2 + axb”2
*C"2 - 4*%a~2xc”3)*abs(c)) + 1/4%(b~5%c - 8*axb~3*%c”2 - 2xb~4*c”2 + 16%a”2+b
*C”™3 + 8*axb”2%c”3 + b~3*%c"3 - 4xaxbxc”4 + (b74*c - 6*axb"2xc”2 - 2*b"3*c”2
+ 8%a”2%c”3 + 4xa*xb*c”3 + b72%c”3 - 2%a*c”4)*sqrt(b”2 - 4xaxc))*Bxlog(x~2

+ 1/2%(b + sqrt(b™2 - 4*a*c))/c)/((axb™4 - 8*a~2xb~2%c - 2*axb~3*c + 16%a~3
*CT2 + 8%a"2%b*cT2 + a*xb”2%cT2 - 4%a"2%c”3)*c”2)

Mupad [B] (verification not implemented)

Time = 8.75 (sec) , antiderivative size = 3942, normalized size of antiderivative = 18.68

A+ B ?
‘/ + x+cxdz=ﬂmh%emdmmy

a+ bx? + cxt

[In] int((A + B*x + C*x"2)/(a + b*x"2 + c*x74),x)

[Out] symsum(log(A*B~2%c~™2 - A~2%Ckc~™2 + B~3%c™2*x - C~3%axc + A*C"2xbxc - 8*root
(16*%axb~4*c*z™4 - 128%a~2*%b~2xc~2%z"4 + 256%a”3%c"3*z"4 - 16%A*Ckaxb~2*c*z”
2 - 16%C72%a"2xbxc*xz"2 - 8*B"2*a*b”~2%c*z"2 - 16%A"2%axb*c”2*z"2 + 64*%A*xCxa”
2%cT2%z72 + 4%C72xa*xb”"3%z72 + 4xAT2%xb"3*c*kz"2 + 32%B72%a"2%c”2%xz"2 + 16*B*C
T2%a"2%ckz + 4*%AT2xB¥b"2xc*z - 4*%B*CT2%a*b”"2%z - 16%AT2%Bxaxc”2%xz - 4%A*B72
*¥Cxa*xc + 2%A72%C"2%axc — 2*%A"3*Cxbxc - 2%A*C~3%axb + B72xC"2xa*xb + A™2xB~2x*
b*c + B74xaxc + AT2xC"2*%b~2 + C74*a~2 + A~4*c”2, z, k)“3*%b"3*c"2%x - 16%A*r
oot (16*%axb~4*c*z~4 - 128%a~2%b~2xc~2%z"4 + 256%a”3*c”3%z"4 - 16%A*Cxaxb~2*c
*z"2 - 16*%C"2%a”2%bxcxz"2 — 8%B"2*a*b”2%c*z"2 - 16%A"2xaxb*c”2*z"2 + 64*A*C
*a”"2xcT2%z72 + 4%CT2%axb"3%z72 + 4*%AT2%xDb"3kcxz"2 + 32%B72%a"2%c”2%z"2 + 16%
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BxC™2%a~2%c*z + 4*%A"2xB*¥b"2xc*z - 4xB*C"2xa*b"2xz - 16%A"2*Bxa*xc”~2xz - 4xAx
B™2*C*axc + 2%A"2+%C~2xa*xc — 2*%A~3*Cxb*c — 2*%A*C~3*a*b + B~2*C"2*a*b + A~2*B
“2%b*c + BT4*akxc + AT2xCT2x%b"2 + CT4*a"2 + A”T4*xc”2, z, k)“2%a*c”3 - 4*A”2*r
oot (16*%axb~4dxcxz~4 - 128*a~2*%b~2%c”2*%z"4 + 256*a~3*c~3*%z"4 - 16*%A*Ckaxb”~2*c
*¥z72 - 16*%C™2*xa"~2xbkc*z"2 — 8*%B"2*axb”~2%c*kz"2 - 16%A"2%axb*c”2*z"2 + 64xA*C
*¥a"2xCcT2%z72 + 4*%CT2*a*xb"3%z72 + 4*%AT2xb"3*kcxz"2 + 32%B72*xa"2*%c"2*xz"2 + 16%
BxC™2%a”~2%c*z + 4*%A"2xB*¥b~2xc*z — 4xB*C"2xa*b”~2xz - 16%A"2*Bxa*xc”~2xz - 4xAx
B™2*xCkaxc + 2xA"2*%C"2*a*c — 2*xA~3xCxbxc — 2*%A*C”~3*a*xb + BT™2xC"2*a*b + A~2%B
~2%bxc + B~4*axc + AT2%C"2%b"2 + C"4*a”2 + A~4xc”2, z, k)*c"3%x + 4xA*root(
16*%axb~4xc*z"4 - 128%a”~2*%b"2*%c"2*z"4 + 256*a~3*c"3*z"4 - 16%A*xCkaxb~2xc*z"2
- 16%C™2*%a~2*b*c*xz"2 — 8x%B"2*axb~2*c*xz"2 - 16%A"2xaxb*c”2xz"2 + 64*A*xCxa~2
*CT2xZ72 + 4xCT2%axb"3*z"2 + 4xA"2*%b"3xc*z"2 + 32%BT2*¥a"2xc"2*z"2 + 16*xBxC”
2%a~2%c*z + 4*%AT2xB¥b"2xc*z — 4*B*CT2*a*b"2xz - 16%A"2*kBxa*xc"2xz - 4xA*B”2x%
Cka*c + 2%A"2xC"2xaxc — 2%A"3*%Ckbkc - 2xAxC™3*a*b + B72*xC"2*xaxb + AT2*%B™2*b
*Cc + B74*axc + AT2xC72xb"2 + CT4*a"2 + A”4*xc”2, z, k)“2*xb"2*xc"2 + 32*root(1
6xaxb~4*c*z"4 - 128%a”2xb"2*kc"2*z"4 + 256%a”3*%c"3*%z"4 - 16*%A*Cxaxb”2*c*z"2
- 16%C™2%a~2*b*kc*xz"2 — 8%B~2*%axb~2kc*xz"2 — 16*A"2xa*xb*c”2%z"2 + 64*AxCxa”2%
CT2%z"2 + 4xC"2%axb"3*z"2 + 4*AT2+¥b"3xc*z"2 + 32*%BT2*%a"2*xc"2%z”2 + 16*BxC"2
*a~2%c*kz + 4xAT2%B*xb"2%c*kz — 4*BxCT2xaxb"2%z - 16xAT2*Bkak*c 2%z - 4xAxBT2x(C
*akxc + 2xAT2xCT2xa*xc - 2%A"3*%Ckbxc - 2xA*C"3*a*b + B72*xC"2*xaxb + AT2*%B"2*bx*
c + B74*axc + A"2*xC"2xb"2 + CT4*a~2 + A~4*c”2, z, k) "3*xaxbxc”3*x - 4*B*root
(16*%a*b~4*cxz"4 - 128*a~2*xb"2%c™2*xz~4 + 256%a~3*c”"3*z"4 - 16*A*Cka*xb~2xc*xz™
2 - 16*%C7"2*a"2*bxc*z"2 - 8*B"2xa*b~2xc*z"2 - 16%A"2%a*bxc”2*z"2 + 64xA*C*a”
2xCc72%xz72 + 4xCT2%axb"3%xz"2 + 4*xAT2%b"3*c*xz"2 + 32*%BT2*%a"2%c”2*xz"2 + 16%B*C
T2%a"2%c*xz + 4xAT2%B*b"2%c*z - 4*xBxCT2xaxb"2%z - 16%AT2*Bka*c”"2*%z - 4xAxB72
*Ckakxc + 2xAT2xC72*a*c - 2*A"3*xCxbxc - 2%A*C”3*a*b + B™2xC"2*a*b + A~2*B~2x
b*c + BT4xaxc + AT2+%C72*xb"2 + CT4*a”2 + A"4x%c”2, z, k) "2*%b"2xc”2*x + 4xA*xBx*
root (16*xaxb~4*c*z~4 — 128%a~2xb~2%c"2%z~4 + 256*a~3*c”3*z"4 - 16*xA*xCkxa*xb~2*
c*z"2 — 16%C™2%a”2%bxc*z"2 — 8*%B"2*xa*b"2*%c*xz"2 - 16*%A"2%axbkxc”"2*xz"2 + 64*Ax
Cxa™2xc™2xz"2 + 4%C™2*%axb~3%z"2 + 4*%A"2%b"3*c*xz"2 + 32*%B72*%a"2*%c"2*xz"2 + 16
*BxC~2xa"2%c*kz + 4*%AT2*%Bxb"2xckz - 4%BxCT2xa*b"2%z - 16*%A"2*%BkxaxcT2xz - 4*A
*B"2xCkxa*c + 2¥A"2xC"2*axc - 2xA"3*Ckxbxc - 2xA*C~3*xaxb + B"2*%C"2xa*xb + A~2x*
B~2%b*c + B"4*a*xc + A"2*C"2%b"2 + C"4*a~2 + A"4*c”2, z, k)*b*c~2 - 8*B*Cx*ro
ot (16*axb~4*c*z~4 — 128%a~2xb~2%c"2%z"4 + 256%a”3*c~3*z"4 - 16*A*xCxaxb”2*c*
z72 - 16xC™2%a"2%b*xc*z"2 - 8*B"2%a*xb"2*%c*xz"2 - 16*%A"2*axb*kxc”2*z"2 + 64*A*xC*
a~2*%cT2%z"2 + 4*xCT2xa*b"3*z"2 + 4*AT2xb"3xc*kz"2 + 32%B72%a”2%c”2*%z"2 + 16*B
*¥C72%a"2%c*xz + 4xA”2xB¥b"2%c*xz — 4*%B¥CT2%axb"2%z — 16%A"2xBkaxc~ 2%z - 4xA*B
“2*%Cxaxc + 2xAT2%CT2*akxc — 2*%A"3*%Cxbkc - 2%A*xC"3*axb + B"2xC"2%axb + AT2%B~
2%bxc + B4*axc + AT2*%CT2%b"2 + CT4*a~2 + A”4*c”2, z, k)*a*c”2 - 2%A*B*Cxc”
2%x + B*C™2xb*cxx + 16*Bxroot(16*axb~4*c*xz~4 - 128%a~2%b~2*c~2xz"4 + 256%a”
3xc"3%z"4 - 16*%AxCkaxb~2%c*xz"2 - 16*%C"2*a"2*bxc*z~2 - 8*B"2*xa*b~2*cxz"2 - 1
6xA”2xa*xbxc"2%z"2 + 64*%A*Cxa”~2xc”"2%z"2 + 4*%CT2*%axb”"3%z"2 + 4*%A"2*%b"3*kc*xz"2
+ 32%B72*a"2*%cT2%z"2 + 16*B*xCT2*a"2xc*z + 4*A”2xBxb”2%cxz - 4xB*C”2*xaxb” 2%z
- 16%A"2*%Bxa*c”~2xz - 4xAxB~2*Cxa*xc + 2*%A~2xC"2*a*xc - 2%A~3*Ckbxc - 2xA*C~3
*a*xb + B™2xC™2xaxb + A"2%B"2*bkc + BT4xaxc + AT2%C72*b"2 + CT4*xa”2 + A"4x*c”
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2, z, k)"2xa*xc”~3xx + 2%xB"2xroot (16*%axb~4kxcxz"4 — 128%a”~2xb"2%c"2%z"4 + 256%
a"3%c"3*%z74 - 16%xA*Cxa*xb™2kxc*z"2 — 16*xC™2xa"~2xbkc*z~2 — 8*%B"2*axb~2xc*z"2 -
16%xA™2%a*b*c™2%z"2 + 64*%A*C*xa”~2%c ™ 2*%z"2 + 4*%xC™2*%a*xb"3*%z"2 + 4*xA"2*%b " 3*c*xz”
2 + 32%B72*xa”2*%c”2*%z72 + 16*%B*C72*%a"2*%cxz + 4*xAT2*%B*b"2*c*z - 4xBxC"2*a*b”2
¥z — 16%A"2%Bxa*xc™ 2%z - 4*%A*xB"2xCkaxc + 2*%A~2xC"2xa*xc - 2%A"3%Cxb*c - 2xAxC
“3xaxb + BT2%C"2%axb + AT2%B"2%b*xc + BT4*axc + AT2%CT2%b"2 + CT4*xa”"2 + AT4x*
c”2, z, k)*bxc"2*%x + 4*xC"2xroot (16*a*b~4*c*z"4 - 128*%a~2xb~2xc~2%z"4 + 256%
a~3xc"3%z74 - 16*%AxCxa*xb™2%c*z"2 - 16*xC"2*%a”2xbxc*kz"2 — 8B~ 2*a*b™2%cxz"2 -
16%xA™2%a*b*c™2%z"2 + 64*%A*C*xa”~2*%c ™ 2*%z"2 + 4*%C"2*%axb"3*%z"2 + 4*xA"2*%b ~3*c*xz”
2 + 32%B72*%a”2*%c”2xz"2 + 16*B*C72*%a"2*xc*kz + 4*xAT2*%Bxb~2%cxz - 4*B*CT2xa*xb”2
¥z — 16*%A"2xBka*xc™ 2%z - 4*%A*B72xCxakxc + 2*%AT2xC"2*a*c — 2*xA~3*%Cxbxc - 2*A*C
“3xa*xb + BT2*C"2%axb + AT2*%B"2%bxc + BT4*axc + AT2x%CT2%b"2 + CT4*xa”"2 + AT4x
c"2, z, k)*axc™2xx — 2xC"2xroot (16*a*b~4*c*z~4 - 128*%a~2*xb~2xc~2*%z"4 + 256%
a"3xc"3*%z74 - 16*%AxCxa*xb™2%c*z"2 - 16*xC"2*%a"2xbxc*kz"2 — 8B 2*a*b”2xcxz"2 -
16xA™2%a*b*c™2%z"2 + 64*%A*C*xa”~2%c ™ 2*%z"2 + 4*%xC™2*axb"3*z"2 + 4xA"2*%xb " 3*c*xz”
2 + 32%B72*%a”2*%c”2*xz"2 + 16*B*CT"2*%a"2*xc*kz + 4*xAT2*%B*b~2%cxz - 4*B*CT2xa*xb”2
¥z — 16%A"2%Bxa*xc™ 2%z - 4*%A*xB72xCkaxc + 2*%A"2xC"2xa*xc - 2%A"3%Cxb*c - 2xA*C
“3xa*xb + BT2*C"2%a*xb + AT2*%B"2%bxc + BT4*axc + AT2xCT2%b"2 + CT4xa”"2 + AT4x
c”2, z, k)*b~2*ckx + 4xA*xCxroot (16*a*b~4*c*z"4 - 128*%a”~2*xb"2xc"2*%z"4 + 256%
a"3xc"3*%z74 - 16*%AxCxa*xb”~2*%c*z"2 - 16*xC™2*%a"2xbxc*kz"2 — 8B~ 2*a*b~2xcxz"2 -
16xA™2%a*b*xc™2*%xz"2 + 64*%A*C*xa”~2%c ™ 2*%z"2 + 4*%C™2*%axb"3*z"2 + 4xA"2*%xb " 3*c*xz”
2 + 32%B72%a"2%CcT2%z"2 + 16%B*CT2%a"2%c*z + 4xAT2%Bxb~2%c*z - 4xB*C"2%a*xb”2
¥z — 16%A72%Bxa*xc™ 2%z - 4*%A*xB72xCkaxc + 2*%A72xC"2xa*xc - 2xA~3*%Cxb*c - 2xA*C
“3%a*xb + B"2xC"2xaxb + AT2*B"2%bkc + BT4xa*xc + AT2*xCT2*xb"2 + CT4*a"2 + A4k
c”2, z, k)*bkxc~2*x)*root (16*a*xb~4*c*z"~4 - 128%a”~2xb"2xc"2*xz"4 + 256*a”3*c”3
*¥z74 - 16xAxCka*b™2%cxz"2 — 16*C™2*a"2xbkc*z"2 — 8*xB™2*a*b™2xc*xz"2 - 16*%A™2
*axb*CcT2%z"2 + 64xA*Cxa”~2%Cc"2%z72 + 4*%C"2%a*b"3*%z"2 + 4*%A"2%xb"3kc*kz"2 + 32%
B™2*%a"2%c"2%xz"2 + 16*%BxC”"2%a"2%ckz + 4*%AT2*%Bxb"2%c*z — 4*BxC"2xa*xb"2%z - 16
*AT2*%BkaxcT2xz — 4*%A*BT2*%Ckakxc + 2xAT2xCT2*a*c — 2*%A"3*Cxbxc — 2%A*C~3*ax*b
+ BT2xC"2*a*b + AT2%B"2¥b*xc + B74*a*xc + AT2¥C72xb"2 + C74*a"2 + A"4xc”2, z,
k), k, 1, 4)
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